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Systems of Ternariants that are Algebraically Completed 

By a. R. Forsyth, M. A., F. K S., Fellow of Trinity College, Cambridge. 



The present memoir is divided into three parts ; it deals with the theory of 
the algebraically independent concomitants of ternary quantics, taking as the 
starting point the six linear partial differential equations of the first order satis- 
fied by them. 

In Part I it is proved by means of these differential equations that, if any 
concomitant be expanded in powers of Xi, x^j x^ — the ordinary (point) vari- 
ables — and of t^i, 162, ^3 — the contragredient (line) variables — it is completely 
determinate if its leading coefficient be known; i. e. the coefficient of the term 
involving the highest power of Xi and the highest power of ?^i; and that every 
such leading coefficient is a simultaneous solution of two linear partial diflFer- 
ential equations of the first order. 

Hence if all the independent solutions of these two equations be obtained, 
all the independent concomitants are given — the independence considered being 
algebraical and not asyzygetic. For it follows from the theory of such differ- 
ential equations that every solution can be expressed in terms of a finite number 
of such solutions, and therefore, on account of the uniqueness of the concomi- 
tant derived from a leading coefficient, that every concomitant can be expressed 
in terms of a finite number of independent concomitants. 

Again, it follows from the forms of the two characteristic differential equa- 
tions that every leading coefficient is a simultaneous concomitant of certain 
binary quantics constructed from the original ternary quantic, two of the coeffi- 



* It has proved convenient to use the word ^' ternariants " as a generic term for concomitants of 
ternary quantics, instead of giving it the signification which Prof. Sylvester, to whom so much of the 
nomenclature of the theory of forms is due, proposed {Amer. Joum, of Math,, Vol. V, p. 81) to give to 
it, viz. the leading coefficients of those concomitants. 
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2 Forsyth : Systems of Temariants thai are Algebraically Complete. 

cients of which are their variables and the rest of the coefficients of which are 
their coefficients. There is thus a corresponding theory of these simultaneous 
binariants, the forms of which are of the utmost importance in the deduction of 
the leading coefficients of ternariants. 

In Part II the foregoing general theory is applied to a number of cases of 
uniternary quantics, the two characteristic equations being solved in each case 
to give the independent simultaneous solutions as leading coefficients. It appears 
that in the case of the quadratic there are three ternariants of the nature indi- 
cated (they are shown to be equivalent to the three asyzygetic ternariants in the 
ordinary theory of the quadratic) ; in the case of the cubic there are seven, and 
in the case of the quartic there are twelve such ternariants. The leading coeffi- 
cients of each of these are explicitly given for the most general form of quantic ; 
and by one or other of two methods, viz. by means of the differential operators 
which give the development of the quantic, or by obtaining the symbolical 
expression of the ternariant with a given leading coefficient, the order in the 
point-variables and the class in the line-variables are derived. The three essential 
elements of each ternariant — its source, its order, and its class — being thus 
known, the full development for tabulation purposes is then only a question of 
differential operators, or of the realization of symbolical expressions. 

Some illustrations are given in connection with the cubic and the quartic, 
wherein some of the well-known irreducible concomitants are algebraically 
expressed in terms of members of the fundamental sets. There is thus afforded 
an opportunity of comparing the functions which are algebraically independent 
with those which are only asyzygetically independent. Speaking generally, the 
result of the comparison is that for algebraical independence the order and the 
class are both much higher than for asyzygetic independence, so that in the case 
of complete tabulation many more terms in variables would occur ; but that the 
leading (and so all the other) coefficients are much simpler in form (that is, 
contain fewer terms and are of lower degrees) than the leading coefficients of the 
asyzygetic ternariants. 

The theory is then applied to the unipartite ternary quantic of order n, 
with the result that its fundamental system contains ^(n + 4)(n — 1) algebrai- 
cally independent concomitants in terms of which every concomitant can be 
expressed. The forms, sometimes explicit, sometimes symbolical in the notation 
of only binary quantics, are given for these leading coefficients ; the order and 
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the class of each ternariant- thus determined are obtained from the symbolical 
expressions. 

The case of two simultaneous ternary quadratics is next discussed, and it 
appears that there are nine ternariants in the fundamental system. Some sub- 
sidiary ternariants (subsidiary, that is, from the point of view of the fundamental 
system) are obtained ; and the 20 ternariants which constitute the asyzygetic 
system due to Gordan, are expressed in terms of the foregoing system. 

Lastly, the fundamental system of three simultaneous ternary quadratics is 
obtained. 

In Part III the general theory is applied to a number of cases of biternary 
quantics ; the special cases treated at any length being the systems of the lineo- 
linear, the quadrato-linear, the cubo-linear, the quadrato-quadratic, the cubo- 
cubic, and the system of two lineo-linear quantics. Finally, the fundamental 
system of the biternary n^w*^ is obtained, containing 

|(w + l){n + 2){m + l)(m + 2) — 3 

ternariants, of which the greatest number are, for this most general case, given 
in symbolic form (the equivalent of solutions of the two characteristic equations), 
and for each of which the order and the class are derived from that symbolical 
form. In some cases of the last, ternariants syzygetically equivalent, save for a 
power of i^,, to members of the fundamental system, are given. 

There is an immense mass of literature on the subject of ternary forms ; 
but, so far as I can see, it deals with asyzygetic ternariants which are more 
diflBcult to treat, and have been given in full systems only for the uni-ternary 
quadratic, the uni-ternary cubic, and a system of two uni-ternary quadratics, for 
a special form of uni-ternary quartic and for a biternary lineo-linear quantic ; 
and part of the system has been given for the general uni-ternary quartic. 

Some of the principal papers dealing with the theory of the cubic are given 
in Cayley's memoir.* Q-ordan's memoirs on the special form of the ternary 
quartic occur in the 17th and 20th volumes of the Mathematische Annalen ; the 
concomitants of lowest degrees for the general quartic are given in a memoir by 
Maisano (quoted in §42) ; and several of the concomitants are tabulated in full 

* Amer, Joum, of Math,^ Vol. IV, 1881, On the 84 Concomitants of the Ternary Cubic, pp. 1-15. 
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in a memoir by Joubert.* In connection with the general theory, a memoir by 
Sylvesterf may be studied ; and also a recent memoir by Brioschi. J In a memoir 
by Bernardi,§ the characteristic differential equations satisfied by concomitants 
of uni-ternary concomitants are given, and the Hessian and the cubinvariant of 
the quartic are there calculated in full. 

In regard to biternary forms in sets of contragredient variables, the most 
important memoir is by Clebsch and Gordan, quoted in the note to §60 ; in that 
note a fairly complete list of the more important papers dealing with bipartite 
forms is given, though most of them discuss the transformation of bilinear forms.|| 

PART I. 
General Theory. 

The Differential Equations Satisfied by the Concomitants. 

1. In the discussion of the concomitants of ternary quantics, the ordinary 
(point) variables will be denoted by iCi, sc,, scg; the contragredient (line) variables 
by i^, t^, 1^3 . The general uni-ternary quantic of order n may be represented 
either in the symbolical form 

f=Lal— (aiiCi + OjjXg + a^Xg)**, 

or in the reduced non-symbolical form 

/ = (...., a,.^ > . . • . j^aji , x^ , x^ , 

where the coefficient of a^^^Ja-J^ is the multinomial coefficient n!-T-(r! s\ tX) with 
the condition r + « + < = n. 

Every concomitant ^, of general order m in the point variables and general 
classy in the line variables, satisfies** the six characteristic linear partial differ- 
ential equations 



*'^Sur la th6orie alg^brique des formes homogdnes du quatridme degr6 d trois iiid6termin6es. " 
Comptes Rendus, t. LVI (1863), pp. 1046-1048, 1088-1091, 1123-1126. 

tComptes Rendus, t. LXXXTV (1877), pp. 1359-1361, 1427-1430. 

X '' Studi sulle forme ternarie," Ann. di Mat., t. XV (1888), pp. 235-252. 

{ Batt. Giorn., t. XIX (1881), pp. 136-150, 258-293. 

II A short table of contents of this paper is given at the end. 

**^^ On the Differential Equations satisfied by Concomitants of Quantics/' Proc. Lond. Math. Soc, 
Vol. XIX (1888), p. 41. 
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where the summations in the literal operators extend to all distinct integral 
combinations of r, s, < subject to the relation r + s + t=zn. 

2. The 15 Jacobian conditions, which must be satisfied in order that these 
equations may have common solutions, resolve themselves into three classes. 
The first class consists of 6 equations satisfied identically, in virtue of the rela- 
tions 

[A,A] = o, [a;A] = o, [A,A] = o, 
[A,A]=o, [A,A] = o, [A, A]=o. 

The second class consists of six equations satisfied by means of some one of the 
equations (1), in virtue of the relations 

[A, A]=A, [A, AJ = A, [A,A]=A, 
[A,A]=A, [A,A]=A, [A, A] = A. 

The third class consists of three quasi-homogeneous equations, viz. 
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And the further Jacobian conditions, due to the introduction of the new equa- 
tions (2), are found to be satisfied, in virtue of relations of the form 

[A,A] = A, [A, A] = -A, [A, A]= — 2A. 
[A,A] = A, [A,A] = -A, [A,A]= 2A, 

with similar relations for the other two operators D^ and D^. 

3. But the equations in the foregoing system, sufficient for the derivation of 
every partial differential equation satisfied by a concomitant, are not independent 
of one another. 

Let any equation be written in the form P^-^ P^, where P is the literal 
operator and P is the variable operator ; then any one of the nine operators P 
is commutative with any one of the nine operators P, Consider, then, any 
function 4> which satisfies two of the equations, say 

p^ = p^, g^=Qr, 

then we have 

(PQ-QP)^ = (pg-QP)^^ 

= {gp-PQ)^, 

= {QP-PQ!)^. 

If the operators P and Q be commutative, then the equation just obtained is an 
evanescent identity ; but if they be not commutative, the equation is not an 
identity and yet it is different in form from either of the two from which it is 
derived. It is thus a new equation, 

satisfied in virtue of the two former equations. 

When this process is applied to the foregoing system of nine equations, it 
appears that they can be reduced to a system of three equations, independent of 
one another, by means of the following sets of relations : 



Di = D'M - D',D', 

Di = DiDi — DiDi 

d; = D'M - A'^8 
D', = DiDi - DID', 

A' = A A - D'M 
D', = DiDi - DiDl 



A = A A — A A 

A = A A - A A 
A = A A — A A 
A = AA — A A 
A = AA — A A 
A = A A - A A 
A = AA — A A 
A = A A — A A 
A = A A — A A 
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Thus, for instance, the nine equations can be made to depend on the set 

But it will be convenient to retain the whole system, for it includes the full 
aggregate of equations which are similar to one another in form. 

All combinations, other than those which occur in the foregoing set of com- 
binations, are connected with operators which are lineo-commutative ; e. g. 
AA — AA = ^ • ^^^ i** "^^y l>® remarked that the operators in the foregoing 
set of combinations are quadrato-commutative, according to laws of the form 

AA — 2AAA + AA = o, 
A A — 2A A A + A A = o . 

4. It is convenient to assign certain weights to the various quantities which 
enter. We assign the weight zero to ccg, unity to Xg, and p (unspecified but, if 
desirable, different from zero or unity) to Xj. Since / and u^ (= 1/1X1+1/2X3+ u^^) 
must be isobaric, we assign to Oi and Ui the weight zero, to ag and v^ the weight 
p — 1 , and to 03 and ii^ the weight p.* Then the weight of the coeflBcient a,.^ ,, < 
is 5 (p — 1) + ^p; and the following changes are caused on any isobaric function 
by the operators : 

The operator A increases and A decreases the weight by 1 , 

A '' '' A '' *' '* " p— 1, 

A ** '' A '* ** ** " p. 

5. Now suppose the concomitant <!> expanded in powers of the point 
variables, in which its order is m ; this expansion is of the form 

When this expression is substituted in the six fundamental characteristic equa- 
tions (1), the result is in each case an identity; hence, by comparison of the 
coefficients of the various x-combinations, we have the relations 






(6); 



•The weights OyO + p — l,o + p{(y unspecified) might be assigned to Ui , Uj , u, ; but the foregoing 
assignation is equally efficient for the purpose of obtaining the difference in weights of the variable 
parts of two terms of a concomitant. 
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> • 



d<l> 

A*r. . + ^2 -g^' = S^r + 1, s-l 

A*r. , + % -^^- = {m — r—s+ l)s<Pr^ ,^1 

A*r, .+ ^ -^ = {m — r — s+ l)r<D,_i^ , 

From the first pair of these, viz. (5), it follows that if ^qq and m be known, the 
full expansion of the covariant can be obtained merely by processes of differen- 
tiation, for the two equations give the relation 

' -Yfn, ■ ' 



<d„,= (a + 



^ ^^^J ^''' + "' a^) *»• » 



(I)- 



And from the remaining four it follows that <I)o, o (= P) satisfies the four equations 



SP 7)P 



(6). 



6. One immediate inference as to the isobaric character of a concomitant 
can be derived ; for if P be assumed isobaric and of weight e , then the weight of 
^^^ , is, on account of the effect of the operators D^ and D^, equal to e+r (p — l)+5p, 
and therefore the weight of the term xJ*~''~'icJa:J4>r, , is 

{m — r — s) p + r + e + 6 {p— I) + sp , 

that is, it is Twp + 6, and is therefore the same for every term. 

7. Let 4>oo(= P)i which in general is a function of Wj, i^, 163 of classy, be 
expanded in powers of these variables in the form 



^=^^0,0+ + 



qltl 



Tot <"!"•••• 



(7). 



in which the quantities •4' involve only the coefficients of the quantic. Then 
proceeding as before, a comparison of the various combinations of the variables 
in the equations (6) after the substitution of P leads to the relations 



A^,.. + W',+i,» =oi 



(8). 
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From the last pair of these, viz. (8), it follows that if 0^0,0 l>® known and also^, 
the full expansion of P can be obtained merely by processes of differentiation ; 
for the two equations give the relation 

4',.. = (-i)'+'i>2i>'Ao (11). 

But this relation shows that if '4'o. ^^ known, the value of ^ can be derived from 
it. For the term involving the highest power of u^ has, save as to a numerical 
factor, tlie coeflScient '4'o,p; ^^^ * coeflScient •4'o, /)+i is necessarily zero. Hence 

and similarly >■ (9). 

i>f +Vo.« = oj 

The value of ^ can thus be obtained when -i^o, is given by operating with D^ or 
2)4 a number of times in succession ; the value is evidently less by unity than the 
number of times first necessary to give a zero result. 

From the former pair of equations it follows that o^o. satisfies the two equa- 
tions A'^o, 0=0, A'^'o. 0=0 (10). 

8. Before proceeding to discuss the effect of the subsidiary characteristic 
equations (2), it is desirable to reconsider the main equations (1). 

The preceding results have been deduced on the supposition that the con- 
comitant 4> is most conveniently arranged initially in powers of the point- 
variables. But if we take an alternative initial expression in powers of the line- 
variables — a necessity in the case of pure contravariants — in the form 

<i' = «f^«.o+ . ...+(- i)'-'''^Tr7r^«- + • • • • (^')> 

and substitute in the original equations, then similar analysis gives the two 
results : (i) that Xr, « is determined from ;^o, by the relation 

Zr. • = ( A — 2:3 3^) (a — ^ g^) Xo. (HI), 

and (ii) that Xo. (= Q) satisfies th^ equations 






(6'). 
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m 

And when Q , a function of the point-variables, is expanded in the form 

Q = ar^o, + • • • • H ~\j\ — ^ ^g. « + • • • • (7') 

(with the evident relation 0o, o= '^'o, o» ®^ch being the coeflScient of a:J*t/f in <!>), 
then, by means of the equations (6') it follows that 

e,. , = DlD\e,^ = Dim,, (IV) ; 

that m can be determined by either of the equations 






and that Oq, o (= 4'o, o) satisfies the same equations as before, viz. 

A^o.o = 0, A'^o.o = (10'). 

9. Hence it follows that a concomitant is uniquely determined by the coeflS- 
cient of its leading term; for by (9) and (11) its order and class are deducible 
from that leading coeflBcient, and either by means of (I) and (II) or by means of 
(III) and (IV) the full expansion can be obtained. 

10. The determination of a concomitant thus resolves itself into the deter- 
mination of the leading coefficient of that concomitant. We have already seen 
that it must satisfy the two equations (10) ; there remains the consideration of 
the efiect of the subsidiary equations (2) on the leading coeflBcient. When the 
expanded form of the concomitant 4> is substituted, then so far as 4>o, o is con- 
cerned we have the relations 

A'^o. = (^ — i^) '^'o, = — A-^o. o; A^o. = 0, 

which, on account of the forms of the operators Z)^, Dg, D^ are equivalent to 

A^o.o = I (12). 

« 

Hence it follows that o^o. o satisfies the two characteristic equations (10) and the 
two quasi-homogeneous equations (12). 

11. As in the corresponding theorem in binary quantics, it follows that 
every function, derived by the complete set of equations through an isobaric solu- 
tion 0^0. of the determining differential equations (10) and (12), is a concomitant. 

12. Two remarks remain to be made: one is that the operators used in 
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deducing the expansion of the concomitant are, in pairs, applicable in any order, 

viz. Dj+iAig— andDg+Wj^:^, A and D^, D^—x^ — and Dg— Xg^, 2)4 and A- 

The other is that the expansion has been derived in descending powers of x^ 
and Wi, while it might equally well have been so derived in regard to x^ and i/g, 
or a-g and t/3; and thus the leading coeiBcients of concomitants (which are not 
invariants) will be specially associated with coeflScients of terms involving high 
powers of Xi in the quantic, as later coeflBcients will be specially associated with 
coefficients of terms involving high powers of x^ and of x^ . 

13. The general inferences as to the equations which determine the various 
classes of concomitants are as follow : 

The leading coeflBcients '^ of all mixed coTicomitaivts (Zwischenformen) satisfy 
and are determined by the characteristic equations 

and, as will appear subsequently, every adopted solution of these two equations 
identically satisfies the subsidiary equations 

A^=0, D,'^ = {m—p)^, 

where m is the order of the mixed concomitant in the point- variables and p is 
its class in the line-variables. The integers m and p are determinable from 
equations (9) and (11) ; and the full development of the concomitant is given by 
equations (I) and (II), or by (III) and (IV). 

The leading coeflBcients of all pure contravarianta (Zugehorige Formen) satisfy 
the characteristic equations 

A'^ = 0. A'^=0, A'^=0, A^=0; 
they satisfy identically the subsidiary equations 

where p is the class of the contravariant. 

The leading coeflBcients of all pure covariants satisfy the characteristic equa- 
tions A^ = 0, A'^ = 0, A'^=0, A'^ = 0; 

they satisfy identically the subsidiary equations 
where m is the order of the covariant. 
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All invariants satisfy the characteristic equations 

and they satisfy identically the subsidiary equations 

i?,^ = 0, A'4'=0. 

14. It thus appears that from the point of view of analytical derivation of 
the concomitants, it is in every case necessary to obtain the common solutions 
of the two equations A4' = = A'4'» and that from every common solution the 
corresponding order and class can be deduced. Whenever either the order or 
the class, or both the order and the class, may happen to be zero, two additional 
equations for each zero are satisfied by the common solution of A'*/^ = = A'4'' 

It is not, however, necessary to determine both m and p, the order and the 
class, of a mixed concomitant by the processes indicated. Since XiV^'4^ is a term 
of the concomitant, so also zfcis ccj*i^4''» where 4^' is the value of 4^ when cor- 
responding coeiBcients of the quantic are interchanged by the substitution 
Xi = X^, 0*2 = -Ji , ajg = Zg . If, then, W be the weight of 4^ and W that of 4^', 
we have from the isobarism of the concomitant 

mp + W= m + p{f>—l)+ W\ 

so that W'-W 

^-^= p-1 ' 

a quantity thus determinable by mere inspection. No further relation to deter- 
mine m and p, other than an equivalent of this relation, can be obtained by 
such interchanges and substitutions. In using the relation, moreover, it is suffi- 
cient to obtain W and W from any — the simplest — term in 4'- 

In order, then, to determine by this method the quantities m and p to be 
necessarily associated with the concomitant determinable by a given solution 'J/, 
the first step will be to determine the value of m — p-, the second will naturally 
be to determine the smaller of the two quantities (should they be unequal) by 
the equations (9) or (11). 

There is, however, another method of proceeding which is much more rapid 
for the determination of m and p, though less advantageous for tabulation pur- 
poses. It is a consequence of the theorem that every ternariant can be repre- 
sented symbolically, that a leading coefficient is suflScient to determine the 
ternariant uniquely ; if, therefore, a leading coeflficient be given, the most rapid 
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method of obtaining an expression is to change that leading coeflBcient so that it 
may be constituted solely by the umbral elements of the original quantic or quan- 
tics, and then to complete, by means of the variables, the various factors of that 
umbral form according to the laws that govern symbolical expressions. Thus 
for instance an umbral factor ai would be completed into a^., an umbral factor 
62C3 — ftgC, into (bcu) , and so on. 

16. Further, since each of the characteristic equations is linear and partial 
of the first order, there will be for each quantic a definite number M of alge- 
braically independent solutions of Di'^/ =: =: D^^l/ ; and it is a consequence of 
the theory of such equations that every solution can be expressed as a function 
of these M solutions. It has been seen that each such isobaric, homogeneous 
solution determines a concomitant, and therefore for every quantic there is a 
definite number M of concomitants algebraically independent of one another, 
such that any concomitant of that quantic can be expressed in terms of those M 
concomitants, and of the universal concomitant u^ = v^Xi + v^x^ + u^x^. 

Such a system of concomitants is not unique ; it may be replaced by an 
algebraically equivalent system, containing necessarily the same number of inde- 
pendent concomitants. And the independence is not merely syzygetic, it is an 
algebraical independence. 

16. In the matter of notation, it is desirable to have the coeflBcients of the 
quantics so chosen as to render the analytical forms of the characteristic differ- 
ential equations as simple as possible. Thus the ternary quadratic is taken in 

the form a^ + "2^:^X1 + q^vjol^ ; 

+ Coa^; 
the ternary cubic in the form 

a^i + Zx^iQi\ + SarJajjO-i -f arjag ; 
+ Zh^iX^ + Zx^2biXiX% + Zd(^^x% 

"T" oCqX-iX^ ~p oX^^X^ 

and the arrangement of the coefficients for the general quantic can evidently be 
made to follow the same law. 

With this notation the six literal operators in equations are : first, the two 
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the simultaneous solutions of which have to be obtained are 

second, the two which serve to give the development of the concomitant in 
powers of x and to determine m are 



• • • • 



• • • • 



>; 



• • • 



+ («- l)i,|; + («- 2)c,|-^ + + („-2)6,|-^ + 

O O ^ 

^»= "''^as; +(" ~ ^)«»a^ + (« - 2)0,3^ + . . . . 

+ (»-l)5,|j + (n-2)6,^^ + .... + (n-2)c,|- + 

third, the two which serve to give the development of the concomitant in powers 
of u and to determine p are 

Pk ^ pk r^ TX r) ^ 

pi o o P) ?) ^ I ' 

^« = «» 36^ + 260^^ + 3co^- + . . . + a,g^ + 2613^ + . . . +0,3^ +. . . J 

and fourth, two of the three operators connected with the subsidiary equations 

(2) are 

o o p\ pk 

^'=^-««a;i;i + *»a6' + ^«a^ + ^^035; + • • • 

+ (n- l)aig^- + («-3)6i^^ + (« _ 5)c,|^ + . . . 

+ (n-2)a,|-^ + («-4)6,|^ + ... 

+ (» — 3)«8^+ . . . 
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17. In obtaining the leading coeflBcients, which are the simultaneous solu- 
tions of the equations Z)i= and Z)g= 0, the special form of those two equa- 
tions leads to an easy method of classifying the solutions. 

They may be regarded in two ways : first, they are the dififerential equations 
of the simultaneous invariants of the system of binary quantics 

(6o , crJX, T) , 

(co , &i , a^lX, F)*, 

(do, Ci , 6g, a^lX, F)^ 

second (which is practically another form of considering the first, and which is 
the way in which they will be regarded in subsequent applications), they are the 
differential equations of the invariants and covariants of a system of simultaneous 
binary quantics j the coefficients of which are 

Cq , 61 , a^] 



and the variables of which {and of their covariants) are ai and — &<, . 

This interpretation is limited to unipartite quantics ; a similar interpreta- 
tion is found subsequently for bipartite quantics. It is to be noticed that, in the 
present case, the coefficient a^ of the leading term of the fundamental quantic 
does not occur in either i?j or D^ ; and it is therefore a simultaneous solution 
which must, for the aggregate, be associated with the system of simultaneous 
binariants. With this addition, and regarding a© as a binary quantic of order 
zero, the former of the interpretations of the characteristic equations now is : 
they are the differential equations of the simultaneous invariants of the system of 
binary quantics 

(bo, a,lX, Y)\ 
(co, 61, OgJX, Y)', 
(A>, Ci , 6,, aalX, Yf, 

(«o. <^, Ci, *3. "j-^. y^)*> 
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18. In the successive applications we shall limit the investigations to the 
deductions of concomitants which are algebraically independent of one another, 
and it is therefore necessary to indicate the number of these concomitants which 
must be expected in any case. 

Let N be the total number of literal coefficients which exist in the most 
general forms of the quantic or of the system of simultaneous quantics, the 
algebraically independent concomitants of which are desired. Then, when the 
linear transformations are effected on the quantics, there are N equations con- 
necting the new coefficients with the old ; and all these equations involve the 
elements of the transformation. 

In addition to these equations, we have three connecting the variables x 
and X, and three connecting the variables C^and u] also one more given by 

A = determinant of transformation. 

There are thus in all iV+ 3 + 3 + 1 = ^+ 7 equations which involve the 
elements of the transformation. 

These N'\- 7 are not, however, independent; their number must be reduced 
by unity on account of the relation 

which, independent of the elements, is satisfied for all linear transformations. 
The number of equations, independent of one another and involving the elements 
of the transformation, is therefore 

The number of elements of the transformation is 9 . 

When, therefore, we proceed to eliminate, among the independent equa- 
tions, the elements of the transformation, we shall in the end have 

{N+ 6 — 9=)iVr— 3 

relations independent of one another, these relations involving x, X] u, U, A^ 
and the coefficients. But we otherwise know that these relations are of the 

form ^{A, X, U) = A^^ (a, x, u), 

and every such relation determines a concomitant. Hence tJie number of con- 
comitants algebraically independent of one another is N — 3 ; and in terms of these 
every concomitant can be algebraically expressed. 
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It is to be understood that, in addition to these, we have the universal 
concomitant u^. 

A method of obtaining this number is indicated in §35 after some simple 
cases have been discussed. 

PART II. 

Applications to Unipartitb Quantics. 

I. — The Quadratic. 
19. In this case there are six coefficients, and the equation Di^=. is 

Forming the auxiliary equations necessary to obtain the most general solution of 
this equation, we have 

da^ dai da^ dh^ dhi dc^ 

~0"~~0"~~0~~'ar~^~26^' 

Of these five auxiliary equations it is necessary to have five independent 
integrals, which may evidently be taken in the form 

0g = aJ)Q — a^i , 

Every solution '^ of the equation D^^ = can, by the theory of this class of 
differential equations, be expressed as a functional combination of 6o> ^u ^2 » ^3» ^4 J 
and therefore, to obtain solutions common to Dj^/zzO, D^^=. 0, we must take 
such functional combinations of 6o> ^i» %i ^3> ^4 as satisfy i?e'4^= 0. Now 

^^0 = 0, 

Ad4 = o, 

so that 60 a^d 64 are common solutions of the two equations. And 

Ae2=2Jx, 
3 



18 Forsyth: Systems of Ternariants that are Algebraically Complete. 
so tiia>t /i ri /I ^ /I n /i — /) 

^» A^3 — "^ %D^% = — ^1^4 • 

Hence, writing jp for ©i^* and q for 030J"*» we have 

%D^P = ?, ^2^6? = — P^4 ; 
and therefore, since D^B^ = , we find 

so that the only functional combination other than do and 6^ is 

={01+ m^' 

= Oj&S — 2ai6iJo + aj^o* 

after substitution and reduction. And it follows that every solution common to 
Di'4^ = 0, Z^e'i// = is expressible in terms of do, 64 and ^. 

The subsidiary operators D, and D^ are, for the present case, 



And by actual substitution we find 

A0o= 0, A<?4= 0, A<^ = 0; 

Ado=20o, A^4=-204, A<^ = 0; 

so that the subsidiary equations are satisfied provided the values of m — p asso- 
ciated with 60J 64, and 4) respectively are 2, — 2, 0. That these are the values 
may be verified at once by the method of §14. 

20. Considering now Oq, we have m — 7^= 2, so that we determine jp. But 

by §7 it follows that jp = and therefore m= 2. Hence the concomitant is 
that is, it is the original quantic. 
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Considering now 64, we have m — ^^ = — 2, so that we determine m. But 

so that by §8 it follows that m = and therefore p^=: 2. Hence the concomitant 
is = (ogCo — &i) wj + . . . . , 

that is, it is the reciprocant of the original quantic. 

Considering now 4), we have m — ^ = 0, so that we determine either 

m or p. We have 

JOl^ = 2 (ajco — aobl) , 



so that by §7 it follows that ^ = 2 and therefore m = 2. Hence the concomi- 
tant is 

O = (a^b^Q — 2aibibo + ajco) a^t^ + . . . . 
Hence : 

Every concomitant of the quadratic can be expressed in terms of U^ Qy and <I> . 

21. A simple illustration of the principle of equivalent systems arises in 
the present case. We have 

D^Q^ = 2 (ajCo — 60*1) » 
so that A (60^4 — 4)) = . 

Hence 60^4 — 4), as the leading coeflBcient of a concomitant, has jp=:0; and 
evidently from the combination of do and 64 it has m — jp= 0, so that m = 0; 
the function is an invariant. We therefore take 

jffzz: QqQ^ — ^ 
and we evidently have 

so that we have an algebraically equivalent system given by U, Q, E] and in 
terms of these three concomitants every concomitant can be expressed. This 
is the ordinary theory of the quadratic. 

It will be noticed that the foregoing method of operators determines a non- 
resoluble concomitant from a given leading coefficient; the combination BJd^ — ^ 
determines jBT, and not v\n. 
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II.— Tlie Cubic. 

22. In this case there are ten coefficients, and the characteristic equation 
Di-^ = is 

Proceeding to obtain the general solution in the usual way, we form the 
auxiliary equations 

duQ dui da^ da^ dbQ dco ddo dbi dci dh^ 

nine in number -, it is necessary that we should have nine independent integrals 
of these auxiliary equations in order to form the most general solution possible 

of A'»^ = 0- 

Now systems of nine independent integrals can be formed in several ways, 

and these systems are equivalent to one another ; that is to say, they are such 

that the functions occurring in any one system can be uniquely expressed in 

terms of the functions occurring in any other system. Thus we may take 

Oq, Uij ag, as) 

agio — ^1^2 1 
a^CQ — bl, 
a^i—bl, 

a|c?o — SasVi + 26| , 

which are independent of one another, and will therefore constitute a system of 
the kind required. And modifications can evidently be made among the mem- 
bers of a system, provided that the proper number of independent functions 
remain ; thus, in virtue of the relation 

«s («»^o — ^Ah + «iCo) = («2*o — (^AY + «i {(h<^o — &i) J 

we may replace Oj by Oj^o — <h^i • 

But it appears on trial (the work is not here reproduced) that the equa- 
tions similar to those of §19, necessary for the deduction of those functional 
combinations of the integrals of the foregoing system which will satify D^'^=i 0, 
are difficult to solve, though not at first sight difficult to form. The system of 
integrals, which seems to be the easiest to treat in this regard, is obtained by a 
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method similar to that which is adopted in a corresponding question in the 
theory of fimctional invariants* whereby one of the variables of the equation 
Z>i'4/= is made, so to speak, a ** variable of reference" — a quantity in powers 
of which integrals are expressed. And the method has the additional advantage 
of an obvious purely mechanical generalization to quantics of any order. 
23. We take, then, as the first of the system of nine integrals 

and have at once, replacing D^ by A for convenience, 

so that ao is a solution common to the two characteristic equations. 
We take as the second of the system 

and have A0i = h^ ; 

this quantity a^ is taken as the ** variable of reference." 
We take as the third of the system 

02 = <hi 
so that A02 = 26i , and therefore 

djAdj — 20jjA6i = 2 (ai6i — a^b^) . 

Now it may be at once verified that 

is a solution of the auxiliary equations, and so may be taken as the fourth of 

the system ; and since 

A03 = aiCQ — bibQ , 

we have OiAB^ — ^sAdj = a\cQ — 2aibibQ + o^ftj . 

It can similarly be verified that 

O4 = ajco — 2aibibo + ajbl 

is a solution of the auxiliary equations, and it is therefore taken as the fifth of 

the system. And since 

A04=O, 

it is a solution common to the two characteristic equations. 

* " A class of functional invariants." Phil. Trans. (1889, A), pp. 71-118. 
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Proceeding similarly, we take as the sixth of the system 

so that, since A65 = 36, , we have 

di A05 — SdjA^i = 3 (ai6g — a^h^) . 

As before, it may be verified that 

0^ = aibi — Ogio 

is a solution of the auxiliary equations, and may therefore be taken as the 

seventh of the system ; and 

Ade = 2 (a^Ci — 60*2) , 

so that ^lA^ej — 26fiA6i = 2 (afcj — 2ai6o*2 + ^s^) . 

Again, the quantity ^^ = ajq — 2ai6o&2 + a^l 

is a solution of the auxiliary equations, and it may therefore be taken as the 
eighth of the system. We have 

A6^ = aJc?o — 2ai6oCi + 6J62 > 
so that 61 A07 — ^7 A61 = afcZo — Sa\boCi + Saiblb^ — a^bl . 

Lastly, the quantity 

^g = aldo — 3a| Vi + ^(^i^lh — «3*o 

is a solution of the auxiliary equations, and it may therefore be taken as the 
ninth of the system. Moreover, since 

Ad8=0, 

it is a solution common to the two equations Dir^/ = , D^'^i^ = . 

It follows from the forms of the nine quantities 6 that they are independent 
of one another, for ao is introduced into the system by Oq, ai by ^1, a, by dg, 
^1 by ^3 , Co by 64 , ag by 0^ , 62 t>y ^8 » ^i by ^^ and do by 6^ alone, so that among the 
quantities 6 there can be no relation. 

24. The process here adopted is one of general application. We take as 
the first integral of the auxiliary equations the coefficient of the highest power 
of ccj, and as the ^* variable of reference, '^ the coefficient of the next lower power 
of Xi which involves Xg; starting-points in the succession of integrals are given 
by coefficients of the terms in the quantic involving Xi and a-g only, and succes- 
sive integrals are suggested by framing combinations of the type 0iA6„» — ^SnAdi. 
These combinations will be called Jacobian combinations. 
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25. Returning, now, to the equations given by the Jacobian combinations 
of the quantities Q with ^j, and modifying them by the substitutions 

we have them in the form 

Of A4)3 = 4)4 , 

^ A4)5 = 3^) J , 
dfA<^«=24>,, 
ej A<^, = <^8 , 
0JA4)8 = O. 

These are the equations which, when integrated, determine those functional 
combinations of the quantities Q which are to be solutions of the equation 
Df\f^=.Q. There must (§18) be obtained for this purpose seven independent 
integrals of these equations, and they may be taken in the forms 

;C4 = 4>8, 

;C5 = 4>«4>8 — 4>? » 

Xt = <^6<^l — Hf^1^% + 24)? , 
Xl = 4>3^8 — 4>4<^7 • 

Every solution of the equation D^-^ = , which is also a function of the 
quantities Q or the quantities ^ and is therefore a solution of the equation 

A'4'= 0, can be expressed in terms of the quantities Xi^ X%^ X^^ Xi^ Xi^ X^^ Xi- 

Hence every solution common to the two equations Di'^ =: , D^t^ = , can be 
expressed in terms of these seven solutions common to the two equations and algebraically 
independent of one another. 

26. The effects of the operators D^ and D^ on the quantities 6 are as follows: 
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and therefore 





Xi 


r.i 


X* 


X* 


Xi 


z« 


Xt 


A 























A 


3Zi 


3/2 





3;f« 








3Z7 


Value of 
m — p 


3 


3 





3 








3 



If, then, when the seven quantities x ^re expressed in terms of the original 
coeflBcients of the quantic, the several values of m — p for each of the quantities 
derived by the method of §14 should agree with the values as given in the last 
line of the table ; then, by the preceding theory, each of the quantities x is ^he 
leading coeflBcient, or the source, of a concomitant the full expression of which 
is obtainable by the methods previously given. 

27. When actual substitution is made in the quantities x a^nd the resulting 
expressions are reduced, the following are their respective values : 



^0 



= 2;i = «ot 



Xi 
Xi 

Xs 

X4. 

X5 



{do, Ci, ft,, Ogjoi, —boY, 



b%do 







X«i. — M'. 



4^8 = 


= ;C6 = 














ajt^ 


ttjCido 


— aj6,c?,o 


— a|do 






— 32)}C,<2o 


-2Z|d, 


+ 2a3C^ 


+ 3036,0, 






+ 2c^ 


+ J,<^ 


-6|c, 


— 26| 



Jai, —\)\ 



j%. 8 = 


= ;C7 = 


bid'o 


a^do 


(IgOo 


a^bi 






— CqCi 


— 26gCo 
+ 61C1 


+ 2a2Ci 
— bi\ 


+ 0,62 



Joi, —bo)'- 



(13) 
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The determination of the quantities m — p to be associated with these is made 
by the method of §14. Thus, in the case of Xi^ the weight of any term as 
afdo is Tr= 6p — 3, while that of the term cjao, obtained from this by inter- 
changing the coefficients of similar terms in Xi and a-g , is TT' = 9p — 6 , so that for 

W'—W ^ 
m—p = — = 3, 

agreeing with the value in the table. The values of m — p thus derived for the 
quantities x agree with the values in the table ; and hence we infer that these 
quantities x ^^^ leading coeflBcients of concomitants of the cubic. These con- 
comitants will be denoted by Uq] CTi, 5i; JT^, jSg, <I>8; J^, a* 

28. We now infer the general theorem : 

Every concomitant of the ternary cubic can be expressed as a function of the 
concomitants Uq] J7, , ^g ; JT'g , jBTg , <I>3 ; Jg. s t <^nd the universal concomitant u^, . 

The universal concomitant u^ needs to be included ; for any constant, say 
unity, is evidently a solution of the characteristic equations and yet the expres- 
sion in terms of the seven concomitants is nugatory. The development of the 
concomitant is normal ; for since tJ.q ^ = 1 we have m=:p and ^^ <, = t^, so that 

m =p = 1 . Also 4^1. = ^ ; 4^0. 1 = ^8> ^^^ tJ^^s we have Xitii + x^v^ + x^u^ as 
the full expression. 

It is a known theorem — here practically proved again — that u^ is the only 
irreducible universal concomitant for ternary quantics ; it is therefore the only 
one that needs to be associated with the algebraically irreducible concomitants 
special to any quantic. And it is of importance in the expressions of algebrai- 
cally reducible concomitants ; for when a relation obtained through the leading 
coeflBcients is changed into one between the concomitants, it is necessary to 
associate with each term in the relation such a power of u^ as will render the 
order and the class uniform throughout. 

29. Before these concomitants can be considered as fully given, it is yet 
necessary to determine for such of them one of the integers m or ^ and infer 
the other from the value of w — p. 

First, for xu we have m — i> = 3, so that we determine p, using (9). Evi- 
dently D^xi = 0, so that ^ = 0, and m is therefore 3. Thus 

^7i = ;i;i^f + .... (14), 

being in fact the quantic itself 
4 
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Second, for x%j we have m — ^ = 3, so that we determine^. We have 

DiXi= 2ao(aiCo — 6A), 
^;i:»=2ao(aoCo — 60), 

so that jj> = 2 and m is therefore 5 . Thus 

^» = ;i:«^X+ • • • • (16)- 

Third, for ;^, we have m — ^^ = 0. To determine p we have 

A:»:8 = 2(aiCo — w, 

Z^;K8=2(aoCo-6S), 

60 that ^ = 2 = m. Thus 

S% = X^^\^ + (16). 

In this connection one result may be noticed. From the forms of D^x% ^^^ 

DiXz » we have D^ {x% — XiX^i = . 

The value of m — p to be associated with x% — X\Xz ^^ 3» ^^^ ^^® equation just 
obtained shows that p is zero, so that x% — X\X^ ^^ ^^^ leading coeflScient of a 
pure CO variant of the third order. It is the Hessian jff, and we have the relation 

Fourth, for Xi^ for which m — i> = 3, we determine p. We have 

I^iXi = SflTo (aS^o — 3ao6o + 26J) , 
so that D^Xi == ; hence ^ = 3 and m is therefore 6 . Thus 

TIz = X^^i^+ (17). 

Fifth, for x^i ft>^ which m=>p. We find in a similar manner that jp = 4, 
so that tn = 4 , and thus 

-^3 = X^^\^ + . . . . (18). 

Similarly, for x^ > we find ^ = 6 = tn , so that 

^^ = X^^i^+ (l»)t 

and for Xi we find 2> = 4 and in = 7 , so that 

J2. 8 = X^^Wi + (20). 
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It need hardly be remarked that in order to obtain the complete expressions 
of these seven fundamental concomitants, it is not necessary to effect all the 
differentiations implied by (I) and (II) for all the terms ; for, since any concom- 
itant is symmetric, either direct or skew, in variables and coefficients of terms of 
similar rank in the quantic, the knowledge of one term is sufficient to give by 
symmetric interchange all terms of similar rank in the concomitant. 

30. The important connection of §17 between the theory of ternary quantics 
and that of simultaneous binary quantics, can here be made applicable immedi- 
ately to the cubic. On inspection of the equations, it appears that they are the 
characteristic differential equations satisfied by covariants (and invariants) of the 
simultaneous binary quadratic and binary cubic having Oj and — Iq for variables ; 
and that therefore every simultaneous invariant or co^yariant of the binary quadratic 
and binary cubic having ai and — Jq f<^^ variables^ is the leading coefficient of a con- 
comitant of the ternary cubic. Moreover, this is practically the actual form in which 
the sources have been obtained, and it is on this account that the symbols v^ (the 
binary quadratic), A, (the Hessian or discriminant of the quadratic), v^ (the binary 
cubic), ^8 (the Hessian of the cubic), ^3 (the cubicovariant of the cubic), and 
Jjs (the Jacobian of the quadratic and the cubic), have been assigned to the 
sources. 

Hence known results from the theory of the binary concomitants can be 
used for the theory of the ternary cubic ; and conversely, the foregoing theory 
leads to an important inference as regards simultaneous binary quantics. The 
quantity a©, thus interpreted, is in fact the binary quantic of order zero; that is, 
in the theory of simultaneous binary quantics it is a pure constant, and hence it 
follows that every invariant and* every covariant in the system which belongs to a 
binary cubic and a binary quadratic can be algebraically expressed in terms of the 
quadratic and .its discriminant, the cubic with its Hessian and cubicovariant, and 
the Jacobian of the cubic and the quadratic.* 

31. As illustrations of the general theorem that all the concomitants of the 
ternary quantic are expressible in terms of the given system, we proceed to 
some special cases. 

* For the theory of the asyzygetic concomitants of the binary quadratic and binary cubic when 
simultaneous, see Salmon ^s Higher Algebra, {149, in 8d edition (1876) ; Clebsch^s Theorie der bindren 
algebraischen Formen, {59; Gordan^s Vorlesungen fiber Invariantentheorie^ {31 (a comparison of their 
notations is given in my memoir, '^A class of functional invariants,^' Phil. Tran^, 1889, A, p. 91, note), 
and Hammond, The cubi-qtiadric system^ Amer. Journ. of Math., Vol. YIII (1886)/pp. 188-155. 
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The cubic contravariant P has for its leading coefficient^ 

i> = ^eC^s^i — ^) — *i(«3^o — Vi) + (h (Me — ^), 

which is the invariant / of Salmon, the intermediate invariant of r>^ and A,. 
Now if K be the Jacobian of two quadratics di and d, of which the discriminants 
are Dx and D^ and intermediate invariant ia /, then 

Taking % to be t?,, we have i), = A,; and taking di to be A3, we have 

42), = 4 (Mo - cj)(a3^ - *l) - (osdo - 6,ci)» 
= — discriminant of cubic 



Also 






for K,jfi, ^3 are all Jacob ians. Hence the relation becomes 

so that j»t?,»| = y^s + y23rj4)3 — «4*| + t^Aj^s • 

Hence passing to the concomitants of which the foregoing quantities are leading 
coefficients, we have 

the factor «, being inserted to make the order and the class uniform. 

The reciprocant ^(Cayley, 1. c, p. 644) has for its leading coefficient 

and therefore 

no factor u^ being necessary. 

The value of the quartinvariant /^(Cayley, 1. c, p. 641) is 

S=v^p — h^ + h\ + l^ 

* Gayley, Third Memoir on Quantics, Phil. Trans., 1856, p. 642. 
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(in the table the quantity — cf^h should be — cfh^) , where 

4 = «i { ^o«2*i — ^ («sCo + 26i) + 3 Vo6i — a^Q } 

— h \ ^o«l — SciOj^i + Jj (ojCo + 2 Jf ) — agCoJi } , 

being in fact the linear covariant L^ of Salmon (= q of Gordan) ; and it has 
already (§30) been proved that 7, must be expressible in terras of the seven 
functions (13). In fact it is not diflBcult to verify that 

l%vA = — ^3^ +Ji$ M + 3^3^ +JI3)' 

Hence 

the relation among leading coefficients. This, when turned into the correspond- 
ing relation between the concomitants, is 

the power of u^ being inserted to make the order and the class uniform throughout 
the equation. 

And in every case the first step in the expression of a given concomitant in 
terms of the fundamental concomitants is the arrangement of its leading coeffi- 
cients in powers of Oi and 6© (i- 6- ofh andy in Cayley's tables). 

32. As a last illustration we may take the following: It is a consequence 
of the general theory that each of the eight quantities U, H,^, Pj Q, F] S, T* 
is expressible in terms of the seven fundamental concomitants and of u^. 
Hence some relatio^ must subsist among these eight quantities and u^j an irra- 
tional form of which relation can be obtained by the following indications. 

Taking U in the form x^ + y^ + ^ + 6lxyz, we have 

^ +y' +^ =Jl, 
yV + ^x^ + sc^y = /[^, 

xyz^=^ r, 

where Xj (i, r are expressible in terms of U, H, * and the coefficient l. Now if 
x + y + z=2 3p, yz+ zx + xy=z3q, we have 

q{q'—pr)=-^{3r' — (i) = p, say, 

•Cayley's 84 Concomitants of the Ternary Cubic, Amer. Joum, of Math., Vol. IV (1881), p. 1. 
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where a and p are similarly expressed to X^ fi^r. From these it follows that if 
^ = F, we have 

7»_7«(3(r + r)+r(3<T» + r(T — p) — 0^=0. (i) 

Similarly, if ^ + v' +^ =^', 

where X, fi', / are expressible in terms of P, Q, F and the coefficient I, and if 
we write ^ + rj + ^=z3j/ = S4^T, then 

F'« _ F" (Sc/ + /) + F (3j" + /a' — p') — <^ = 0, (ii) 

and both T and Y' (and therefore j? and p') can be expressed in irrational forms 
by means of (i) and (ii) in terms of the three covariants, the three contrava- 
riants and the coefficient I. 

Now X, y, z being the roots of 

if — Spu^ + Zqu — r = 0, 

and ^, VI, ^ those of 

u^ — Spfu^ + Sgfu — / = , 

then (Bumside and Panton, Theory of Equations, 1st edit. p. 113) 

Ua, = x^ + yri + z^=St 
satisfies the equation 

(/>y - 0' - 3^A' {pp' -t)+-^{gg^±: V AA') = , (iii) 

where , « ^ 

A = q — jfr = — 



P 
gr = — r + Spq — 2p^ = — r — Scf + p^, 

and A == gr* + 4A^ 

with similar values for A', g', A'. 

When the value of jp (= v^ F) derived from (i) is substituted in A, gr, A, 
they are expressed (irrationally) in terms of I and the three covariants; and 
when the value of p^{= ^ F') derived from (ii) is substituted in h!, ^y A', they 
are similarly expressed in terms of I and the three contra variants. When both 
these sets of quantities and the values of ^ and jp' are substituted in (iii), it comes 
to be an equation between J7, H^ *; -P, Q, F) u^, and I. When its rationalized 
equivalent is obtained, it follows — from the fact that all the occurring quanti- 
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ties, other than combinations of Z, are covariantive — that such combinations are 
also covariantive ; that is to say, they can be expressed in terms of S and T* 
This rational form would be the required relation. 

Symbolical RepreserUation of the Concomitants. 

33. Instead of determining the order and the class by means of equations 
(9) and (11), the following method is eflfective, viz. to change the leading coefficient 
into Ofwe which is symbolical in the vmbral elements of the original quanticj and com- 
plete this symbolical expression according to the laios which apply to the concomitants 
of ternary qvanJbics. 

For this purpose let 

Ui = affli + . . . . = al = /3| = yl = 

A, = a»Co — 6f = -g- ai^i (/?,a8)^ 
and therefore rr ^ f q \i q 

Next we have 

for Co = aiof , bi = oliO^o^ , a^ = aial , and 

e^ ^ cL^ai — 0360 

Hence, remembering that with the symbolical notation, the repetition of a real 
coefQcient requires the introduction of a new umbral coeflScient, we have 

t?, = ai./3f (a,/;?3).y?(aays)» 
and therefore U% = {a^u){a/yu) a<p^jyj . 

Next we have v^ = (d^, Cj, 6,, a^Jai, — Jq)* = ^> 

where 6^ = a,ai — 0360 = {(h^s) ^ > 

so that as before v^ = (oj/Js) ^1 • (^/s) yi • (^s^s) ^1 » 

and therefore Us = {a^u){a/yu) (aSu) /?|yJ5| . 

* It is not sufficient to have one only of the two invariants, for in a less special form we should have 
the quantities {' and abc , in the notation of Cay ley's paper on the 84 concomitants. 
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Further, A, is the Hessian of r,, so that we may write 

h = i W) Otp, 

and therefore ^^ ^ ^ (a^«)»(ay«)(^My2^.. 

Again, ^3 is the cubicovariant of v^ , so that 



and therefore 



-f- = (ai3w)»(ayi^)(/35u)(y8tx)(y;it^) 5*f!t;ii. 



And lastly, j^^^ is the Jacobian of t;, and v^ , so that 

We write 61 = a, and e, = 03, ©i = i^, and d^ = ^3, and so on, so that 

y^ = ai (a^/Js) . (0^/3) yf [(/Jjig) hi . (^,63) 4] , 
and therefore 

It will be noticed that for each of the functions thus represented, the order 
and the class agree with their former values. 

Modification of the Fundamental System. 

34. According to a well known proposition, the square of any Jacobian bin- 
ariant can be expressed in terms of other concomitants associated with the binary 
quantics of which the Jacobian is taken, and as the Jacobian may thus be con- 
sidered to be of ambiguous sign, it may be deemed desirable to replace the two 
Jacobians in the foregoing system, viz. ^3 and /jg, by equivalent concomitants of 
determinate sign. 

For the first of them we have 

where/ is the discriminant of Vj, already (§31) considered, and thus replace ^j 
by /, which written symbolically is 

(a^,)«(y,5,r(a,y,)(M), 
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we have the corresponding function given by 

F= {a^u)\Yhu)\a/yu){phu) . 
This replaces 4)3 . 

To replace j^ we take the quantity p (of §31), the symbolical form of 
which is i> = «! (e)?)*, 

= 4" «i (^»ys)*(a»y8)(aj/?8) • 
This leading coefficient determines a function 

by the usual method of compounding these determinants ; hence there is effec- 
tively determined a function 

P = -J- (a/?y)(a/?«)(ay«)(^yu). 

This replaces J^^ ; and the present rejection of the factor u^ accounts for its insertion 
in §31, necessary to render the order and the class both uniform throughout the 
equation which gives the expression for P in terms of the former fundamental 
system. 

The Number of Algehraiccdly Indepeiident Concomitants of the Ternary n"''. 

35. Before proceeding to the detailed consideration of the quartic, the general 
method of obtaining the proper (§18) number of the independent solutions of 
the equations Di^ = , -D«^ = can now be indicated. 

We find as before a complete set of independent solutions O© , 61 , 0, , . • . . of 
Di4f = 0, and then take such functional combinations of them, say /(do, di, . . .)> 
as will satisfy iJ^-J/ = or A^ = ; we must therefore have 

= ^ A(9o + ^ A01 + ^ A0, + . . . . 

CUo 0^\ 0^2 
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Hence the subsidiary equations necessary for the determination of /are 

d% _ dd^ _ ae^ _ 

Ado~ Ae,~ A6t~ ' 

the number of independent solutions of this set will give the required number of 
indefjendent functional combinations. Now all the quantities Ad are not func- 
tions of the variables d of these equations; it is necessary to take such combina- 
tions of the Ad as are expressible in terms of the variables. In actual practice 
these combinations are similar to those which arose in the case of the cubic (§25), 
viz. functions of quotients of the variables 6 such that when a quotient is oper- 
ated on by A, the result is expressible in terms of some other quotient. 

To estimate the effect of these modifications, let us consider them in connec- 
tion with the ternary quantic of order w, which has -^(w + l)(n + 2) coeflB- 

cients. The number of subsidiary equations associated with D{\i/ = is less 
than this integer by unity, and therefore the number of the quantities 6 being the 
number of independent integrals of these equations, is 

In forming the functional combinations of the quantities Ad, it is necessary 
(§23) to take some one of the quantities d, as di, for a variable of reference, and 
then the number of independent equations of the form 

diAd,— ;id,Adi=d,, 

which can be formed, is — (n* + 3//) — 1 . Each such equation can be used for 
the transformation of a fraction in the subsidiary equations 

dffo dOi _ 



• • • 



Ado A0i 

and therefore the number of equations in the modified set being one less than 
the number of modified fractions, is -r- {v? + Zii) — 2. But each of these modi- 
fied subsidiary equations leads to an integral, and therefore the number of inde- 
pendent integrals is -g- (n* + Zn) — 2, which is the number -3- (w + l)(/i + 2) — 3 
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which is the required number of algebraically independent solutions of the 
simultaneous partial differential equations D^^ = 0, D^-^ = 0. 

Since each such solution determines a concomitant, we have the result : 

AH the concomitants of the uni-temary n"^ can he algebraically expressed in 

terms ofug^ and o/'-z- (ti + 4)(n — 1) properly chosen independent concomitants. 

Thus there are 3 for the quadratic in this algebraically complete system ; 
there are 7 for the cubic, as was proved, and, as we shall now see, there are 12 
for the quartic. 

In the same way it may be proved that : 

All the concomitants of the bi-temary n'^m*^^ symbolically represented by ttJ^C? 

can be algebraically expressed in terms of -r- (n + \){n + 2)(m + 1)(7ai + 2) — 3 
properly chosen independent concomitants. 

III. — TJie Quartic. 

36. The explicit form of the general quartic is 

Ooa^i + 4ar3aiccj + eafagaa + ^^a^Xi + a^x\, 
+ 4Lb^iX^ + Ax^ZbiQi\x^ + 6x1 2620^1X8 + ^xlftga^ 
+ 6coxJa| + 4iX^'iCiXYj\ + Ga^c^a^ 
+ Ad^^7\ + Ax^iQi?^ 

and the characteristic equations D^^ = 0, D^'^ = are respectively 
i?, = A= 60^ + 2ii ^ + 36, ^ + 46,# + Co ii- + 2c, ^ 



d(h ^ ^ ao, "^ * d<h ^ " da, ^ "• db, ^ ^^ db 



» 



To find the common solutions, it is first necessary to construct the subsidiary 
equations for the former of these, being 14 in number since there are 16 coeffi- 
cients, and so 14 independent integrals of them are necessary. 
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The form of nine of these subsidiary equations is exactly the same as for 
the cubic, so that their integrals are the same as for the cubic, viz. we take 

^01 ^l» ^2> ^8> ^41 ^61 ^«i ^71 ^81 

as in §23. For the remainder, which are 

cUiq da^ dh^ rfcj ddi de^ 

— — _ — _2g^_— _-^, 

we proceed as before, and take 

Then A^^ = 463 , so that 

ei^d^ — A0^ei=- 4^101 

where ^10 = ^s«i — «A 

is the next integral. We now have 

where On = c,af — 2630160 + «4^o 

is another integral. Next 

(?iA(?n — 2<?n A(?i = 20^ , 

where d^ = d^al — Sc^albo + Sb^bl — aj)l 

is the succeeding integral ; and 

^1 A^u — ^it A^i = 012 , 
where 01^ =^ €ffl\ — 4^tti6o + ScjaJiS — ^b/iybl + aj)l 

is the last integral ; moreover, we have 

A^is = . 
37. By the substitutions 

these equations take the same forms as the eight equations of §25, viz. 

^A^, = 4^10, 
^J A^io = 34>ii , 

#jA^n= ^>n, 

#JA^12= ^18, 

#!A^i3= , 
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80 that of the (8 + 6 =) 13 equations we must have 12 integrals. Seven of 
these are already obtained, being jji, ^, jjj, 'x,^, x,i> X«' Xii ^^ remaining five 
are easily found to be 

Xa = *u. 

X» — *ii^« — "A ' 

;i;io = *iii^ — 3^1>n^u + ^a> 

Xn = *»«fu — ^^irf*!! + 3^1. 
Xia — ^^ — ^<^- 

The twelve integrals are independent of one another, and every solution common 
to the two equations i^ii^ = = D^ can be algebraically expressed in terms of 

Xi'Xx >Xu>Xi»- 

38. The effects of the operators Z>, and i>, on the quantities 6 in the case 
of the quartic are as follows : 
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sif. 


6» 


9;^.. 


-4jr.. 


9jr» 


Value of 
m— p 
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6 


2 


■ 7 
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8 


6 
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— 4 


9 



Hence, if ultimately it should appear that the values of m — ^ to be associated 
with the respective sources are as given in the last line of the second table, the 
twelve quantities x ^^^ sources of concomitants. 
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39. When actual substitution is made in the quantities x ^^^ ^^ resulting 
expressions are reduced, the values of xi^ - - - - ^ X^ ^® ^ given in (13), but it 
must be remembered that the coefficients are now coefficients of the quartic, 
and therefore different values of m and of /> may need to be associated with those 
quantities. For the remainder we have 



^4=Z8 = (^o> ^1, c,, 6j, a^ai, — 6o)*» 



+ ^V5j + 2<Vr6s , + ^i + 2rfia4 +a^C2 

— 3ci : j 



Jai, -io)* 



1 



<^4=;i:io= 



+^8 +4^4 +56^104 — lO^^I — bejb^^ — 1^\ — djc^ 

' I I 



+2dJ -9a,c3 



+10(56, 



— 10(f,6| +9cja, — 26J 
! ,— 6C26I 



X«i. -&.)• 



K21) 



Ju=Xit 



= e^i— 4dib3+ S(i, 



1 1 

+ ej>t\ + etftt +Hoj 
— (Vi, — 3cA —36,0, 


-26A 





i^i. -*or 



The reasons of the notations adopted are fairly obvious ; h^ is the Hessian, ^4 
the cubico variant, i^ the quadrinvariant, of v^ regarded as a quartic; and J^^ is 
the Jacobian of r,, regarded as a quadratic, and r^. 

40. To find the values of m and p, the shortest method will be to change 
all the expressions into symbolical forms. For this purpose, let 

Ui = a^xl + . . . . = a* = /?i = yi = 

be the original quartic. It is evident that Ui is the concomitant with the 
source Vq. 

and therefore 



^, = 4-(a/?«)«a|./3!t 



^ ^4^,2 



= Z^^i^ + 



(22). 
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Next we have ^» = (^o , ^i i o^Jai , — hy = ajel , 

for Cq = afcxl, &i = afo^as, o^ = a^as; and 

» 

6^ = a%cii — aa^o 

80 that »» = af . /^ (oj^g) . yj (ojyg) , 

aad therefore Z7, = {a^u)(ayu) ajj^jyj 

= ;t2«i«i + (23). 

(As in the case of the cubic, we have ZJ, — CiiT, divisible by ul and leaving as 
its other factor the Hessian of the quartic.) 
Next we have 

»s = {do, Ci> h> «s][«i. — *o)' = oi^. 

where df = o^j — as^o = /?? (a^s) » 

so that »3 = Oi . /?f (otj^s) • yi (ojys) • ^1 (oj^s) 5 

and therefore Z7j = (a/3u)(ayw)(<»3tt)a,/^yi5' 

= XAX + •■•• (24). 

Next, Ag is the Hessian of Vg , so that 

Ag = ^ a,/?i {d^ye^i 

= I ai^i(a,^g)«.(a,yg)y!.(i3,53)3f, 
and therefore ^^ ^ ^ (a|8«)»(ay«)(^5u) a./3,yJ5i 

= ;k5«X + — (25). 

Again, ^g is the cubicovariant of Vg , so that 

= oi/^iyi (a»/?8)'(a»y8) • ^1 W»h) • (yj^s) ^i (y2f<s) t4 . 

and therefore 

= ;c««lX + (26). 

Al80,y23 is ^^3 Jacobian of Vg and Oj, so that 

J»B = a'A (e<?) f f <?? 

= a\^, ia^3,) . (agyg) yl [(/?,^g) 6? . ((3,^g) ^0 , 
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and therefore 

Ju = (ai3ti)(ayu)(^5u)(/3;iK)aJ/?y.5|;ii 

= Xr^'^X + . . . . (27). 

Coming now to the new forms in (21), we have 

and, as before, p^ = a^ — Os&o = (o^^b) i^i so that 

t?4 = (oj/^s) ^1 • (02/3) 7i • (os^s) 5? . (0,63) e! , 
and therefore 

U, = {a^u){<vyu){a8u){aeu) ^.yiSkl 

= ;K8^i^i + (28). 

Next, h^ is the Hessian of v^ , and therefore 

^* = T (P*^) W 

hence ^^ ^ _i_ („^.„)3(„y«)(a5„)(^;i„)(/3^„) yS^ax^^s 

= X»^^ + (29)- 

Again, for ^4, which is the cubico variant of »4, we have 

and therefore 

<D4 = ^ (a/?«)»(/?yu)(a5u)(a««)(/»M(y^«)(yH(>^«) ^'A^l^lf^W. 

= ;Kioa;lX + . . . . (30). 

For it , the quadrinvariant of t?^ , we have 

*4 = "T (pf^)^ 
and therefore 

= ;ku«i + — (31). 
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Lastly, y24 is the Jacobian oft?, and t?4, so that 

ju = a? (fp) f tf f 

and therefore 

= ;Ki2^Ni + (32). 

It will be seen that in every case the value of m — 2^ agrees with the required 
value in the earlier table, and we are therefore now justified in enunciating the 
following theorem : 

Every concomitant of the ternary quartic can he algebraically expressed in terms 
of '^x {pf^ universal concomitant) and of the twelve fundamental concomitants Ui {the 
quartic itself); jB^, U^] U^, jETj, 4>3, J^^] U^, 5^, 4>4, /4, J^^', the leading coefficients 
of these concomitants are given in (13) and (21), their order and class in (22) to 
(32), and their full expressions can be obtained by (I) and (II). 

41. This fundamental system may be modified — as in §34 for the cubic — in 

the case of all the concomitants which have Jacobian functions in the leading 

coeflScients. We have 

4)|=/i;i-4^i, 

where /is the discriminant of t?3; and thus we may replace ^3 by/, the symbolic 
form of which is 

(a2^8)*(yA)*(a,y3)(M) oiArA , 

and therefore 

F= {a^u)\ySu)\ayu)i(3Su)aJ,yX 
= (a|^ — eogftjjCido + 4a^l + 4dobl — 36|c?)a:Jt^ + . . . . (26') 

will replojce 4>8 in the system. 

Similarly we might replace y^g by ^, the intermediate invariant of v^ and ^3; 
its symbolic form is 

T af (/?2y3)'(a2y8)(a2^3) A/i » 
and therefore we have a function 

X {^r^y{ayu){a^u) al^^y^ 

= -r(a/^y)(a/^^)(ay^)(/?y«^)^*ax/?a;y*, 



so that 
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80 that p ^ ^ (a/3y)(a/3«)(ayu)(/3y«) a,/3,y. 

= jcb (ojCj — tj) — &1 (Mo — *|Ci) + Of {^A> — 4) \xit^ + (27') 

will replace Jfg in the system. 

Next, ^i being the cub ico variant of t;,, we have 

¥* +3A — tAt^ + 4AJ = 0, 
where /« is the cubinvariant of Vi] and so we may replace ^^ by j^, the sym- 

« 

bolical expression of which is 

T (f'<^)'M'(p^)* 

= i (a,/?8)'(i3,y,)*(«x,y,)», 

/, = 4- (a/?«)«(/3y«)»(ay«)» 

= (coM^ + 2<?ift,Cj — 6J — CjcJ — dja^) uj + (30') 

will replace $4 in <Ae system. 

Lastly, since ^24 is the Jacobian of Vj and V4, and we retain A, and A4, it can 
be replaced by the second transvectant of Vg and v^, the symbolical expression of 
which is 

and therefore 

= { («i^o — 26iC^ + C(ft) aj — 2 (o^fZi — 2iiC, + J3C0) ajio 

+ {a^c^ — 26163 + c^a,) bl\xlu\ + (32^) 

will replace J^^ in the system. 

42. As illustrations of the general theorem of §40, the following may be 
taken. It has been shown by Maisano* that all the concomitants of the quartic 
of the second degree are (1. c, p. 201) a\hl{ahuy, which is effectively H^ of (22), 
and {ahuf, which is I^ of (31); and that among those of the third degree are 



* ^^ Sistemi completi dei primi cinque gradi della forma ternaria biqaadratica e degV invarianti, 
covarianti e contravariaDti di Msto grado/' Batt. QiorD. di Mat., t. XIX (1S81), pp. 198-287. 
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(1. c, p. 203) {ahuf{hcu)\cau)\ which is effectively J^ of (30^), and {ahcfalhy^, 
which is CT, — UiH^. Another concomitant of this degree is 

= aj)l(i {ahuf{acu) = ] a^ {a^d^ — ^h^c^ + h^c^ — h^ {c^a^— iS^c^ + a^c^) \ icjwj + . . . , 

so that eU,Us = H,UI f ff^Ui + A- 

Another is 

Tp = {abu)\abc) cS 

= [«o (^o«4 — ^^h + 3cJ) + ai (c^8 — ScgCi + 863^1 — a^^) 

. — 60 (^o«4 — SfejCi + SftjCj — cigdi) j wfxi + . . . . 

and it is not diflficult to prove that 

Lastly, when the tabulated value of -4 = -^ (abcY is taken as calculated 
by Bernardi, it can be arranged in the form 

where jp is the coeflBcient of (27'), i^ is the coeflScient just given and 

N=e^— 4dia^bi + 2c, {Cffi^ + 2b\) — Ab^Jbi + afi\, 

evidently a simultaneous invariant of v^ and v^ and expressible in terms of 

Vj, Aj, V4, K, iij ^ijjii' 

The general method of expressing any concomitant in terms of the set, 

here proved to be complete, is to take its leading coeflBcient 3, which must be a 

simultaneous concomitant of Vq, Va, ^3, v^ and must be expressible in terms of the 

quantities in (13) and (21). Moreover, since they are binariants, it is suflBcient to 

consider the coeflBcients of the highest powers of aj contained by them ; and it 

is found that in every case ^ can be arranged as combinations of quantities, 

which are concomitants in ai and b^. .Thus, for instance, © above has for its 

leading coefficient the simultaneous linear covariant called Li by Salmon (p. 178) ; 

^ has a leading coeflBcient composed of a part v^i^ and the simultaneous covariant 

called L^ by Salmon (p. 179), and similarly for A. 
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IV. — Complete System of Algebraically Independent Concomitants for the n"^ 

43. It is at once evident that all the leading coeflBcients of the concomi- 
tants just obtained for the quartic consist of (i) the algebraically independent 
invariants and covariants of the binary quadratic, the binary cubic and the 
binary quartic in aj and — 60 ^ variables ; of (ii) the Jacobians of this binary 
quadratic and binary cubic, and this binary quadratic and binary quartic; and 
(iii) of the original quantic. 

The forms of the characteristic differential equations satisfied by these 
leading coeflBcients show that every solution is a concomitant of the simultaneous 
system of binary quantics formed in the above way ; the theory shows that every 
such solution can be algebraically expressed in terms of the members of the 
above set. 

And the result is true for the general quantic of order n , so that we can 
now state a complete system of algebraically independent concomitants. 

44. First, let Z7= a" be the quantic which, written explicitly, takes the 

form 

n! _ 

(ao, ai, , ajxi, x^f + ^_^^ ^j X> (60, ^i, , ^^-iK, a^g)'* ^ 

71 ! __ 

"T 3 » 3^ ^%\doi cliy , , , , , dn^%jxii x^) + . . . . 

We shall represent the leading coeflBcients in symbolical forms, as in §§33, 40 ; 
their explicit forms are obtainable in the same way as the explicit forms of con- 
comitants of binary quantics, and indeed are the same as those binariants when 
ai and — b^ replace the variables. 
We have, first 

U= a2= OffiCi + . . . . 
Next, let 

^2 = (co, 61, «2][«n — boY = a?-* (ojjai — a^Y = «? "VI' 

then the concomitant is 

and J12 = a^CQ — JJ, the Hessian otv^, so that the concomitant is 
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and as usual we have 

( ZJa — UH^ -^ t^l = Hessian of U. 

Next, let 

Us = (cZo, Ci, h^, aslai, — bof = a?"'p|, 

then the concomitant is 

Us = v^-^i4 + — ; 

and the associated set is given by h^ (the Hessian) and 4)3 (the cubicovariant) of 
Vg, the concomitants being 

and so on. 

In general, let 

Vr = {.... , c,._2, 6^«i, ajai, — 60)'' = (^"""Y^i 

where p^ = a^ai — a^bQ-, and we shall suppose p, (T, t to be equivalent symbols. 
Then it is known from the theory of binary quantics that all the concomitants 
can be expressed in terms of the following set of binariants of the second and 
of the third degrees alternately in . . • . , c,._2, 6r_i» (^n viz. 

6) (2, r) = a?-'/?r'-(p(T)VrM"'i 

0(3, r) = ar'"^r>?-'(K((Tr)p^^->(TrVr\ 

6) (4, r) = ar '•i5r'•(Kp^v^^ 

0(5, r) = ar'-/3rvr'(p(T)'((Tr)pr%r''^r'» 

0(6, r) = a?-^/?r''(pcT)vr*^r'» 

o (7 , r) = ar ^/?r vr '^ (pcT)«((Tr) pr •^r M"'. 

and so on; the symbol* p^, (T^, ^^ in these respectively denote a^ai — a^b^, 
/?2^i — i^s^o) ^nd y^ai — 7360- The series of functions concludes with the term 
(«)(r, r), the form of which depends on the evenness or oddness of r. 

In order to find the order and the class for each of the concomitants, we 
must take two separate typical forms, say co (25 , r) and co (2^ + 1 , r), where r 
may not be less than 2^ in the former nor than 2^ + 1 in the latter. 

For the former we have 

6) (25, r) = ar^^r' (ptTy>r"''^r ^ 

when this is changed into a further symbolical form for the concomitant, (pc) 
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becomes (ot^i^s) ^^^ so ultimately comes to be {a(3u) ; that is, every power of {pa) 
introduces a unit for the class. Again, p^ becomes of the form 

and so ultimately comes to be 02"^ {^0u)] that is, every factor of the form p^ 
introduces a unit for the class and n — 1 for the order. And a? "*■ ultimately 
comes to be a2"■^ and so with /?^. Hence finally, the order is 

2 (n — r) + 2 (r — 2s){n — 1) = 2n (r — 2s + 1) — 4 (r — «), 

and the class is 2^ + 2 (r — 2^) = 2 (r — s), 

and therefore the concomitant is 

Similarly for 0(25 + 1, r), the symbol for which is 

we have 

For this class of the complete set of the concomitants given by TT^. r> the 
values of (ij for a given value of r, are 0, 2,3,....,r and TTq, r has for its 
leading coefficient y,., being 

and the values of r are 2, 3. . . . . , n. Thus the total number of concomitants 

in this division is -g- n (71 + 1) — 1 . 

45. Next, for the class of concomitants whose coefficients are the algebrai- 
cally independent Jacobians of Vj > ^3 » 1 ^n > we take j\^ 3 , /«, 4 , /j. 5 , • • • . , j\, » • 

Evidently 

where p^ = a^ai — 03607 o"^ = i^2«i — i^3^o; ^^^ the concomitant is 

The values of r are 3, 4, . . . . , n, and the total number in this class of con- 
comitants is therefore n — 2 . 
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Hence the total number of concomitants is 

1 , for the original quantic, 
+ ^ n (n + 1) — 1 for those in the first of the classes, 

+ n — 2 u a a second ** *' 

i. e. the total number is -|- (ti + 4)(n — 1), agreeing with the former result. 

These concomitants are algebraically independent of one another^ and every con- 
comitant of the quantic can be algebraically expressed in terms of them. 

V. — System of Two Quadratics. 

46. The two quadratics may be taken in the forms 

a^i + 2b^iX^ + ^OiXiX^ + Coal + "ib^pc^x^ + aj.T|, 
o^ + 2blfCiX^ + ^iXiX^ + c^ + 261^X2X8 + a^x\ ; 

the characteristic equations are 

o ^ o o ^ o 

There are twelve coefficients in all ; there will therefore be eleven equations 
subsidiary to, and eleven independent solutions of, Di + Di = ; and ultimately 
there will be (§§18 and 35) nine independent solutions common to the two 
equations. 

From the form of the characteristic equations, it at once follows that they 
are the simvitaneous concomitants of two binary quadratics, the literal coefficients of 
which are Co, 6i, a^^ and c^, ft^, Oj, and that the variables of tlie concomitants are 
two sets, viz. aj and — 6o > ^i ^^^ — ^o • 

47. The subsidiary equations for Z>i + J5i = are 

da^ dai da^ da^ da{ da% db^ db^ dc^ db^ db'i dc^ 

"0~~~0~""^~~0'~"0"~~0'~ ar~a7~ 2ii~ ~a[ ~ ~a[ ~ W^' 

of which six integrals are immediately given by 

and we may take either 6i or tf^ as a '' variable of reference." 
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The full system of equations, subsidiary to the solution of A = in func- 
tional combinations of the solutions of Di-\- D'y^O, are for the alternative 
variables of reference : 



(?iA<?8 • 

<?iA<?( 

tfiA(?i 

eiM>3 



eiAdi 



20a 



oAxs 



eiAdi 
xAOi 



/*4 



eiAoi — 


2diA0i = 


2<?3 


eiAdi - 


diAdi = 


9', 


diAdi — 


diAOi = ■ 


- <P 


e[Adi — 


2^,A<?{ = 


2;ts 


9'Axi- 


Xz^i = 


Xi 


eiAds — 


OiAdi = 


K 


eiA^s— 


'^3A0i = 


f^i 



I "N 



where the eleven quantities defined by the equations 






Zs 



4^3= ii«i — «2*0l 
', =h[a[-a',h',]' 



e 



c^\ 



«4 = 



— 2hiaibo -|- ajy 



s 



2h,aiK + 0,6^' 



^4 

0', 



clflX 






^ = alio — Olio » 

- 26{ai6o + aihl 

- H (ai6(5 + aibo) + aibjbl^ 



all are solutions of Dj + Dj = 0. Further, the quantities ^4, 4^4; ^4» ;C4; 4^ J '^ij /^4> 
are solutions also of A = . 

For each of the variables of reference, the first five of the equations of the 
set are sufficient to give all the equations, subsidiary to A = and necessary for 
the derivation of solutions additional to those already obtained. 

Taking di as the variable of reference, we have common solutions of the two 
characteristic equations given by 

and four more are necessary, given by the solutions of the first five equations in 
the first bracket of modified equations subsidiary to A = . If, then, we sub- 
stitute 



% 1 




ei 1 


0. - P 


it="i 


ft' 1 


Oi 


ei'=p\ 






oi -n 


ei -"" \ 


Bi-"^] 


' e. 



= 6 
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then the equations come to be 



^Ap = 2y ■ 


61" A/ = 


2q' " 


^iAy= O4 


erA^' = 


ei 


^Ae= 4> 


efAe-^ = - 


- <?> 


^Ar = 2p 


OrAr' = 


2p' 


ejAp= '^'i 


erAp' = 


a:* 


ejAs = iii 


efAs' = 


^, 


^ Aff = ;i4 , 


efAcr' = 


^4. 



and what we wish are four independent solutions of the first five equations in the 
former of these brackets. Such solutions are 



B 

G 



= pdi — q* =ajCo — 61, 



Hi 

6^4 



= H4-p» =a,'c^-6r, 



9 
P4> 



= 6^4— fxp =i«4; 



and X4 and /U4 are the respective Jacobians of ^ and 0^ (with ai and &o as variables) 
and of ^ and '4'4 (with ax and 2)(, as variables). 

Hence it follows that every common solution of the ttco characteristic eqvtations 
can he eaepressed in terms of the nine common solutions 

^01 ^4> ^»; ^0) ■4'4, ^»; 4»> '^4. N' 

48. If we take the first five of the modified equations in the second bracket, 
we find the four new solutions to be 



B 

C 



r'xi — p'' 



^ a^CQ — bi , 



and every solution can be expressed in terms of the set 

^01 ^2> Zi'j ^Ot 64, ^2; ^y Kf l^i 

49. Other solutions of the system- of equations are 

/12 = ajc^ + a^Co — 2bibi , 
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an intermediate between ^2 and ^j ; 

g— pB^ —q^i^^ = {bicQ — bi4) a\ — a^b^ (o^'cq — a^cl^) + bl {a^b^ — aj>[) , 
gr' = - p'0i + q'x, = {b[c^ - b,ci) af- a^ft^ {aic, — a,c^) + b^ {a^b, - a^bi) , 

the former a Jacobian of 6^ and 1^4 (in aj and 60 as variables), the latter a Jaco- 
bian of 0^ and Xa {^ «i ^^^ H as variables) ; 

an intermediary between g and gr', and a Jacobian of 64 and JU4. 

These four are the most important of the solutions, and they will be used in 
connection with the fundamental system to be made symmetrical later. 

Other solutions — the simplest in form — are as follows : they should be expres- 
sible in terms of the fundamental set, and the verification of this leads to the 
values given for them. The left-hand sides of the equations give the solutions, 
the risht-hand their values : 



^i — pi^i= — ^^2 

«04 — qfi^ = gri2 

p04 — 74'4 = 9 

ed^ — 54^ = ^^4 

f4'4— p4>= l^i 

Efli — S^ =Z $^ 



s2,i — Oip — 



1 






9% = — 
9'Xi = — 



e 
1 

e 
1 



Xi + 9'^ = 



9ii; 

/,4 ; 



(li + a"^ = ■4'*; 



p'(ii—<^X* =■ —dn — ^/u; 
s!(ii — a';i^ = — (J. 

And the equations which express the values of the quantities g, ^, gui/n 

in terms of the fundamental systems are 



9'^= (^4Xi— ^M< 

ff' = - V! + AA-^i - 3,'0! ) 
9" = - ^izl + AAxi - ^»0': y 



diiXi = 



'49 - Qi^iP] 
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It may be remarked that a form more directly intermediate between g and 
^ is given by gr,, + -^fi^y the value of which is 

(6{co — hic'^) aiUi' ^ (o^Co — a^c'^){aj)l^ + a'lh^) + {a'^h^ — aj)[) b^b'^, 



which with similar forms will be adopted for the system in the case of three 
quadratics. The form g^^ adopted in the present system is directly connected 
with one of Gordan's concomitants, and the corresponding concomitant has its 
order and its class each greater by unity than those of the present gi^. 

50. The fundamental system can be modified so as to be symmetrical with 
regard to the two quantics. We have seen that 

«i^4 = i«5 + <?»'^i. 

e«;Ci = ^? + 4»*^«, 

* 

so that in the first fundamental system we can replace JI4 and («4 by Xt ^'^^ ^i 
respectively, and in the second by 64 and -^^ respectively. The two systems are 
the same, and it thus follows that every common solution can he expressed in terms 

of K,%',^',^„^i;et,^„Xi,Oi. 

51. It is now necessary to determine the order and the grade of each of the 
concomitants determined by these leading coefficients. It is easy to show that 

©4 = ^A^UI + 

% = -^Aul + 

ei = ei4u\ + 

m 

and therefore every simultaneous concomitant of the two quadratics can be expressed 
algebraically in terms of U, U\ 4> , 0, , Qi, ©4 , *4 , X4 , ©4 . 
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In addition to these nine, it is convenient to have other six, the leading 
coefficients of which are respectively X^, (it; g, ^,gn, and/i,. It is easy to 
determine their order and class; the concomitants are 



A4 

M4 

Q 

G> 



gyticiu\ + . 



and the equations which give the values of these in terms of the members of the 
fundamental system are 

A| = 04X4— cl)»0„ 

G"<I> = A40i — M4X4, 



Wg'PJ + 0»04 1 

Q'^x^F^ = (?r + 0»©r + &iX\ \ ' 

U^Xa 



\G^i = U^G — Qi(di^\ 
'4<?a = A4G'' — 0^0,4)}* 



The six concomitants A4, M4, G, G', G^, F^ may be used as subsidiary to the 
symmetrical set, it being understood that in expressions they represent the fore- 
going combinations of the members of that set. 

52. Now Gordan has shown* that the number of asyzygetic concomitants 
of a system of two ternaiy quadratics is 20, and he has given .(1. c.) the symbol- 
ical expressions for them. From the foregoing theory it follows that each of 
them must be expressible in terms of the set of nine above obtained ; the expres- 
sions I find to be as follows : 



'Clebsch, " VorlesuDgen Qber Oeometrie " (Lindemann), pp. 288-291 and note on p. 290. 



• 
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• / 

f 



6(0,cr-0,), 

2 ( £7'0, — 2A4 — ^P, + ?ZFu) , 
2 ( J7'0, - A,) , 



20^ 
6(0^27' 
2(U©^ 
2(Z70i 



00, 



M,(7i= 2((? — 0,<I>), 
«.(7,= 2(G" — 0j'*), 
M»Z) = 4 (0, i?' + 0i (7 — 20,0^* — M.i^'uG',,) , _ 

u\T^ = 4 (*A4 -U'G+u, UO,t) , 

ulT, = 4 (4)M4— ^7-6" + u^U'G,,), 

«SA = 4 (<D» — tT''**^ — U*^^ + U'^Ai + i7<I>if, 

— TPG'—TPG-if UU'^F^ + 2u,UU'Gji), 

«l*u = 4 (*» — ^7X4 - 27'*^ + UU'F^),) 

the symbols on the left*hand sides being those used by Gordan. From these 
relations it is easy to deduce the equations 

u,D = F,^G^ + F,,G,-Nf^„ 

subsisting among Gordan's concomitants. 

VI. — System of Three Quadratics. 

53. They may be taken in the forms 

Offl^ + 2b^iXi + 2aiXiXt + c^ + 26i£CjXs + a,a| , 
a^ + 26^10, + 2aixiXs + c^ + ^{x^a + a^xi , 
ai'ai + 2hl,'x^Xt + 2ai'V, + Co'^ + 2i(V8 + ai'^sl 
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the characteristic equations are 

A + />I + A"=0 and A = A + A + A'=0. 

There are eighteen coeflBcients in all ; there will therefore be seventeen equa- 
tions subsidiary to the first of the characteristic equations, requiring seventeen 
independent integrals. The number of modified A-equations is sixteen, and there 
will therefore be fifteen solutions independent of one another and common to 
the two characteristic equations. 

Hence all the simultaneous concomitants can he expressed in terms of fifteen 
concomitants. 

In what follows, only the results are given ; they are derived by algebraical 
analysis similar to what has preceded, and the solutions evidently maintain the 
preceding analogy to binariants. 

In forming the equations, the following quantities occur : 



^0 = «o 



Xz=hai —03*0 
% = h[a[ - oiK 



ei>' = a',' ^ 
%' = a'' J 



>7s = hia'i' — ajb'^ 
e^' = hi'ai' - al'K' 



Of these quantities, only B^, $q, Bq are solutions of the equations. The modified 
A-equations are constructed for the three possible cases, according as Bi, &[, or B'l' 
is taken as the variable of reference. 

The further quantities here following also occur ; they all are simultaneous 
solutions of the two characteristic equations : 



>74 = (co, b 



Bi-. 



(4, h 

{€(>', b 

{ci', b 

{4', b 



, o, Joi , — Jo)* 

, Oi lai, , — 6^)* 



^t = (Co , &1 , Oj loi 



, (4 lai , 

, (tila'i', 

', ai'lai, 

', ai'lai', 



b 



/I4 — («o 
/I4 = (Co 



N = ( 



i7 J 



/^i = 



II 




^i == 









n 






v'J 



= ( 



c, 



II 



bi , cr, $«! 

bi, Ojjai' 

bi, ailui 

b[, o^Joi 

bi, aila'i 

bi', ai'ia^ 

bi', ai'la, 

bi', ai'lai 



- bohi . — H) 

- b,lai', - K') 

- bllai', - b'J) 



60K'. 

bolai , 
bolai', 
bSiai', 




Forsyth: Systems of Ternariants that are Algebraically Complete. 55 



where in the right-hand column ^4 denotes c^ia{ — hi{a^'^ + a'lh^ + a^b^bQ, and 
similarly for the others. 

54. Taking first the equations independent of one another and formed with 
$1 as the variable of reference, we have 

0iA0i - 20^A0i = Hs [ . 9A%' — 2e^'A0i= 2^3 I , 
01 A^-,- M0i= ^4 J 01 A|,- ^8A0i= ^4. 



01 AO; 



3 



— 20,A0i = 20sl 

— 0sA0i= ej' 



where ^ := Oibl, — a^6o> ^' = "I'^o — ^^i^o' ^J"® simultaneous solutions of the two 
characteristic equations. 

A set of independent solutions of these equations — necessarily seven in 
number to make up the required fifteen, for we already have ^o. 0o> K't 0*1 'J'o ^tj 
4> and 4>' — is 

-i- ^ = 3j = OiCQ — bi 



(0J04 — 01) 



(d'A-e^) ^01 = ^4 



^01 = ^4^ 

^01 = ^4 h 



where the quantities ^ are 



^ 


— 


aiK - 


- aib^ 


<p' 


= 


a[% - 


- aM' 


r 




a[K' - 


- ai'bi 



Hence it follows that every simultaneous solution of the two equations can 
be expressed in terms of the fifteen independent solutions already obtained, viz. 

00, %. Oi') 04, ^4, ^4; ^, <?>^ ¥'\ ^2, ^1, ^s'^ ^4, f^4, V,. 

As this set of fifteen is not symmetrical with regard to the three quadratics, 
it will be replaced immediately by an equivalent set of fifteen independent 
solutions which shall be symmetrical. 

55. Taking now the equations for each of the three possible variables of 
reference, we find that the foregoing set of eight is increased when all the quan- 
tities which arise in the other sets are treated similarly with ©i as the variable ; 
the new equations thus obtained are, of course, not independent equations as 
they can be derived from the eight, but it is convenient so to increase the set in 
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order to have them complete in form. Introducing quantities defined bj the 
equations 



e 



i' = 9[t = 6'^n' = 6'^y J e^' = Byl = e/A; = ^{'5" 



= e'y'h" 



.n\ 



^j = ^ip = B[q' = e^'n 

the three completed sets of modified A-equations are 



6i' = 6,y = d[h' 
n^ = Oil = eia' = Bi'x/' 



= 6^(0 = Bip' = B['x" \, r,'^=Byi= Bia' = Bi'^' \ , 
= 0,7t = B[x' = B!,'p"] ^i=BiT = Biv' = Bi'a" J 



^A = v 


BCA = V' 


e^A = v" 


Vi>=2? 


V'^>' — 2q' 


V"i>" = 29" 


V? = ^4 


V'q' = ^i 


V"?" = Bi' 


Ve = <^ 


vV=-<?. 


V"y" = ,^' 


vy= ^' 


v'S = r 


v"y' = -<^" 


Vr=2p 


V V = 2i' 


V"<" = 2p" 


vp = '4'4 


VV-;C4 


V"p" = '74 


V<= 2t 


V'«' — 2p' 
V'p'-^i 


V"7i" = 21;" 


VT = ^, 


V"i^" - vi 


V<T = ^4 


vV = v 


v'V = ;ii' 


VI = '^4 


v'«'=;i4 


v'7" = ;ii 


Vi = /t*{ 


V'"' = /«4 


V'V' = |UI 


V« — /«4 


V'<t' - f^i' 


V"A;" - (I'J 


yci) := i'4 


V'y' — ^4 


V"(t" = ri 


V?-vi 


V'^ = vi' 


V"x" = r^' 



r 
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in each of which sets the first eight are the independent equations for that 
set.* 

56. We first modify the algebraically complete system of solutions so that 
it may become symmetrical with regard to the three quantics. We have 

so that Xi a^d >74 may replace Xi ^^^ ^4? ^^^ 

80 that ^4 and »74 may replace 1*4 and (it. Hence cdl the simultaneous solutions can 
be expressed in terms of the algebraically complete set of fifteen constituted by 

%, B'o, $(,'; ^„ ^i, ^i'; <?», ^', t"; X*> Vi> ^4. *!*i ^4' ^4, a symmetrical set. 

The foregoing equations used for the modification of the system are selected 
from the following aggregate : 

fii'P + l^i'P' + ^4<^"= [ . (ii1> + ^4>' + fii^" = 
vi^ + r4<?>' + ^4^" = J ri'4. + ^i^)' + V44>" = 

^4^4 = J15 + ^*^» ] ^4'74 = ^r + <?>"^» ] ;i:4'74 = K'* + 4>"'^» 

f 4?i = 1^ + 4>*^i' J U' = v: + ^"^i' J ^i^i' = 7'r + 4,"'^i' J 



•"•3, ] 

/"^i ^ 



67. As in the system of simultaneous concomitants for two quadratics, there 
are other solutions of the two characteristic equations (and so other concomi- 
tants) simple in form and useful because subsidiary to the expression of concomi- 
tants. The most important of these are : 

• In the case of a system of n ternary quadratics, it is easy to see (1) that the number of equations 
in each of the n complete systems formed as above is n'' + 2n — 1 , and (2) that all the simultaneous 
concomitants are expressible in terms of On — 8 concomitants properly chosen. 
8 
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9 = 
9' = 

g" = 



J = 

f = 



J 

e 



n 



e' = 



where 



(^. 


B , 


(^, 


B , 


(-4, 


B , 


(-4'. 


B', 


(^'. 


B', 


(4'. 


B', 


(4", 


B", 


{.A", 


B", 


(A", 


B", 



G lai, 

G'K, 

G"la, , 

C'lai , 

, G"la',', 



fi3 = OgCo' + a'tCfi 

- KY J 

- hoY 1 




6ir 



— Oof f. 

- 6i'y J 



hY 

KY 
K'Y J 



9ts = 

• 

• 



{A, B, Glai, — 6oK' 

(4', B', C'K. -6oK. 
(^', £', G'la,, -6oK'. 

(A, B, G\ai, — *o$«i. 
(^,5, C7K, -6oK. 

(4, 5, CK. -6oK. 



-K) 

-K) 
-K) 

-K)^ 

-K') 
-K) 

-K) 
-K') 
-K) 



i^- 



= I'iCq — bicl,, B = ajfio — OjCo. z G = Oj^i — a,6i , 



^A' 



= bic'o'— bi'co , B' = a^o' — Oa'^o . 



^G'=a,bi'-<4%, 



'L AH T.ll^f 



J-klt 



% 



A" = 6{'ci- 6{ci', B" = ai^cl, - a^c^', "t C" = oi'fti- a^ftl'. 



And the equations which express these functions in terms of the system of §56 
are of the forms 



I 9^ 


— ^4^4 


fiA 


4-/4> 


= Hai 


^A 


4- 9"1>" 


= H'i'^i 


— A4 >74 


with two similar sets ; ( 


md 






i!^= 






i^-= 






1 J- 



91*"^* = 1^49 + (."^i/ii — 2^4^») 4' 

•718^4 = /^^ + (204^» - ^4/1,) ^' 



r 



A a// 






being one of three sets. 
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58. The orders in the a-variables and the classes in the t^-variables are as 
follow, being most easily obtained from the symbolical forms : 



ORDER. 

• 


CLASS. 


LEADINQ OOKFFIOIENT. 





2 


•'n ^»i ^» ; /u> JiSi /13" 


2 





vo> V0> ^0 • 


2 


1 


t. 1>'> ¥'' 


2 


2 




2 


3 


9 ' 9' ^ 9"l. J > / . y'l. e . e' , e") 

r J . . . ' 7 • • 

fl^Wi 9i3i fl^lS ^ ^127 •?23» ^13 -^ ^Ui ^7 ^-^ 



which is to be read : that the concomitant in ^^ as its leading coeflBcient is of 
order and class 2, so that its first term is ^X^ and so on. 

All the simultaneous concomitants can be expressed in terms of the fifteen, which 
constitute the symmetrical set given by 






} 



0^ =^y^ + ... 

0^' = ^i'uf + . . . 

'4'4 = 4'4«l«l + • • 



r 



4)' zz: i^'a^Uj + . . . . 



• • • • r J 

• • • • J 



B4 = ^4a^«i+ 1 



^Ae symbolical expressions for which are 



u"=ar- 



^X 7 



0, = ^ (a/?u)^ 0i = ^ (a'^'w)', 0i' = ^ (a"^"«)» ; 

<D = aX (a'a«). *' = ""ax (aa"u) , <I)" = aX' «"«'«) ; 
X4 = m (a,3'«)(ay'«) , 5, = ^'jyj (a/3"u)(ay"tt) ; 

H4 = /3.y, ia"i3u){a"yu) , E{ = /^iyi {a"^'u){a'yu) . 
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And for the purposes of expression, the remainder of the set of concomitants 
determined by the preceding table will be useful. 

Thus the Jacobian (Salmon^s Conic Sections, §388) is 

the involutant (ib. §388a) is 

GJE 1 /Q^E . 0^ , 0i'(7 



8 04*4^4 2 V 04 "^ *4 H4 /' 



8 

of the ten simultaneous invariants, which are asyzygetic, nine are given by equa- 
tions similar to those which give the four asyzygetic invariants of two quadratics 
in §52; and the tenth, being 

Soo {aWo' + a^^c^, — 2&{&r ) - 22 { c^^a^{ - \ {a[h'^ + ai'&i) + a^'^',' \ , 

is equal to 

V { UF^ + U'F,, + U'^F^,- 2Ar - 2MI' - 2Ni'\. 



^x 



Similarly for other examples. 

Some investigations dealing with a system of three quadratics are given by 
Cayley and Hermite in the 57th volume of Crelle's Journal, and by Gundelfinger 
in the 80th volume. 

( To be continued, ) 



Second Memoir on a New Theory of Symmetric 

Functions. 

By Captain P. A. MagMahon, R. A. 



In my first memoir on this subject (Vol. XI, No. 1) I introduced the notion 
of the "separation" of a partition, but restricted myself to the discussion of 
rational integral symmetric functions. 

In the present memoir I am engaged with functions which are not neces- 
sarily integral, but require partitions, with positive, zero, and negative parts for 
their symbolical expression. 

The chief results which I obtain are 

(i). A simple proof of a generalized Vandermonde-Waring power law which 
presents itself in the guise of an invariantive property of a transcendental trans- 
formation. 

(ii). The law of ** Groups of Separations." 

(iii). The fundamental law of algebraic reciprocity ; the proof here given 
being purely arithmetical. 

(iv). The fundamental law of algebraic expressibility which asserts that 
certain indicated symmetric functions can be exhibited as linear functions of the 
separations of any given partition. 

(v). The existence is established of a pair of symmetrical tables in associa- 
tion with every partition into positive, zero, and negative parts, of every number 
positive, zero, or negative. 

The results (iv) and (v) are immediate deductions from (iii), which I believe 
to be a theorem of great importance and a natural origin of research in symmet- 
rical algebra. 

Attention may be drawn to the free introduction of the zero part into the 
partitions; this forms a connecting link between arithmetic and algebra, and 
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enables us to pass in a novel and natural manner from theorems of quantity to 
theorems of number. An illustration of this may be found at the conclusion of 
this memoir, where I have given symmetrical tables of binomial coeflBcients. By 
employing zero parts, any algebraic function of one quantity may be expressed 
by means of partitions, and further, every unsymmetrical algebraic function of 
the quantity x is expressible as a symmetric function of any arbitrary quantities 
X in number; this is in fact equivalent to the development of ^ (cc), a given rational 
and integral algebraic function of sc, in a series of factorials, but it is interesting 
as showing that all algebra is in reality included in the algebra of symmetric 
functions ; for this reason I think the theorems here given are entitled to rank 
as theorems in general algebra, and should not be regarded as appertaining exclu- 
sively to symmetrical algebra. 

In one or two succeeding memoirs I hope to be permitted to further develop 
the theory of the X — x transformation which possesses many properties of great 
elegance, and to exhibit, with some approach to completeness, the theory of the 
allied differential operations, a large and important part of the subject upon 
which I have not entered in these two memoirs, although I have it by me in 
manuscript. 

Readers should consult ** Symmetric Functions and the Theory of Distribu- 
tions," Loud. Math. Soc, Vol. XIX, p. 220, and **Theorie des Formes Binaires," 
by Fail de Bruno. 

Section 1. 

1. The theory of symmetric functions is a part of the general theory of per- 
mutations, combinations and distributions. Formulae in the former are merely 
elegant analytical expressions of propositions in the latter theory ; this fact I 
have dwelt upon at some length in a paper, ** Symmetric Functions and the 
Theory of Distributions," Proceedings of the London Mathematical Society, 
Vol. XIX, p. 220 et seq. 

As an illustration, I give the interpretations of two well known theorems in 
symmetric functions and refer readers to the paper above quoted for the neces- 
sary explanations and elucidations. 

2. If 

(1 — aiX + cLffii? — flfsar* + . . . .)~^ = 1 + hix + h^ + fi^oi^ +...., 
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then a^ and h^ are designated respectively " the elementary symmetric function 
of weight m," and " the homogeneous product sum of weight w" of the quantities 

a> /^» y» ^» • • • • I 
where 

1 — a^x + a^of — a^ +....= (l — aa;)(l — ^x){\ — Yx){l — hx) . . . . 
We have the well known theorems 

the summation being controlled by the relation S^Jl, = m and 

(-)-». = £ ;^,'^r^f ". . «!■*<.}• («) 

with, as before, the relation 2^^, = in. 

3. It will be observed that (ii) is derivable from (i) by the interchange of 
a and h . 

4. These formulae give rise respectively to 

Theorem I. ** Considering n objects of any species whatever, the number of 
distinct ways of distributing them into an even number of diflFerent parcels is 
precisely equal to the number of distributions into an uneven number of diflFerent 
parcels, except when the objects are all of diflFerent species ; in this case, the 
former number is in excess or in defect of the latter number by unity, according 
as the number of objects is even or uneven." 

5. Theorem II. ** Considering n objects of any species whatever with the 
restriction that no parcel may contain two objects of the same species, the 
number of distributions into an even number of diflFerent parcels is in excess or 
in defect by unity of the number of distributions into an uneven number of 
diflFerent parcels according as w, the number of objects, is even or uneven." 

6. In these theorems it is to be understood that the phrase "of any species 
whatever" means that the objects are not restricted to be all of the same 
kind or to be all of diflFerent kinds, but may be of any kinds whatever ; the 
phrase *' diflFerent parcels" means that no two parcels are of the same 
description. 
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7. Ab an example of the first theorem, suppose there are four objects, say 
three pears and an apple, we have the distributions : 

Four parcels. Three parcels. Two parcels. One parcel. 

p,p,p,a pp,p,a pp,pa pppa 

p,p,a,p pp,a,p pa,pp 

p,a,p,p p,pp,a ppp,a 

a,p,p,p a,pp,p a,ppp 

p,a,pp ppa,p 

a,p,pp p,ppa 

pa,p,p 

p, pa,p 

p,p,pa 



No. = 4 9 6 1 

and 4+6=9 + 1, 

as stated by the theorem. 

8. Again take three different objects, say a pear, an apple, and an orange; 
the distributions are 



Three parcels. 


Two parcels. 


One parcel. 


jp, a, 


pa, 


pao 


Pj 0, a 


o,pa 




UjP, 


ao,p 




a, QfP 


p, ao 




o,p, a 


op, a 




0, a,p 


a, op 




= 6 


6 


1 


t 


6 + 1 — 6 = 1, 





No.= 

and 

as stated by the theorem. 

9. As an example of the second theorem, take two pears and two apples, 
and remember that now no two similar objects can appear in the same parcel; 
we have thus 



Four parcels. 


Three parcels. Two parcels. 


One parcel. 


p,p, a, a 


pa, p, a pa, pa 


no way. 


p, a,p,a 


pa, a,p 




a,p,p, a 


p,pa, a 




p, a, a,p 


a,pa,p 




a, p, a, p 


p, a, pa 




a, a,p,p 


a,p,pa 




No.= 6 


6 1 





and 


6 + l-(6 + 0)=l, 




as should be the case. 
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Section 2. 

The Vandermonde-Waring Law. 

10. Referring readers to the ** Definitions" given on page 2 of my former 
memoir, I pass on to a further consideration of the separation theorem given on 
page 19 (loc. cit.), viz. 



(_y+^+....(i±^ ±-----l)' ^(;CV"'. . . .) 

€ • Tfl' 1 • • • • 



where S{X^i£^ . . . .) denotes the sum of the 7i^^ powers of the quantities expressed 
by means of separations of the partition (V/i^"*. . .) of the number n ; {JiY^iJiY* . . . 
is any one of these separations and the summation is in regard to all the sepa- 
rations. 

11. I established this theorem in the Proceedings of the London Mathe- 
matical Society, Vol. XIX, p. 247 et seq., but having recently obtained a far 
simpler proof, I give it here as a preparation for a far more general result which 
will be established subsequently. 

12. Write 

X,= {3)xs + {2l)x,x,+ {l')xl 

X,= (4)^4 + {Sl)x,x, + (2^) x| + (21^)x,xf + (l^)xj. 



'^m — ^ (WliTWjjTHg . . , .) Xfi^Xf^Xfi^^ . . . . , 

the summation having reference to every partition (mim^m^ . . , .) of the 
number m. 

13. We may regard the quantities Xi, X^j X^, . . . . ns transformed into the 
quantities Xj, ccg? ^8» • • • • t)y means of these relations, and we may enquire 
whether there exists a system of invariants of this transformation ; whether in fact 
we can form a system of relations between JTx, X^, JSTg, .... which, to symmetric 
function multipliers prh^ are equal to the like functions of Xi, x^, x^, . . . . A 
complete system of such invariants does exist, and they are of fundamental 
importance. 
9 
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In the first place, Xi is such an invariant ; the complete system is found in 
the following manner : 

14. I suppose that the symmetric functions on the dexter of the above rela- 
tions refer to quantities 

a, /?, y, . . . . , 

which I further consider to be infinite in number. 

15. I observe that the expression 

1 4" Xi + jK.% + -^3 "h • . . • 
may be broken up into factors of the form 

so that there is the identity 

1 + JTi + JT, + -^3 + = n.(l + aa^i + a'a:, + a'a^ + . . . .). 

a factor appearing for each of the quantities 

a, /?, y, . • . . ; 

this relation indeed, from another point of view, serves to define the quantities 
JTx, X,, -Zs, . . . . in a concise manner and a posteriori one is directly convinced 
of its truth. 

16. It is convenient to introduce an arbitrary quantity fi and to write 

1 + iiXi + ii?X^ + (i^Xs +....= n. (1 + [lOLXi + [iWqc^ + fi^a^x^ +....) 
Taking logarithms, we find 

\og{i +(1X1+11^x^+1^^X3 + — )=2J ^^g (^ + i^«^i + i^^'^» + i^^^'^8 + — ); 

a 

the left-hand side of this identity is, when expanded, 

(iX, + (i'(^X, ^X\)+(i'(^X,-X,X^ + ^x() + ...., 

the general term being 



where I = / J^ ; 
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whereas the right-hand side has the general term 

j E-'}>--E(-)-----"-^^%-::.T"'-'.'^ • • • • 

17. Hence, equating coeflScients of like powers of /^, we have a system of 
invariants shown by the relations 

X^ — XiXi + -^ = (3) \xi— XjXi + -y-j . 

18. If we now multiply out the left-hand side in order to find the cofactor 
therein of »l\a;5i . • • . 

we see that the cofactor consists of products of symmetric functions, and that 
each product is necessarily a separation of the symmetric function 

Moreover, the coeflScient of 

^k{^X^ .... 

in the product X*» JT^ .... is (vide first memoir loc. cit., p. 9) 

wherein {J^^'{J^^^ • . . is any separation of (Jli'^lJ'. . .) of specification {(iT'f^- • .)•* 
Hence 

r_^~i +'"1 + .... -1 K + ^+ ~^)' jr*> X"*« 

=--+{J2^-v-^'-*--''^^^^^i^j=^W'(.j,y---\<'ii- ■■+■■■. 

* At Professor Cay ley's suggestion, I abandon the expression ^^ species partition " in favor of ^' speci- 
fication," which is a far more appropriate word. 
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since mi + m^+ . . . . =:j\ +j\ + 

Therefore 

= ^ ^ (-K--^^»-*- -^ ^'+^+-,-;;-^^' W'(/,y.. . . .xi.«{: 

wherein {JiY' {J^Y* .... is any separation of (Xi»>4* ...•)• 
Hence, substituting 

and equating coefficients of xi',a;i^ .... we obtain 

ft • Ma... 

which is the theorem to be proved. 

19. It will be observed that the theorem arises at once from the invariant 
property exhibited by the formula 

an application of the multinomial theorem in algebra being in reality all that is 
necessary ; the formula in fact establishes the theorem at once for all partitions 
of all numbers, and is itself a condensed and exceedingly elegant analytical rep- 
resentation of it. It is very interesting to find an extensive proposition like the 
one under view appearing under the guise of an invariant of an algebraical 
transformation ; I remark it particularly, as I have never met with a case at all 
similar to it before. 
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Section 3. 
Property of the Goefficients of a Group. 

20. On page 28 of my former memoir I defined a ** Group" as applied to 
separations of a partition, and I recall here that the separation {^^[i){X){(i) belongs 

to the group G { (a»)(X) ; (/u)* } 

because (Jl^) and {fi^) occur in the separations (^*)(>l) and {(lY respectively. 

21. To put the group in evidence, it is expedient to substitute for the rela- 
tions between Xj, X,, -Zg, . . . . and iCi, Xg, Xs, . . . . another set, as follows : 

i^3=(3)y, + (21)y^i + (l»)yi„ 

Yi = (4)2^4 + (31) 2/8^1 + (2')y,. + (21»)y^,. + (1*) :y„. 



we then find 

Y,- Y,Y^-^Yi+ Y,Y!- ^ Y} 

= (4) y* + { (31) - (3)(i) l^syi + (2») y,. - 4" (2)' yi + m') - (2)(i») } yn/,. 

+ {{2){iy - {21){l)\y^, + (l*)y.. - {1»){1) y„y, - i- (l^y?. 

22. Observe that the cofactor of ^ayi is composed of members of G | (3) ; (1) }, 

" y,yp " " '' G^{(2);(l»)f, 

'' y,yt " '' " (7 {(2); (!)»}, 

and that these are the only y products which are multiplied by separations of a 
partition composed of different parts. Generally, in the cofactor of a y product. 



.»»' ^.mi 



the equations must belong to the group 

23. I have before given the theorem that if the symmetric function (?) be 
expressed by means of separations of any partition of I which does not merely 
consist of repetitions of a single part, the algebraic sum of the coefficients of the 
separations of each group is zero. To establish this, it is merely necessary to 
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prove that, forming in succession 



yi— 2 ^' 




F,-F,Fi + ^I7, 




Y,-Y,Y,-\7l+7,Yl- 




yrs^s-. 





every product 

vanishes on putting all the symmetric functions (1), (2), (1*), (3), (21), (1^), . . . . 
equal to unity, unless /ttj = ^ = . . . . 
24. For this purpose put 

'Yx = yu 
'Yt = y% + yv, 

'Yi^y* + ym + y»« + y%yv + yv, 



so that 

= (i+yi+yi.+yi.+ — )(i+2/»+y».+yi.+ — ){}+yz-\-ys>-\-yv+ — ) — 

and taking logarithms 

iog(i + 'Yi-\-'Yt +'^8 +■•••) = iog(n-yi + yi« + yi' + .. • •) 

+ log (1 + y» + 2^». + y». + . . . .) + log (1 + ys + ^8* + ys* + ) + ••••. 

and on expansion 

'y,-^(^y,-^'yi)-\-(>y,->y^y, + ^<y() 

+ ('F,-'F3'F,-y'I? + 'F,'Fi*-^'F/) + .... 

= 2^1 + (yi. — T ^) "*■ C^'^' ~ 2/''^' "^ "3 2^^) 
+ (yi« — yi'^i — "2" 2^' "^ yi'^i— -4-yi) + — 

+ yj + (yg. — "2" yl) + («/«• — yvy% + x 2^) 
+ (y»' — yvVi — -g- 2^' + y»'2^ ~ T ^0 "^ — 

+ 2/8 + (ys« — ^ 2^) + (^s' — 2/8.2/3 + -3- 2/3) 

+ (y3*—ys'ys — 3" ^'s' + 2/»'24 — -^ s/l) + — 
+ 
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which may be written 

1" ^^ V ; ^f^ 4"! . . . . 2Vi2^8^« . . . . -r 

where the right-hand side, visibly, contains only products 



M* ^jnl 



in which ju^ = jbc, = . . . • 

25. It is thus established that when we express the symmetric function (Z) 
by means of separations of a partition of the number Z, which does not merely 
consist of repetitions of a single part, the algebraic sum of the coefficients in each 
group of separations is zero. 

This proof seems far preferable to the one given in the former memoir. 

Section 4. 

The Theory of Rational Symmetric Functions. 

26. I propose to discuss symmetric functions which are rational, but are 
freed from the restriction of being integral. 

Such an expression is V^^/5^ X ^ pnq .^ . 

attending merely to the indices, this may be written 

in which form it appears as a partition with negative as well as positive parts. 
As far as I have discovered, Meyer Hirsch was the first who employed partitions 
with negative parts, but neither he nor any subsequent writer appears to have 
developed this part of the theory (vide Hirsch's Collection of Examples, Formu- 
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lae and Calculations on the Literal Calculus and Algebra, translated by Rev. J. 
A. Ross, London, 1827). 

27. As a matter of convenience, I write the partition {p, q^ — r) in the 
form {pqr)j and writing the parts of such a partition in descendingorder of alge- 
braical magnitude, thus : 

{pq .... rs) , 

28. I call^ and s respectively the positive and negative degrees of the par- 
tition or of the symmetric function. 

29. The sum p + q + . . . . — r — s is the weight of the partition or 
symmetric function, or qua partitions it may be alluded to as the partible 
number. 

30. Strictly speaking, the partition {pq . . . . r s) may be spoken of as an alge- 
braic partition of the partible number, but no confusion need arise in the 
comprehension of what follows if we speak merely of the partition instead of 
the algebraic partition. 

31. For the sake of continuity, as well as for other weighty reasons which 
will appear, it is advisable to admit the zero as a possible part in such partitions. 
The general function to be studied then becomes 

^a''^^ /d^ 6-^0—, 

which may be written 

{pq .... 00 ... . r«), 

where p, q, , . . .r, 8 are integers. 

32. Repetitions of the same part are as usual denoted by power indices, so 

that (^^OOOrrr) 

is written (^O^P) • 

33. Regarding ^1, ^2» i^8» • • • i^* 3,s positive or negative integers excluding 
zero, we have evidently 

{PiP% . • • . pM^) = w — ^'{PlPi P,) y 

{PiPt i>.0*) = y;2 ^^^» ^''^' 
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from which we obtain in succession 

n{pip% p.)= s{pip^ Pm) + {PiP% i>*0), 

n^ipiPi P,) = s^{piPi JP*)+2«+l-(i>iB i'*0)+2(i?ii>, i>,0*), 



so that the function {pi p^ . . . . p^) multiplied by any rational integral alge- 
braical function of n is expressible as a linear function of the expressions 

{ViPt P.), {p\P% P.O), {pip^ . . . . ^?,0*), , 

in which the coeflScients are independent of n. 

34. Hence we are considering symmetric functions which are rational 
algebraic functions of the n quantities 

a, /?, y, 

and at the same time rational and integral algebraic functions of n. 

35. Having in view a comprehensive study of the whole theory, I proceed 
as in the former case and put 

1 + Xofi^ + Xifi + X^fi^ + . . . . 

"T X_i 1- X_2 ~~2 "T • • • • 

1 + iS V + /^^li^ + /^ V + • • • • 

+ joj-i — + ^a:_,-^ + ... 

1 + y^x^^ + yx^ + T^^fi^ + . . . . 
XI 1 11 1 

X etc. 

/ 1 + 6^X^ 4- OJXr^ + o^x^ + . . . . 
10 
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36. On multiplying out the right-hand side of this equation, the cofactor of 
ft' {s positive, zero, or negative) is found to contain symmetric functions which 
are symbolical by all partitions of s into positive, zero and negative integers, 
and moreover, each of these symmetric functions (infinite in number) is attached 
to the corresponding x product. 

Equating coeflBcients of like powers of /t/, we obtain 

JTo = (0) Xo + (11) a^iic^i + (22) x^x_^ + (2P) x^^i 

+ (1*2) a^x_, + (l^P) ajja^i + 

+ (0') A + (101) XiXoar.i + (202) x^x^^^ + (20P) x,x^_^ 

+ (1^02) a:?a-oX_, + {l^OV)x\x^_^i + 

+ (0') xl + (lO^T) Xi4x_i + (20*2) x^7^_^ + (20«P) x^xlxU 

-h (P0*2)x?xjx_8 + (PO»P)a:?xSxLi+ 

X, =(l)a:i +(2T)ar2X_i +(l»T)xfx_i + 

+ (10) XiXo + (20T) arsa-o^-i + (1*0T) xJxo«_, + . . . . 
+ (10») arja-S + (20«T) a-jxjx.i + (1*0'T) xfair.i + 

"^ • • • • I • • . ■ I .... 

jr_i = (T) a;_i +(12) a-ix_, + ( iP) a-ja^, + 

+ (OT)a-oa;_i + (102)aria-oa;_i + {lOV)x^x^_y, + 

+ (0«T)a^_i + (10«2)a-i4c_j + (10»P) »i4cii + 

"^^ • • • • I . • • • I .... 

etc. 

and generally in the expression of X,, s being positive, zero, or negative, the 
summation is taken for every partition of s into positive, zero, and negative 
integers. 

37. Observe that we may write these relations in the form 

1 + ^0 =(1 + ^o)'* + (iT)^i(l +x,Y'-'x^i + (22)ar,(l + x.y-^x^^ 

+ (2P)x,(l + ;ro)~-V_,+ (P2)x?(l+a-o)--«ir_,+ {\'V)7\{\ + x.Y^'^.^ 
I . . . . 
X, = (l)a-,(l + a-o)"-'+(2T)ar,(l+a-,)'-«x_, + (l«l)arJ(l + a-„)'— ''x_,+ . . . . , 
X_, = (T)(l + x«)»->x_i+(l2)xi(l+x„)''-*x_j+(lP)x,(l+Xo)"-''xLi+ . . . . , 
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38. And also in the forms 



-X x^x_ 



!•«'— 1 • 






-, + (2^) 



X^X^2 



% 



+ (21') 



T»\ *J*-i 



+ (1*2) 



iCl^'_; 



(1 + ^f 



(1 + .To) 



n--3 



+ (I'T*) 



aJiicLi 



(1 + X,) 



-4+-- 



^' =(l)f^ + (2T)/i¥^ + (l^T)/T^ 



(1 + ^o) 



+ ^ 



(1+^0^ 









39. These relations may be regarded as defining a transformation of 
JTq, -Zi, -Z3 , . . . . into functions of iCo, cci, 02 ,••••, 



.^1- - ^ y ^cIl 2) . • • • 



n 



il 



^— 1> ^—2 



» • 



and we may seek the invariants of the transformation. 
40. Recalling the relation 



+ -^-1 ~~" + ^-2 ~T 



and taking logarithms, we find 



1 11 1 



log (1+^0/^' + X^ +X^^+. . .)=2 log(l+aVo^^+aa^if^ +aSit^*+ . . .), 






1 11 1 



a 



which may be written 

log(l + Xo)+log{ 



' + 1+X„^ 
^-1 1 



+ 



=E 



log(l + 



a^o) + log I 



1 +a 



1 + A'o // 



+ 



+ 



X 



3 2 



1+Xo 

X_a 1 



I • • • • 



+-^ 



l+iCo 
X_i 



f* 



1+Xo /? 



+ 



• • • • ^ 



- + 



2 "^ 8 

1 a;-.a 



4- 
I • • • • 



a \-\-Xt n a* l-\-Xn f? 



+ 



• • • • r 



41. We may now expand each side by the multinomial theorem and equate 
coeflScients of like powers of /t/. 
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Taking first the zero power of /«, we have 



log (1 + Xo) — 



2 



(1 + X,) 



+ 






= (0)[log(l + xo)- 



{l+X,f ' (1+X,)« (1 + X,)* 

~ (1 + x,Y "^ * (T+^ ~ "s" (1 + x,)« 

I • • • • 



(1 + x.)» 



i^V-j 1 aaiB-i 



(l+a:,)» ■ (l+«.)» 



I x^xZ-\ <5 *^i*^^^i 

■^ (i+a^o)' ~ T (1 + xoY 



^»^-« , 2 ^**^i^-3 «iaJ_8 



(1+aro)' ' {l+x,f {l+x,y 

+ 2 7T-i-:T8 +6-73-7— -TT +4 



5 



+ 4 >- 



(1+a^,)* • (l+a-.)" 3 (l+x.)« 

+ ]. 

from which it appears that the left-hand side of the identity is an invariant of 
the transformation. 

42. Observe that this invariant consists of a logarithmic term, together with 
an infinite succession of square blocks of terms ; each of these blocks possesses 
row and column symmetry, both as regards the numerical coeflBcients and as 
regards the forms of the X products. 
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43. An invariant is likewise obtained from every other power of ft positive 

and negative, thus : 

^1 



1+Xc 







3 "T 



(1 + x«)» "^ ^ (1 + x,r (1 + x,r 



(1+X.)» (1+X,)* ■ "(l + JT.)' 
+ 



= W[lT 






+ 






+ ]. 

and X-i 

1+^0 

__ XiX^2 , XiXL\ 

I /I I xrxs 









(l+Xo)" - (1+Xo/ ' (l+^STo)' 
+ 



= (i) [t 



a?-i 






+ 



(1 + T,)» ■ (1+0^)" 



(l+a-„)» ' (1 + aro)' (l + 3^o)r 



and 80 forth. 



+ ]. 
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44. These invariants may be written 

the summation being for all solutions of the equation 

in positive and negative integers, but excluding zero ; and 

^ ' k\k\.... \l -If xj \\ -\- xj 

where the summation is for all integer and non-zero solutions of the equation 

m being any positive or negative but not a zero integer. 

45. We may expand the logarithm in the invariant of weight zero, and 
moreover in all the invarianta we may expand the factors 



\1+Xj ' \\+Xj """ 



+ XJ ' VI + 
and we see that we may write the whole system of invariants in the form 

where now li^i + I^^ +.... = m ; 

m may be any integer, positive, zero or negative, and the summation is in regard 
to all solutions of the indeterminate equation 

in positive, zero and negative integers. 

46. We can now enunciate as follows : 
Theorem. If 

l + Xo + X, +X,+ = U{l + a'xo + ax, +a^Xi+ ), 



a CL 



then 






^W^(_).,.......-.( '.+^+-;-;-')V , 



/ T / ! -^Aji^A, • • • • 

v\ » vo • • • • . 
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where the summations are for all solutions of the indeterminate equation 

t jAj ~f* ^^ "T" • • • • — — m I 

in positive, zero, and negative integers, and m is any integer, positive, zero, or 
negative. 

47. This invariant property that has just been established is fundamental and 
of very great importance. 

We now proceed as in the previous more simple case, to multiply out the 
sinister of the identity, in order to find out therein the cofactor of a;i\a:i« . . . . ; 
this cofactor is an assemblage of symmetric function products, each of which is 
symbolized by a separation of the partition {X^TJ^ , • • .)» ^^^ ^^ obtain the 
numerical coefficients by application of the ordinary multinomial theorem : the 
reasoning is the same as in the previous case, and we are thus led to the com- 
prehensive theorem 

/ y.4,^-<-....-i (4 + ^+ — 1)! / N 

= V(-y-+>'+--' ^'' +/;t,' • • • ~ '^' w-W' . . . . , 

^— ^ Ji' J%' • • • • 

or, as this may be written, 

48. {-f^^'^''--^^I^};\;-:.-::z})l Si-^^T^^. . . .) 

til £3! ... . 

wherein (>li'>l& . . . .) is any partition of m (= 2Sl) into positive, zero and nega- 
tive integers; aS (>li'/l2' . . • •) denotes the symmetric function (m) expressed by 
means of separations of the partition {Tj^'TiJ^^ . . . .) of the number m ; {JxY^iJiY* - • - • 
is any separation of the partition 

and the summation is in regard to all such separations. Two examples of this 
theorem are subjoined. 

Example I. 

49. To express the symmetric function (2) by means of separations of the 
symmetric function , ^ - ^jx 
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We form two columns, the first consisting of the different separations, and the 
second involving the coeflScients given by the theorem. We thus have 



Separable Partition 


Cioefficient 


(21 OT) 


— 6 


Separations 


Coefficients 


(2)(1)(0)(T) 


— 6 


(21)(0)(T) 


+ 2 


(20)(1)(T) 


+ 2 


(2T)(1)(0) 


+ 2 


(10)(2)(T) 


+ 2 


(ll)(2)(0) 


+ 2 


(0T)(2)(1) 


+ 2 


(21)(0T) 




(20)(1T) 




(2T)(10) 


1 


(210)(T) 


1 


(21T)(0) 


1 


(20I)(1) 


1 


(10T)(2) 


1 



Hence 
-6(2) 



(2101) 



+ 1. 



:-6(2)(l)(0)(T) 
+ 2{(21)(0)(I) + (20)(1)(T) + (2T)(1)(0) + (10)(2)(T) 

+ (lT)(2)(0) + (0T)(2)(l)f 

- U2l)(0T) + (20)(lT) + (2T)(10} 

- U210)(l) + (21T)(0) + (20T)(1) + (10T)(2)} 
+ (210T) . 

50. To verify this identity, observe that 

(0) = n, 

{M) — n—\.{X), 
{"^liO) = n — 2 . (>^) , 
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so that the identity leads to 

-6(2) = -6«(2)(l)(T) 

+ 2nU2l)(T)+(2T)(l) + (lT)(2)} 
+ 6(n-l)(2)(l)(T) 

- (n - 1) ] (21)(T) + (2T)(1) + ( 1T)(2) [ 

- n(2lT) 

- (n - 2) |(21)(T) + (2T)(1) + (1T)(2)} 
+ (« — 3)(211); 

which reduces to 

+ 2(2) = +2(2)(l)(I) 

-U2l)(T) + (2T)(l) + (lT)(2)} 

+ (211), 

a result which is precisely that given by the theorem for the expression of (2) 

by means of separations of 

(211). 

51. Written in the algebraic form, this last result is 

52. Example II. 

To express Ss by means of separations of (3*3*). The result arranged by 
groups is as follows : 

2St= 2(3)''{5)» — (3)W -3{3«)(3)(5)» +2(3*)(3)(3»)+(3»)(3)« — (3«)(3*) 

-(3»)(3«) 
— 3(3)»(33)(5) + (3)»(33») + 2 (3»3)(3)(3) — (3»5»)(3) — {3'1){^) +{3"^*) 
+ (3)(35)» + 2 (3^)(33)(5) — (3»)(33«) 

— (3«5)(35) 

=fc3 ±1 ±4 ±2 ±1 ±1 

53. To establish the law that the algebraic sum of the coefficients in each 
group is constant, we proceed, as in paragraph 24, and put 

l+'Fo + 'Fi +'F, +.... 

= (i + yo+yo«+yo«+ • ••)(!+ 2/1+ yi'+^/i'+---)(i+y»+y«'+y»'+---) • • • 

+ 'r_a + 'F_, X (l+yT+2/r+2/T'+- • 0(1+2/^ +&v+y^'+ .••)••• 

11 
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Now, taking logarithms, the demonstration proceeds pari passu with the former 
and simpler case. 

Section 5. 

The Law of Reciprocity. 

54. I pass on to the generalization of the law of reciprocity which was 
established in the former memoir, p. 3 et seq. 

55. The theorem to be proved is : 
Theorem. * * Writing 

1 -|- X^^ + Xiii + X^iji^ +....= n (1 + a^Xo^i^ + axifi + a^argf^* +....), 

fi ft a fjL a^ fJT 

where the product extends to each of the 7i quantities 

a, /?, y, {ii = ^), 

and forming and developing the product 

-^Pi^Pi^Pi • • • • » 
we obtain a result 

x;;X;iX;\ — = — + e{^[oJ^^*. . . -X'^X* — + — , 

6 being the numerical coefficient of the term 

in the development of the product 

then Xi\X^;^Xi\ = ....+ (i?I'i>J7^J- ) <•<'»:;; + , 

that is to say, the coefficient of the term 

{pVp?pl' )«X'-.--- 

in the development of the product 

xi^xi^xi^^.... 

is the same number 0." 

56. The proof here presented is, as was the one in the former memoir, 
purely arithmetical in its nature, and depends upon the consideration of a par- 
ticular mode of distribution of a given number of objects into the same number 



MacMahon : Second Memoir on a New TJieory of Symmetric Fmictioiis. 83 

of parcels, no parcel being empty ; we have invariably one object in each parcel. 
The distribution is of a more general character than the one previously considered 
and includes the latter as a particular case. It will be seen that when once the 
character of the distribution has been precisely defined and its connection, with 
the subject treated of, established by a close examination of a particular case, 
the actual proof is instantaneous; it arises in fact from a single observation 
which is of such an elementary character that it admits of no dispute. 

It is necessary to make some definitions more extended than those given in 
Proc. Lond. Math, Soc, Vol. XIX, p. 243. 

57. Suppose any number of objects, all of the same kind, to be separated 
into an upper group and a lower group, in such wise that the upper group con- 
sists of \ more objects than the lower group ; such an assemblage of similar 
objects, so separated, may be spoken of as ** Objects of type (Jli)"; the actual 
number of objects is immaterial ; so long as the number of objects in the upper 
group exceeds the number in the lower group by Xi, the objects are of type (Jlj). 

58. The number Xi may be positive, zero, or negative. 

a aaa 
Ex. gr. Objects of type (0) may be or or etc. 

a aaa 

and objects of type (2) may be or or or etc. 

•^ ./r \ / .7 ^^ (1^^ aaaaa 

59. I make a distinction between ** Objects of type (A^i)" and ''Objects (Jli)." 
I consider "Objects of type (Xi)'' to have reference to objects of any, the 

same, kind, so that objects 

a b 

or 7 , etc. 
a 

are alike of type (0) ; whereas, when the objects are restricted to be of a certain 
definite kind a, I speak of ** Objects (Jli)." 

60. Again : *' Objects of type (JI1JI3X3 ....)" is defined to mean 

(i). ** Objects of type (A^i) of one- kind. 

(ii). ** Objects of type (X,) of a second kind. 

(iii). '* Objects of type (^,3) of a third kind. 
• } 

thus "objects of type (301)" may be such as 

ccc ddd ee eeee f g 

ddd eee e / 99 
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where the species of object obtaining in each group is not specified ; whereas, if 
it be stated or implied that the objects in the three groups are of given species, 
say a,h,c respectively, we would speak of "objects (30T)''; then "objects 
(30T) " might mean an assemblage such as 



doaaa hh 
aa hh c 



f 



the excesses of the objects in the upper group over those in the lower groups 
being respectively 3, and — 1. 

The distinction made between "objects of type (XiA-^Xa ....)" and "objects 

(JtiXjXs ....)" will ^^ ^^^ understood. 

61. Observe that "objects (0)^' refers to a set of at least two objects, one in 
each group. 

62. If no restriction be placed upon the number of objects, there is an 
infinite number of assemblages included in the phrase "objects (XiJljXs ....)"; 
by fixing the number of objects we obtain a finite number of assemblages ; fixing 
the number of objects at 8 , " objects (30T)'' will comprise the three assemblages : 

aaa h c ^ aaa hh ^ aaaa h 

b CO bb c a be 

63. We have now objects of various kinds, divided into upper and lower 
groups, and we may have boxes or parcels of various kinds, similarly divided 
into certain upper and lower groups, to contain these objects in such wise that 
one parcel of an upper gi'oup contains one object of an upper group, and one 
parcel of a lower group contains one object of a lower group, there being as 
many parcels as objects. 

64. " Parcels of type {^yTi^^ ....)" and " Parcels (A^iX,^ ....)" are defined 
precisely as in the case of objects, capital letters being employed to exhibit them 
instead of small ones. 

65. Thus 9 "Parcels (10*2)" will comprise the four assemblages of parcels: 



A B 


G D 


A 


BB 


G 


% 


B 


G DDD' 




BB 


G 


DD' 


A B 


GG 

• 


AA 


B 


G 




B 


GG DI) ' 


A 


B 


G 


DD' 
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66. Let us now take 8 ** objects (30l)," viz. the three assemblages 



(ma 



cc 



aaa hh 
hh 



aaaa 
a 



and also 8 *' parcels (45)," viz. the two assemblages 

AAAAA AAAA B . 

A BB ' BBB 

W^ make a distribution of 8 ** objects (30T)" into 8 ** parcels (42)" by placing 
the'objects which occur in any one of the assemblages of objects into the parcels 
which occur in any one of the assemblages of parcels, in such wise that objects 
of upper and lower groups appear only in parcels of upper and lower groups 
respectively, and one parcel contains one and only one object. 

67. This distribution is practicable because the partitions 

(30T) and (45) 

are each of the same weight, viz. 2. In this manner a definite number of distri- 
butions is obtained. 

Let us place the second assemblage of objects in the first assemblage of 
parcels : thus, as one case, we have 

AAAAA 
aaa hh 
A BB 

h he 

68. An examination of this distribution shows us that we can separate it 
into four portions, so that each portion consists of but one kind of parcel and of 
but one kind of object ; the four portions are 



I 


TT 


III 


IV 


AAA 


A A 






aaa 


hh 








A 


B 


B 




h 


h 


c 



wherein portion I contains ** objects of type (3)" placed in ** parcels of type (3)," 

III ^* ** *^ (T)" '' '' '' *' (T)," 

YY a u it iT\ ?» ti n (( (. /T\ V, 
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this particular case of distribution possesses a property which is indicated by the 
succession of numbers 3 , 1 , — 1 , — 1 ; thus the property may be defined by 
the partition (3lP) whose weight is 2, which is of necessity the same as that 
common to the partitions (30T), (42) which define the assemblages of objects 
and parcels. 

69. We may now restrict ourselves to those distributions of assemblages of 
objects into assemblages of parcels which possess the property defined by the 
pai'tition (3lP). 

70. This partition (3lP) will be spoken of as the ** partition of restriction." 

71. The whole number of distributions of assemblages of objects (301) into 
assemblages of parcels (42), subject to the restriction of partition (3lP), are 
now given ; they are four in number, viz. 

AAAAA 
aaa hh 

A BB 

h he 

\ AAAAA 
aaa ah 

A 



a 



BB 

he 



AAAA 
a a ah 



B 

e 

BBB 

hcc 



{AAAA 
aaa h 



B 

h 

BBB 

bbc 



72. It is to be understood that the distributions now under examination are 
connected with three partitions of the same number ; the partition of the objects, 
the partition of the parcels, and the partition of restriction. 

73. The weight of the partitions may be any integer, positive, zero, or 
negative. 
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74. The number of objects may be any whatever, subject merely to a lower 
limit which is fixed by the partition of restriction ; if a positive part Jl occur in 
this partition, Jl objects at least are thereby implied; a negative part % also 
implies at least Jl objects, whilst each part zero necessitates at least two objects; 
thus if p be the sum of the positive parts, if there be q zeros, and if r be the 
sum of the negative parts, 

is a lower limit to the number of objects which can be taken, while in general 
we may take jp + 2g^ + r + 2?n objects, where m is zero or any positive integer. 

75. For present purposes it is necessary to consider a minimum number of 
objects as taking part in the distributions ; this, as above mentioned, is known 
as soon as we decide upon the partition of restriction. 

In the example already given, 8 objects were taken, but 6 objects may be 
taken, as is evident from the partition of restriction (3lT*). Reducing the 
number to 6, we find one assemblage of objects 

aaa h 

h c 

and also one assemblage of parcels 

AAAA 

BB 

and subject to the restriction, but one distribution, viz. 

[AAAA 
aaah 

BB 

be 



i 



76. In general, therefore, our distributions are precisely defined by three 
partitions of the same number, and in every case their number will be perfectly 
definite. 

77. It is now necessary to make a minute examination of a particular case 
of the general theorem, in order that we may see the bearing of this theory of 
distribution upon the multiplication of symmetric functions. 
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78. Since 

^1 = {l)xi + (10) »i«o + (10') Xi4 + . . . . 

+ (2T)ar2a;_i + (20T)«ja-oX_i + (20*T)ar,a^_, + 

+ (1»T) a^«_i + (1*01) a?Xoa!-i + (1*0*T) ai4r_i + 

+ (35) Xja-g + (302) Xsayc-j + (30*5) x^^_s + 

+ (31») x,x»_i + (30T») XjOoa^i + (SO'P) x^y_, + 

+ (212) xga-i»_2 + {210^} sc,iXiXoX_t + (210*2) a,XiJrS«-« + 

+ {2lV) x^ioti .+ (210P) x^ix^.i + (210*P)x,»i4bLi + . . . . 

+ (I'S) j^x_2 + (1»02)x?Xo«-» + (l'0*5) xfa^_, + 

+ (iT) xjali + (Pop) xfx„ali + (PO»P) xfo^, + 

+ 

X_g = (5) x_, + (02) XoX_ J + (0*5) j4c_, + 

+ (l5)XiX_s + (105)XjXoX_3 4- (lO'3)XiX^_8 + . . . . 

+ (P) ail + (OP) x^_i + (0»P) 4ili + . . . . 

+ (112) XiX_iX_j + (10T2) XiXoX_iX_j + (10^)xiXoX_iX_j + • • • • 

+ (IP) x,ai, + (lOP) XiXoxii + (10*P) x,xJxLi + 

+ 

we have 

XiX_i= + j(l*T)(02) + (PoT)(5) + (l)(10T2) + (lO)(lT2)}a^XoX_xX-,+ • • • • 

79. The partition of the term XiXoX_ix_j is (1*0T2); each of the products 

(1^)(02), (1*0T)(5), (1)(10T2), (10)(lT2), 

is a separation of the partition (1*0T2) of specification (l2); this follows of neces- 
sity because (l2) is the partition of the term -Zi-Z_,. 

80. When the products which occur in the coefficient of the term a:^XoX_iX_j 
are multiplied, a monomial symmetric function (1*T5) will be presented attached 
to a certain oumerical coefficient ; supposing the symmetric functions refer to 
quantities a, b, c, we have 



and also 



(''^)=ET-44i- 
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81. A term -^p • -:j- • — '~ai ^^ *^® symmetric function (1*T2) arises from the 
multiplication (l'T)(02) in the three ways: 



/a b l\/« In 
/a b 1 N/ ft 1 \ 
fa b l\/c 1\ 



^ 1/.X1X a'ftll a 6' 11 a b c \ . 

for each of the terms — .-^. — .-li-i -^ *i- ^ — •«> '^r--T-''"v«":flr>i8 

a 1 OCT 1 6 ccr 1 1 (fcr 

/I A 1 1 

the same term ^r- . t- . — • ^r of the function ( 1*T5) . 

1 1 (T ^ ^ 

8 2. Observe that such a product as 



fa b l\/« 1\ 

VT • T • TAT • "^7 



gives rise to a term -p • -^ . — • — • -« which belongs to the function (1*0T5) and 

JL X c C Cb 

not to (1*T5); the coefficient of (1*T2) in the product (1*T)(05) is thus 3. 

83. To connect this result with the preceding theory of distribution, observe 
that the terms 



a«611 a 63 11 ^ 



a'l*c*(?' l*6*c*cP' I'l'o^'cP' 

may each be considered as representing an assemblage of 7 objects (1^12), the 
numerator and denominator letters denoting objects in the upper and lower 

S JL 1 1 

groups respectively ; the term — • f • — • "^ arose from the multiplication 



fa b lN/« 1\ 
VT-T'TAT'"^/' 



and, conversely, we may regard it as decomposed in this manner; we may 
further consider this decomposition of the term — • "t- • — • TS" *^ denote a dis- 

tribution of the assemblage of 7 objects represented by the term ; this distribu- 
12 
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tion will be into an assemblage of 7 parcels (12) and will be indicated by the 
scheme ^^ ^ 

ab a 

A BBb' 
c add 

84. Drawing a vertical line between the A' and the B parcels, the scheme 
breaks up into two portions; the left-hand portion denotes a distribution of 
objects (1*T) into parcels (1), whilst the right-hand shows a distribution of objects 
(02) into parcels (2); the distribution is of objects (1*T5) into parcels (12), and 
it is necessarily subject to a restriction whose partition is (1*0T2) because the 
term 7?iXqX^^x^i has this partition ; the two portions into which the distribution 
may be divided are respectively restricted by partitions (1*T) and (02) because 
these partitions are factors of the separation 

(1»T)(02) 
which is being discussed. 

85. Two more distributions of precisely the same nature correspond to the 



inu Lciuio 


a b* 
1 • 6 


1 1 

• • (? ' 


a 
1 • 


b e 1 
1 • c» • cP ' 


these are 


AA 


B 


AA 


B 




ah 


h 


ah 


c 




A 


bbb' 


A 


BBB 




c 


bdd 


c 


cdd 



each of the three distributions is of objects (1*12) into parcels (12), and is not 
only subject to the restriction whose partition is (1*0T2), but also more minutely 
to the compound restriction indicated by the separation (1*T)(02). 
86. It is thus clear that, corresponding to the algebraical result 



(1*1)(02) = + 3 (1^) + , 

we have a distribution theorem, viz, 

** There are 3 ways of distributing objects (1*T2) into parcels (l5), (l5) 
being the specification of the separation (1*T)(02), subject to the compound 
restriction, of separation (1*1) (02)." 
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.87. Consider next the product 

a 6 1 1 
the term -j- *T - — • "IT ^^^ ^^^y ^^^^^ from the product 

/a b 1 d\/l\ 

the coeflficient of (l*T5) in the product (1'0T)(2) is therefore unity; the corre- 
sponding distribution is seen to be 

AAA 
ahd 

AA BB ' 
cd dd 

the restrictions in the A and B parcels are respectively (1*01) and (5) ; hence we 
have a distribution of objects (1*12) into parcels (12) subject to the composite 
restriction (1*0T)(2). 
88. Again the product 

(l)(1012) = ^3-^-^.^.-.^; 

the term -r- • -^^ • — • -«- is obtained from 2 products 
1 1 c cr '- 



/ b \/ a b 1 1\ 

VTAT'T* v^r 

/ a\/ a b J^ J_\ 



thus the coeflficient of (1*12) in the product (l)(1012) is 2, and the corresponding 

distributions are A BB A BB 

b ab a ab 

• 

BBBB ' BBBB ' 
bcdd acdd 

which are distributions of objects (1*12) into parcels (15), subject to the compo- 
site restriction (1)(10T2). 
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89. Finally we have the product 

the term -t" • "^ • — • "^ ^® obtained from 6 products 

/ a 6 \ / 6 1 1\ /a *N/«_L Jl^ 

VT ' T AT • T • d«'r W • T AT • T ' "d? y ' 

/ a \ / 6 1 1 \ /be \/^ 1 J_^ 

VT' TAT • T ' "^r VT • TAT • T • ^y ' 
VT-TAT-T-"ePV' VT'TAT' c • (Pj' 

the coeflficientof (1*12) in the product (10)(lT2) is thus 6, and the corresponding 



distributions are 


AA 


B 


AA 


B 




ah 


h 


ah 


a 




A 


BBB 


A 


BBB 




h 


cdd 


a 


cd.d 




AA 


B 


AA 


B 




ac 


b 


be 


a 




A 


BBB 


A 


BBB 




c 


cdd 


c 


cdd 




AA 


B 


AA 


B 




ad 


b 


bd 


a 

• 




A 


BBB 


A 


BBB 




d 


cdd 


d 


cdd 



these are distributions of objects (1*12) into parcels (l5), subject to the compo- 
site restriction (10)(lT2), 

90. Altogether, in the product X^X^^, the coeflBcient of (1*12) a:faroaj«ia_, is 
12 (=3 + 1 + 2 + 6); the 12 corresponding distributions have been exhibited ; 
each of these had reference to objects (1*T2) and parcels (l5); each, further, was 
associated with a composite restriction which was denoted by a separation of the 
partition (1*0T2) because the term cciOx_ia;_2 has this partition ; each of these 
separations had the specification (l5) because (l5) is the partition of the term 
XiX^i) the 12 distributions were complete, that is, they included all those that 
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were possible under the given conditions ; this must be so because there is a 
one-to-one correspondence between the distributions and term products, and care 
was taken to consider the whole of the latter. Amongst the separations which 
denoted composite restrictions were included all separations of (l*0T2) which had 
the specification (l2) ; this is a consequence of the forms of the functions X 
and -JLj. Hence if we consider the whole cofactor of oJ^oX^x^c-sj which arises 
from the product XiX-, and therein the coefficient of (1*1^), we find that this 
coefficient denotes the number of ways of distributing objects (1*12) into parcels 
(l5) subject to the restriction whose partition is (1*0T5); this restriction does 
and must involve all the composite restrictions whose separations have a specifi- 
cation (l5), and there is no need to specifically mention the circumstance in 
describing the distribution ; we may simply state that the analytical result 

JTiX-, = + 12 (1*T2) a^ix^^ix^i + 

is the analytical statement of the arithmetical theorem: ** There are 12 ways of 
distributing objects (1*12) into parcels (12), subject to the restriction whose 
partition is (1*0T5)." 

9L In the case just considered there is a one-to-one correspondence 
between the literal products and the distributions; this, however, does not 
always obtain. Suppose that we take the product of symmetric functions 
(1*0)(2), in which each factor is of the same weight 2, and seek the coefficient 
of (21*) in its development; proceeding in the usual manner, we have 

-« (^'')=Et-t-T' 

the term -r- '-t"~T ^^^^®® ^^7 ^^^°^ ^^^ product 

6 - ^v^^2 






but corresponding to this decomposition, there are two distributions of 6 objects 
(21*) into 6 parcels (2*), viz. 

AAA BB AA BBB 

ah c aa aa abc 

A B 

a a 
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the fact is that the component partitions (1*0) and (2) being of the same weight 
but dijfferentj we obtain an additional distribution by the interchange of A and 
jB; but if we form the product Xl we obtain a term 2(1*0)(2), the 2 appearing 
for the very reason that (1*0) and (2) are of the same weight but different ; we 
may therefore effect a one-to-one correspondence between the literal products in 
2 (1*0) (2) and the distributions thence arising. Similarly, if we form the product 
Xi, and (Ti), nij), . . . . denote different partitions of weight Jl, we will on devel- 
opment obtain a term which involves 

and, moreover, corresponding to a literal product in (li/'C^lj)'* • • • • there will 
be precisely (f. + ^,+ . . . .)! 

distributions, since we may permute the capital letters in any one distribution in 

all possible ways ; thus we may consider that there exists a one-to-one corre- 
spondence between the literal products in 

and the distributions which arise from them. 

92. In general, if partitions of the same weight p, (where p, is positive, 
zero, or negative) be denoted by (Pj), (P,), (Pi'0> • • • • » ^^^ development of 

the product ^^^ ^,^ ^,, 

•^Pi^pt^p* • • • • 

will produce a term involving 

{nj + nj' + . . . .) ! {nj + Ttj' + . . . .)l (pyup'V:' (PVUP^Yi' 

— TtM Tti'M '. * — Ttll TtL'l — ] ' ' ' * ^^^ ^^^ ' . • . . \^2) \^%) ».•••, 

and there will be a one-to-one correspondence between the literal terms occur- 
ring therein and the distributions arising therefrom. 

93. Hence, from what has gone before, the result 

x;ix;;x;i — = + (;ii^;^;ij- )xiixiixi\ — + — 

is the analytical statement of the arithmetical theorem : ** There are ways of 
distributing objects (A^i'^^'Jla* . . • .) into parcels (/>r*i>J7>?. . . .)» subject to the 
restriction whose partition is {sl'sl'sl^ . . . .)." 
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94. Recalling our former result 

-Zi-ZL., = ...• + 12 (1*T5) Qi\x^^iX^2 +..-., 
we can now establish, in an instantaneous manner, the reciprocal result 

XiX_^iX^i z= . . , . ^ 12(12) a:fiCoX_iX_2 +....; 

for, take any one of the foregoing 12 distributions, viz. 

AA B 
ah a 

A BBB 
a odd 

and change the small letters into capitals and vice versa, we get thus a distribu- 
tion 



aa 


b 


AB 


A 


a 


bbb ' 


A 


CDD 


which may be put into the form 




A A B 




ab a 




A 


G DD 


a 


b bb 



and this denotes a distribution of objects (12) into parcels (1*12), subject to a 
restriction whose partition is (1*0T2). 

95. We have thus passed from a distribution of objects (1*T2) into parcels 
(l5) to a distribution of objects (12) into parcels (l'T2) without altering the 
restriction which still possesses the partition (1^0T2). 

96. This interchange of small and capital letters (in reality an interchange 
of objects and parcels) cannot possibly alter the partition of restriction ; this is 
manifest from the definition of the latter. 

« 

97. Further, the process is reversible ; from every distribution of the second 
kind we are able to pass to a distribution of the first kind and vice versa. 

98. There is thus a one-to-one correspondence between the two natures of 
distribution, and the numbers of the distributions of the two kinds must be 
identical. Hence 

JE?X-iX.3 =•...-}- 12 (12) q\xqX_^x^^ + , 



96 MagMahon: Second Memoir on a New Theory of Symmetric FvmctionB. 

for this is merely the analytical statement of the arithmetical fact that there are 
12 distributions of objects (l2) into parcels (l'T2) subject to a restriction whpse 
partition is (1*0T2) . 

99. The general theorem is now practically established, for if 

there are 6 ways of distributing objects {2^^^* . . • •) into parcels (jpl'pl^l* . . . .) 
subject to a restriction whose partition is {sl'sl^* ....)» ^^^ the above reversible 
process proves that there must be also exactly 6 ways of distributing objects 
(jPi^jpJlP? • • • •) iDLto parcels {'^'^^ ••••)> subject to the same restriction ; hence 

x[\Xi^xi^^ — = — + ( jp^i>j«/?j» — ) x^ix^ix"/^ — + — , 

the theorem to be demonstrated. 

100. This proposition is cardinal in symmetrical algebra and of great 
importance ; I hope, in a subsequent memoir in this Journal, to give another 
proof of it by means of differential operators. 

Section 6. 

The Formation of Symmetrical Tables. 

101. One of the consequences of the theorem of reciprocity is the possibility 
of forming a pair of tables of symmetric functions, of a symmetrical character, in 
association with every partition, in positive, zero, and negative integers, of every 
number, positive, zero, or negative. 

102. For, let the separations of the partition («i*4*«J* . • . .) possess in all r 
specifications which may be 

and let, moreover, 

denote the corresponding JT-products, so that if 

[-^«J = -^M,-^**,^**. • • • • 

103. The law of reciprocity shows that if 

T"»Jr'«yr'» — -4- Pcr^^r^'^T^* 4- 
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so that P consists of an assemblage of separations of the partition {sl'sl^* . . . .)» 
each of which has the specification {ji^'pl'pV • • • •) which is one of the series of 
specifications 

^» ^l> ^8» • ' ' • ^fT 

P on development will only give rise to symmetric functions which are symbol- 
ized by partitions included in the specification set xi, x,, X3, .... ar,,; for other- 
wise the law of reciprocity could not be true. 

104. Now form X-products corresponding to all the specifications; let 
P.p -Pic,» Pk^^ .... P,, be the corresponding values of P, and further let 6|, « be 
the numerical coefficient of x^asj^xjjxjj ... in the development of [-?«,] , or what is 
the same thing, the coefficient of x^ in the development of P,, ; thus, 

-^K, ^" . . . . "T" -* it,^*,*^*j«'^«g ...."+-.... 

= ....+ (Oi, 1X1 + Oi, 8X2 + O1, s»3+ • • • • +O1, rXr) a^J|<'»I; ....+ .... i 
-^K, -^ . . . . -f- I^^g^Xg^Xg^Xg* .... -f- ... . 

= ....+ [yn^i "r "%%^ r "ui^s "r • • • • "r ff^r^r) ^m1^s*^sI • • • . "!"••••» 
JT :^ 4- P ir^iaf*T^* 4- 

= .... + (Ogi^i + O32X2 + Osa^s +.-.•+ Osr^r) ^sl^ii^s* • • • • +...-, 



-^Kr "■" . . . . "t" -* <Cf.«'^#J«^J«'5*J .... -f- ... . 

= + {driXi + dr^X^ + drsXs +....+ ^rfXr) ^'XjjajJ; . . . . + 

105. This result shows that the assemblages of separations 

P P P P 

are linearly connected with the specifications 

Xij Xg , Xj , . . • . Xr ) 



and that we may form a table, 


viz. 


Xk 


*8 


.... Xf 


p. 


On 

0,1 

Osi 


O12 Oig 


.... l7]y. 


p. 
p. 


O22 


6»s 


.... l/gr 
. . . . j 1/3^ 












0.1 


• • • 1 - - - 




P.r 


e„ 


OrS 


..... ^f*. 

1 



13 



Theory 



and then by the law of reciprocity 



"f>Q — "«» > 



«p 



and the table enjoys row and column (i. e. diagonal) symmetry. 

106. We may similarly invert the table and express xi, x^, x,, . . . . x^ as 
linear functions of P^^, P^^, P^^, . . . P^, in a table enjoying the same symmetry. 

107. To make the meaning clear, omit in the first instance all partitions 
which contain zero or negative parts, and write down a complete system of 
X-products for any given weight, as follows, e. g. weight = 5 : 





5 


41 32 


31» 

XgXi 


2»1 21" 

^2 ^l "^2^1 


1» 


Xi 


(5) 
(41) 


1 










x^ari 


(4)(1) 








iCs«» 


(32) 




(3)(2) 






x»i\ 


(31') 
(2*1) 


(31)(1) 


(3)(1») 


(3)(1)' 


1 

(2)'(1) 

1 

1 

2(2)(1*)(1), 
(17(1) 




(ly 


a^Xj 


(2»)(1) 


(2)(21) 






X^Xi 


(21") 
(1») 


(21*)(1) 


(2)(1») + (21)(1»), 


(21)(1)* 


(2)(1)3 


^\ 


(1*)(1) 


(l')(l'=) (1=')(1)« 


(l')(l)» 



here each line is a set of "assemblages of separations,'' each assemblage having 
its own specification, as appearing by the top line. The assemblages and specifi- 
cations represent symmetric functions, and the theorem is that these symmetric 
functions are linearly connected, the coeflBcients being symmetrical in regard to 
a diagonal. Thus, from the last line but one we have the assemblages (separa- 
tions of (21^)) 

(213), (21«)(1), (2)(13) + (21)(1^), (21)(l)^ 2(2)(1^)(1), (2)(1)3 



linearly connected with the specifications 



(5), (41), 



(32), 



(31«), (2*1), (21») 
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^ 108. Again, let us take the weight — 2 and the separable partition (0*1*) ; 
the corresponding portion of the table of ^products is 



(2) '■■ (05) (0«5) (T«) 

-i-2 ' Xf^X^^ X^X^2 ^ 1 

• 


(OP) (O'P) 


(0»l»)(0)(0P)+(0»)(r)(0)»(P)|2(0«T)(T)+(0l)»(0»)(T)»+2(0)(0T)(T)(0)»(T)« 



a^i 



showing that we have the assemblages (separations of (0*P)) indicated in the 
bottom line, linearly connected with the specifications shown in the top line. 

109. Writing down the assemblages in a vertical column and the specifica- 
tions in a horizontal row, we may then form a table which calculation shows 

^^ ^® (5) (05) (0»2) (P) (OP) (0»P) 

(0»P) 

(0)(0P) + (0»)(P) 

(0)»(P) 



2 (0»T)(T) + (01) 



2 



(0«)(T)» + 2 (0)(0T)(1) 



2/'T\8 



(o)'(i) 

where the third line is to be read 









1 


1 








1 


5 


3 








4 


5 


2 


1 


1 


4 


2 10 

1 


8 


5 


5 


10 


20 


10 


1 3 


2 


8 


10 


4 



(0)*(P) = 4 (P) + 5 (OP) + 2 (0*P) , 



or in an algebraic form 



( 53 ""O* S "^'^^'^ = * 5!3 "^'^^^^ + ^ 5!3 a«/3- V~' + 2 ^ a'^y-'S-\ 



verified through the medium of the identity 



n' 



= 4 



+ 5(n— 2) + 2.i(n — 2)(n — 3). 



110. The table already given possesses diagonal symmetry as a direct conse- 
quence of the law of reciprocity ; the inverse table, which expresses the specifi- 
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cations as linear functions of the assemblages of separations, necessarily enjoys 
the same symmetry. Its form is 



M 



+ 



M 



IrH 



+ 



M 



!r 



a t «• 





It- 

«t 


l)(0) 


o" 


2(0 




(5) 


1 
1: 

1 

-1 

8 

— T 

1 


f 

A 
-A 
-i 


-f i 

8 i 
TT ; 

-A 




-1 1 


(05) 
(0*5) 


-A 


(T*) 


• 


■ 


(OP) 

(o»r) 


1 

1 



111. It has thus been demonstrated that a pair of symmetrical tables exist 
in the case of every partition into positive, zero, and negative integers of every 
number positive, zero, or negative. 

112. The theorem in regard to the coeflScients in a group, given on page 35 
of the former memoir, is extended easily to this enlarged theory, and we may 
enunciate as follows : 

113. Theorem, **In the expression of symmetric function 



by means of separations of 



{Pi'pVpV ) 

{sl%%' ) , 



where the parts of the partitions are positive, zero, or negative, the algebraic 
sum of the coefficients in each group will be zero if the partition 



{pVpVpV ) 
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pofiseeses no separation of specification 

((Tx«i, «2^2» ^^z^ • • • •)•" 

114. This theorem may be verified in the second of the tables above given 
in the cases of (2) and (P) only, as all the other symmetric functions in the left- 
hand vertical column possess separations of specification (02) . Ex. gr. 

(2) = (0)»(T)« - 1 (0^(T)^ - * (0)«(P) + I (o«)(r) 
- i (0)(OT)(T) + I (O^T)(T) + f (0)(0P) - 1 (O^P) 

+ i (01)^ 



(P) = i (0) W - i (0«)(P) 
-i(0)(OP) + i(0»P) 

±1 ±i. 



Sbction 7. 

The Laic of Expressihility. 

116. The law given on page 6 of former memoir may now be extended as 
follows : 

116. Theorem. ** If a symmetric function be symbolized by 

{^[jlv . . . .) 

the parts ^, ^, i% . . . . being positive, zero, or negative, and 

(^^Jlg . . . .) be any partition of A», 
{(iiliifis ....)'' '' • ** (I, 



the symmetric function {Xfiv . . . .) 

is expressible as a linear function of separations of 

^XjXs .... (iiiitlh • • • '^i^i^s • • • •)•" 
117. As an example of this, we may express the function (0*) as a linear 
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function of separations of (0*) ; it will be interesting to give, as well, the complete 
tables of separations of (0*) which includes this result. 



(0) (0») (0») (0^) 



(or 

3 (0»)(0)» 
(0»)» + 2 (0»)(0) 



1 


1 -; 

14 i 36 24 




12 45 


36 




1 12 


14 




1 

1 1 







o 

CO 


+ 

CM 

o 


© 


(0) 


1 


-i 

A 


; 2 

1 - - - — 

6 
TT 

4 


— 4 


(0») 


2 


(0=-) 


-A 


4 

1 


(0«) 





from which 



(0^) 



(0«) = A . 3 (0»)(0)« - A \ (07 + 2 (0«)(0) } + 2 (0*) , 



and this merely exhibits a relation connecting the second, third, fourth and fifth 
binomial coefficients in the expansion of (1 + cc)*; for 

(l+xY=l + (0) « + (0*) a» -f (0»)x3 + {0^)x' + +(0»)a;". 

118. The subject of "Expansion by factorials," which is usually discussed 
in works on Finite Differences, is thus clearly within the domain of this theory, 
and the two tables last given might have been expressed by the notation and 
symbols of the calculus of Finite Differences. 

On this subject I hope to say more upon a future occasion. 

119. It is, in conclusion, to be particularly observed that all algebra is 
expressible by means of factorials, and thus any algebraical expression whatever, 
of a finite nature, may be exhibited as a symmetric function of one or more sets 
of quantities. 

RoTAL Absbnal, Woolwich, England, December Ist, 1888. 



De Vhomographie en mecanique. 

Par p. Appbll. 



*'La d6couverte des prindpes de projection centrale marque incontestable- 
ment une 6poque importante dans Thistoire de la gSometrie moderne. Les 
m6thodes fondles sur ces principes possMent un caract&re a la fois intuitif et 
syst^matique, qui les rend 6galement propres a d6couvrir de nouvelles propri6t6s 
des figures et a rattacher tout un ensemble de propositions a une meme v6rit6 
g6n6rale." * 

II nous a paru interessant de montrer que ces memes principes peuvent etre 
appliques, en mecanique, au mouvement d'un ou de plusieurs points libres solli- 
cit6s par des forces qui ne dependent que des positions des points. On pent, par 
exemple, a Taide de la transformation homographique, rattacher les unes aux 
autres des questions de m6canique en apparence difF6rente8, comme le mouve- 
ment d'un point attir^ par un centre fixe proportionnellement a la distance et le 
mouvement d'un point attir6 par un plan fixe en raison inverse du cube de la 
distance. 

Un cas particulier de la transformation qui fait Tobjet de cette etude a ete 
indiqu6 par M. Halphen (Bulletin de la Soci6t6 Philomathique, 7'**"® serie, t. I, 
page 89). Nous avons resum6 les points principaux de ce travail dans une Note 
pr^sent^e h TAcademie des Sciences de Paris (Comptes Rendus, Stance du 4 
f6vrier 1889). 

1). Prenons d'abord le cas le plus simple et consid6rons, dans un plan fixe 
xOy, un point materiel de masse m soUicite par une force i^'dont les projections 
X et Y sur les axes Ox et Oy sont des fonctions des seules coordonnees a: et y du 
point ; les Equations du mouvement seront 

*Voyez une Note de M. Moutard, Applications d"* Analyse et de G4om6trie de Poncelet. Tome I, 
page 509. 
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Supposons que Ton ait trouv6 des expressions de x et y en fonction de t v6rifiant 
ces 6quation8, et faisons la transformation homographique d6finie par les formules 

_ ax + by + c _ a'x + Vy + c' . . 

^' - a"x + h"y + c" ' '^' - a"x + V'y + c" ^ ^ 

en remplapant en meme temps la variable ind6pendante t par une autre variable 
^1 li6e k t par la relation 

oii h d^signe une constante diff6rente de zero. Nous supposons que le d6termi- 

^*^* 1 a 6 c ' 

A=' a' h' c' 

I a" h" c" 

n'est pas nul, et nous d&ignons par A, B, C, A\ B, (7, A", Bl\ C" les coeflS- 
cients respectifs de a , 6 , c , a', h\ d, a", 6", c" dans le d6veloppement de ce d6ter- 
minant; ainsi 

A = 6 V — c'6", 5 = c'a" — a'c", C = a'V — Va'\ 

A'=cV' — hc'\ etc., 

Cela pos6, on a 

ou, en rMuisant 
on trouve de meme 

■^-*L-^^* dt -y di) " dt ^^ dty 

On tire de Ik 
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ce que I'on peut 6crire, d'apr^s les Equations (1), 






en posant 

Xi = *• {a"x + b"y + c"y [ C'{xY— yX) + B<X —A'T\\ 
Fi = A* (a"a5 + i"y + c")» [— (7(xr— yX) — 5Z + AT\ V 



(5) 



Par hypoth^se X et F sont des fonctions de x et y ; Xi et Pi sont done des 
fonctioDs de a; et y que Ton pourra toujours, a Taide des formules de transforma- 
tion (2), exprimer en fonction de Xi et y^. II suflSra pour cela de resoudre les 
6quation8 (2) par rapport ^ aj et y, ce qui donne 

_ Ax, + A'y, + A" _ Bx, + B'y, + B" 
^~ Cxi + Cyi + G"' y- (7xi+ G'y,-\-G^' ^^f 

a"x + h"y + c" = Cx^^i^y^^G" ' 

et de porter ensuite ces valeurs de x et y dans les expressions (5). 

D'aprfes les Equations (4) le point (ari, yi) se meut dans le temps ti comme 
un point materiel de masse m sollicit6 par une force i^j dont les projections X^ et 
Fi dependent seulement des coordonnees a-i et y^ du point. On obtient ainsi le 
th6oreme suivant : 

Toutes les fois que Ton salt trouver le mouvement d^un point (x, y) soils V action 
dJune force F dependant seulement de la position du mobile^ on en dSduit^ par la 
transformation pr6c6dente, le mouvement d^un autre point (xx, yij sollidtS par une 
force Fi dependant seulement de la position du mobile ; la trajectoire du second point 
est la transformee homographique de la trajectoire du premier. 

On remarquera que la droite suivant laquelle est dirig6e la force Fi est la 
transform6e homographique de la droite suivant laquelle est dirig6e la force F. 
En eflfet, en d6signant par ^i et yji les coordonn6es courantes, on a pour I'^quation 
de la droite suivant laquelle est dirig6e la force Fi , 

^1 — ari _ >7i — yi ■ 
X, - Y, ^ 

la transformee homographique de cette droite s'obtient en remplapant ^j et y;, par 

a^ + bri + c a'i, + h' ri + c' 

a"^ + h"yi + c" • a'>l -\- h''ri + c" ' 

14 
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xi et yi par les expressions (2), Xi et Fj par les expressions (5). On a ainsi, 
apr^s quelques reductions, 

G'[x{ri-y)-y{}i-x)']+B'{j^-x)-A'(n-y) 

G' (xY— yX) + B'X— A' Y 

_ -G[x{n-y)-y{^-xy\-B{j^-x) + A{n-y) 
- —G{xY—7/X) — £X + AY ' 

or cette Equation, oh ^, rj sont les coordonnees courantes, repr6sente une droite 

Y 

passant par le point ^ = a; , >? = y et ayant pour coeflScient angulaire -^ ; c'est 

done la droite suivant laquelle est dirig6e la force F. 

2. Applications. Examinons le cas particulier ou la force F est centrales 
c'est-£t-dire passe par un point fixe que Ton pent toujours prendre pour origine 
des coordonn6es x et y ; alors la force F^ passe aussi par un point fixe ayant pour 
coordonnees 

^1 — c" ' y^ — c'' 

situ6 a distance finie ou infinie. 

Supposons d'abord c" different de zero ; le point (a:{, y[) est alors h distance 

finie et on pent le prendre pour origine Oi des coordonnees (xj, y,), ce qui 

revient k supposer 

c = c'=: 0, 

et par suite 

A'f = B^'=zO, 

A = Vc", B=- a'c", A'=— bc'\ B' = ac". 

Appelons r la distance du nfiobile {x, y) h. Torigine et r^ la distance du mobile 
(^1 , ^i) ^ Torigine Oj : 

On aura, en appelant F la valeur alg6brique de la force centrale (X, Y) prise 
positivement si la force est repulsive et n6gativement si elle est attractive, 

X=F—, Y=F-^; 



et avec les memes conventions. 



^ TT _ rr yi 



X, = F,^, Y^ = Fi 
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Les formules (5) deviemient alors 

F,^ = J<? ia"x + h"y H- c'Jc" {ax + by) ^ , 

F^^ = ¥ {a"x + h"y + c'Jc" {a'x + h'y) ^ , 

d'ou, en vertu des relations 

dx ■+ ■ bi/ a'x + b'y 

«i - ^/r^r+b"y + c" ' y^ ~ ^ir^^V'y + c" > 

A = j^c" {a"x + b"y + c"f --r , (7) 

formule qui exprime Tune des forces centrales en fonction de I'autre. 

Exemphe. — I. Si la force ^ est proportionnelle ^ la distance, F = (ir, le 
point (x, y) d^crit une conique ayant pour centre le point O ; on a alors 

F=- ^^^^ 



{Gxi+G'yi+G"f' 
(ii d^signant une constante, comme il resulte de la formule 

A 



a"x + b"y + c" = 



^^1+ G'y,+ G 



11 • 



Done un point (xi, y^ sollicite par une force centrale d'expression F^ decrira une 

conique telle que la polaire de Forigine 0^ par rapport a cette conique soit une 

droite fixe 

Gx,+ G'y,+ G"=0 

homologue de la droite de Tinfini dans le plan xOy. 

IL Si la force F est en raison inverse du carr6 de la distance i^= ii. le 
point (cB, y) decrit une conique ayant pour foyer le point ; on a alors 

ip Ml 

^^- {Gx^+ G'y^+C"fi^' 

et comme 



^ = «• + y' = (C7a;^+ G'y^+ G '^ ^^^^^ ~ ^^^^^^ "^ ^^'^^ ~ ^'^^^^^ 



on a 



F,= ^'""y 



{{bx^-ay,)' + {b'x^-a'y,n^' 
fi' d6signant une constante. Done un point (xj, y^ sollieit6 par une force een- 
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trale exprim6e par cette dernifere formule decrira une conique tangente h, deux 

droites fixes distinctes 

{bxi — ayiY -f (6'a-i — a'yiY 

homologues des droites isotropes 

dans le plan xOy. 

Les deux lois de force ainsi trouv^es sont celles que MM. Darboux et Halphen 
ont'8ignal6es, k la suite d'un probl^me pos^ par M. Bertrand, comme 6tant les 
plus g6n6rales qui font d^crire a leur point d'application une conique quelles que 
soient les conditions initiales (Comptes Bendus des Seances de l'Acad6mie des 
Sciences de Paris, Tome 84). La transformation que nous venons de faire, pour 
d^duire ces lois de Fattraction proportionnelle a la distance ou inversement pro- 
portionnelle au carr6 de la distance, a d6j^ et6 indiqu6 par M. Halphen dans le 
Bulletin de la Soci6t6 Philomathique de Paris (7**™® s^rie. Tome I, page 89). 

Dans ce qui precede, nous avons suppos6 c'' diflRerent de z6ro ; si Ton a 

c c 

le point Xi = -77- , yi = -77 par lequel passe la direction de la force jF\ est rejet6 

a rinfini, et la force Fi est parall51e a une direction fixe que Ton pent toujours 
prendre pour direction de Taxe OiT/i. L'on aura alors 

^ c = c"=0, c'^0, 

^ = — 6V, B = a''c\ A^' = hc\ B" = — ac\ 
et les expressions (5) de Xi et Yi deviendront 

Exemjples. — III. Si ^est proportionnel- ^ r, F=:(ir, on & 



puisque 



a"x + h"y + c" = C7xi + G'^^+W ' 



Done un point (xi, y^ sollicit6 par une force parall^le k Taxe O^i ayant pour 
expression la valeur ci-dessus de Fi, d6crira une conique dans laquelle le 
diametre conjugu6 de la direction O^yi est la droite fixe 
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Si Ton suppose C7 = , on a 

^1 



^1 = 



il existe alors une fonction des forces pour la force F car 

Fdr ^ (irdr 

est une diff6rentielle exacte, et il en existe une aussi pour la force transform6e 
Fi car 



Xidxi •+• Yidy-i — (G'y + C)' 



est aussi une differentielle exacte. Get exemple montre qu'il pent exister une 
fonction des forces pour la force i^et en meme temps pour la transformee Fi. 
IV. Si F est inversement proportionnelle h. r* 



^ — :j- > 



on a -Zi = 0, Fi 



^1 



((7a:x+ a'yi+ (7'0' ^ ' 



or 






7 



on a done Jri=0, ]P^=:— — — — - — x.^*. 

[{h"xi — If + (a^'ari — af]* 

Ainsi un point sollicite par une force parall51e h un axe O^i ayant pour expres- 
sion la valeur pr6c6dente de Yi d6crit une conique tangente aux deux droites 
fixes parall^les ayant pour 6quations 

(t'/ajx — 6)* + (a'^Xi-a)* = 0. 

V. On verifiera de meme que, si la force jF'est constante en grandeur et en 
direction, la force J^i est centrale et a pour expression, si Ton prend pour origine 
Oi le centre des forces i^i, 

F,=. f^ — 



Comme le point {x, y) sollicit6 par une force constante en grandeur et direction 
decrit une parabole dont I'axe est parallMe a la force, le point {t^ , y^ sollicit6 par 
une force centrale d'expression F^ d6crira une conique passant par Oi et tan- 
gente h, la droite fixe 

cette loi de force centrale est un cas limite de la seconde loi de force centrale 
signal6e par MM. Darboux et Halphen, £t savoir le cas ou le trinome homogfene 
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8 



du second degre en Xi, yi, qui se trouve 61eve a la puissance -|- au d6nominateur 



dans Texpression de cette loi de force, deviendrait un carr6 par/ait. 

3). Le succ^s de la transformation homographique que nous venons d'effec- 
tuer, conduit h essayer, comme en geometric, des transformations plus g6n6rales 
obtenues en posant 

et en faisant le changement de variable independante 

^, -J/ et A» designant des fonctions des coordonnees x et y. L'on aura 

dxi 1 dxi 1 d^ dx 1 dp dy 

~dt^ ~ X 1U~ ~'Y 'dx df'^'Y 'dy dt ' 
d?x^ _ J_ 3^ ^ J^ 3(^ c?y 
"d^" ~ a* dx de ^HF ~dy ~dF 



"^ a ax \^ dx A diJ '^ X dy\X dy A dt ) 

_i_r 9 /^J_ 9» N . _^/^J_ ^^1^ ^ 
^" X L"g^ V X dx)'^ dx\^ dyJ^dt dt ' 



et pour -^ une expression analogue ddduite de la pr6c6dente en remplapant ^ 
pai* '4'> Les Equations du mouvement 



deviennent alors 






ou 



+ ^ 



37 

/".L 3^ Vi?i^V-i- J- r 3 /^A 1^^4_ A/^J_ ^^M^ ^ 



"^1 — ;i» aa "*■ "^ x» av ^ T 7, 'dx\^ dx Adt ) 

-k dy 

Yi ^tant donne par une expression analogue d^duite de la pr6c6dente par le 
changement de ^ en i//. Le point {x^, y^) se meut done, dans le temps ^i, comme 
un mobile soUicite .par une force ^i de projections Xi et Yi. Mais, la force F 
^tant supposee d^pendre uniquement de la posUion du mobile (x, y), cette force 
Fi d^pendra en g6n6ral de la jyodtion et de la vitesse du mobile (xi, yi). 
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Cherchons quelle doit etre la transformation pour que, quelle que soit la 
force F, la force Fi ne depende que de \sl position du mobile (cci, yi) . Pour cela, 
il faut et il suflSt que les expressions de Xi et Fj ne contiennent pas les deriv6es 

premieres --j- , -^^ . On a done les Equations 

axVA ax/-"' dy\yi ly) ' 

dy\% dxj^ dxK'X, dy J 

et trois autres 6quatioii8 analogues pour la fouction '^. Les deux premieres 
Equations prec^dentes montrent que 

f{y) 6tant une fonction de y seul et g {x) une fonction de x seul. La troisifeme 
6quation donne alors 

relation qui ne peut avoir lieu que si /' (y) et ^ (x) sont constants : 

d'oii /(l/) = o,y + fi^ gr(x) = — ax — y. 

On a done 

d'ou, en 61iminant ^ h. I'aide de I'ideutit^ 

ay \ ax / — "3x \dy J' 

On trouve de meme, en designant par a', ^\ y' des constantes 

2^' + "i" (*'y + ^') + H ("'-^ + y') = . (8') 

On a ainsi deux Equations du premier degre en -^— , -g— dans lesquelles le de- 
terminant des coe£5cients des inconnues 

(ax + Y){a'y + ^0 - {a'x + y^ay + /3) 
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n'est pas nul, car s'il T^tait, le determinant fonctionnel 

dx dy dy dx 
serait nul. Si Ton pose, pour abreger, 

a^' — ^a' = a^', ya' - ay' = h", y^' — (3^ = c" 
Von a, en resolvant les deux Equations du premier degr6 (8) et (8'), 

1 ax — 2a" 1 aa — 26'' 



% dx~ a"x + h"y + c" ' % dy ~ a"x + h^y + c" ' 

d'oii en integrant 

log a = — 2 log {a"x 4- V'y + c") — log A;, 

^ — k (a"» + h'<y + c")* ' 

h d^ignant une constante arbitraire. Ajant ainsi determine X , on calculera les 
fonctions ^ et i/' k I'aide des relations 

1^ = a (a'y + |30, -|^ = -X{a.'x + y'), 

. qui donnent pour 4> et '4' des expressions de la forme 

acB + fty + c . a^x + Vy + c' 

"^ ~ a^x + h"fVc^ ' ^ ~ a"x + 6"i/ + c" ' 

a, bj c, a', b'j c' d6signant des constantes. On retrouve ainsi la transformation 
homographique d6finie par les relations (2) et (3) ; et Ton voit que cette trans/or- 
motion est la seule pour laquelle la force Fi m dkpenide pas de la vitesse, quelle que 
soU la lot de la force F en fonction de la position du mobile (x , y). 

4). Si la force F, tout en ne dependant que de la position de son point 
d'application, 6tait assujettie a des conditions particulih-es il pourrait exister 
d'autres transformations de la forme pr6c6dente 

xi=4>{x, y), yi = iKx, y), dti = 7L{x, y)dt 

pour lesquelles F^ dependrait seulement de la position du mobile (aj, y^. 

Cela arriverait, par exemple, dans le cas particulier oii la force F serait cen- 

trale, et dans le cas plus particulier encore ou le mouvement serait rectiligne. 

Prenons ce dernier cas et supposons que le mouvement se passe sur Faxe Ox ; 

I'equation du mouvement sera 

cPa5 XT 
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X dependant de x seulement. Faisons 

Xi = <^(a;), d^ = 4>' (a;) eft , 
r6quation prendra la forme 

oh le second membre peut s'exprimer en fonction de Xi seulement. On a ainsi 
une transformation, avec une fonction arbitraire ^ (x) , transformant le mouvement 
rectiligne d'un point, sous Paction d'une force qui ne depend que de la position 
du mobile, en un autre mouvement rectiligne de meme nature. 

5). Si nous revenons au cas g6n6ral nous verrons sans peine que les considera- 
tions que nous avons developp6es peuvent etre 6tendues au mouvement d'un 
point dans Tespace et meme au mouvement de plusieurs points sous Paction de 
forces ne dependant que de la position des mobiles. 

En effet les Equations du mouvement, dans un probleme de ce genre, sont de 
la forme 

eft* ~^^' eft* ~^*' eft* — ^•^ \^) 

Xi, Xf, .... Xn 6tant des fonctions donn6es de Xi, x^j . . . . cc^. 
Faisons la transformation homographique g6n6rale 

--. ^il^ 4" Q<2^ "t* ' ' ' ' 4" <^inXn H" ^<, n-f 1 __ Pj /^ --- j 2 n) f lO) 

^* ~ Otl^l + a«5Cj + + OLn^n + «« + ! ~ Q '* J \ J 

^<, i» ^<, 8 • • • • oci, ot| . . . . 6tant des constantes, et yi, y, . . . . de nouvelles fonc- 
tions que Pon substitue h, x^, x^ . . . . ; faisons en meme temps le changement de 
variable ind6pendante ^ 



Nous aurons alors 



Ctti — XV| • 



dyt _ dyj^ _dt_ _ dP, dQ . 

dti~dt'dti~^dt~^*dt' 



pms 



t=«'w(«f'-^.^)=«'(e^'-^-^-> (") 



Comme Q et P^ sont lin6aires en xi, x^ . . . . Xn, le second membre de cette rela- 
tion contient les quantites x^ x^ . . . . x^et leurs deriv^es secondes par rapport h. t, 
mais pas leurs d6riv6es premieres. On pourra done, a Paide des Equations (9) et 
(10), exprimer le second membre de cette relation (11) en fonction des seules 
15 
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quantit^s j/i, ^s . . • • ^n* Les Equations (9) du mouvement Bont ainn traoB* 
form66s en d'autres de meme forme. 

Cette transformation homographique est d'ailleurs la seule transformation 
de la forme y< = ^< (ari, x,, . . . . a:,») (i = 1 , 2, . . . . n) 

dti = X{xij Xi^ . • • . oCj^dt, 

qui transforme les Equations (9) oil Xi, X^ .... X^ sont des fonctions quelconques 
de Xi, Xf,....Xn en d'autres de meme nature relativement aux quantitSs 
yi> y«i • • • • y« ^t ^ 1* variable independante ti. 

6). On pourrait gen6raliser les resultats pr6c6dents de la fapon suivante qui 
nous a 6t6 signal^e par M. Goursat. 

Soient les Equations de Lagrange 

dt Kdg'i) dq, - ^" 

qi = ^, (i=l. 2 k) 

oil T est une forme quadratique de ^x t 9s t • • • • 9a ^^^c des coeflBcients fonctions 
de qi, q%f - • • . qt ^t ou Qx? Q%i ' • • • Qm dependent seulement de qi, q^, • . . . qic, 
trouver les transformations de la forme 

^i=/i(9i»9t» qk)j (*=1, 2, k) 

dti=^^{qi, q^j qk)dt 

qui transforment ces Equations en d'autres de la forme 

oii S d6signe une forme quadratique de rx^ r^, . . . . ri^ avec des coefficients fonc- 
tions de ri, rg, • . . r^ et oii jBx> -R21 • • • ^* d6pendent seulement de rx, ^ti • • • ^** 
Un cas particuli^rement int6ressant serait celui oil la forme S se d6duirait de T 
par le simple changement de 

9.11 S'tJ • • ' • 9*J 9it ?«> • • • • 9* 
en ri, r,, r*; 7-^, r2^ ri- 

ll est & presumer que les transformations que I'on trouvera sont analogues & celles 
qui, dans le cas du mouvement d'un point sur une surface, (A; = 2), conservent les 
lignes g^od^siques. 
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(Ck>ntmued from page (K).) 
PART III. 

Appucations to Bipartite Quantics. 

59. The theory given in Part I holds alike for unipartite and for bipartite 

quantics: the difference in details arises through the difference of the literal 

operators. If in the quantic, symbolically represented by aJ^u^ , the coefficient 

of 0^7^ t^t^t^ be 

m! ii\ 

(with the conditions r + «4-<==m,p + (T + T' = f£), then the six operators simi- 
lar to those of §1 are* 

A = 2 (^Or-l, # + 1, i, p,c,t ^^r. $, «. p+ 1. «r-l, r) ^ 

^^r, «, t» p, <r, r 



A — 2 (tar + 1, t, t^h P, «r, r — p^r, t, t, p-1, a, r+l) ^ 

A = 2 {sUr + 1, » - 1, «, p, <r, r — P«r, «. «, p - 1, «r + 1, r ) o" 

^^, «. <. A. <r, r 

A = 2(tar,« + l,«-l,p,<r,r "" ^«r, », t. p. <r-l,r + l 3- 

^"r, », t, p, <r, T 

A = S (mr-l,«,< + l,p,a,r '^«r.«,<,p+l,<r,T-l) ^ 



(!'). 



* See the memoir there cited, p. 48, where the eigns + within the bracket Bhould be changed to — . 
16 
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m 

I. — The Lineo-Linear Qtuzntio. 

60. In the symbolical form this is a,«. ;* the explicit form we shall take 
to be 

the sequence of literal coe£Scients and the arrangement of numerical subscripts 



* The principal memoirs dealing with the theory of bilinear forms are given in the foUowing list : 

Weierstrass (1858). ^^ Ueber ein die homogenen Function en zweiten Grades betreffendes Theorem.*' 

Berl. Monatsb., 1858, pp. 207-220. 
Kronecker (1866). ^^ Ueber bilineare Formen." Berl. Monatsb., 1866, pp. 697-618; reprinted in GreUe, 

t. LXVIII (1868), pp. 278-285. 
Weierstrass (1868). ^'Zur Theorie der bilinearen und quadratisohen Formen.*' Berl. Monatsb., 1868, 

pp. 810-888. 
Kronecker (1868). Bemerkungen zu vorstehendem Vortrag. lb., pp. 889-846. 
Christoffel (1868). '' Theorie der bilinearen Functionen/' Crelle, t LXVIU, pp. 258-272. 
Clebsch und Gordan (1869). ^* Ueber bitem&re Formen mitoontragredienten Yariabeln." Math. Ann., 

t. i, pp. 859-400 ; specially pp. 871-400. 
Beltrami (1878). '' SuUe funzioni bilineari.'' Batt Giorn., t. XI, pp. 98«-106. 
Jordan (1873). "Sur les polyndmes bilin6aires." Comptes Rendus, t. LXXVn, pp. 1487-1491; Liou-. 

vUle, 2« S6r., t. XIX, pp. 85-54. 
Jordan (1874). ^^ Sur la reduction des formes bilin^aires. " Comptes Rendus, t. LXXVIil, pp. 614-617. 

^*Sur les syst^mes de formes quadratiques." Comptes Bendus, t. LXXVIII, pp. 
1768-1767. 
Kronecker (1874). ^* Ueber Schaaren von quadratisohen Formen.'' Berl. Monatsb., 1874, pp. 59-76. 

Nachtrag zu diesem Aufsatze. lb., pp. 149-156. ^^ 

** Ueber Schaaren von quadratisohen und bilinearen Formen." lb., pp* 206-282. 
" Ueber die congruenten Transformationen der bilinearen Formen. " lb. , pp. 897-447. 
Darboux (1874). ^^M^moire sur la theorie alg^brique des formes quadratiques." laouville, 2" S^., 

t. XIX, pp. 847-896. 
Jordan (1874). ^^M^moire sur la reduction et la transformation des systdmes quadratiques." lb., pp. 

897-422. 
Frobenius (1878). "Ueber lineare Substitutionen und bilineare Formen." Crelle, t. LXXXIV, 

pp. 1-63. . 
Bachmann (1878). ^'Untersuchuugen dber quadratischen Formen." Crelle, t. LXXYI, pp. 831-841. 
Hermite (1874). Extrait d'un lettre d M. Borchardt. Crelle, t. LXXYIII, pp. 825-828. 
Cay ley. ^' Sur la transformation d'une fonction quadratique en elle-mdme par des substitutions lin6- 

aires." Crelle, t. L, pp. 288-299. 
Stickelberger ( 1879). * ' Ueber Schaaren von bilinearen und quadratischen Formen. " Crelle, t. LXXXYI, 

pp. 20-48. 
Frobenius (1879). ^^ Ueber die sohiefe Invar ian ten einer bilinearen oder quadratisohen Form.'^ lb., 

pp. 44-71. 
Cay ley (1858). ^^A memoir on the automorphic linear transformation of a bipartite quadric function." 

Phil. Trans., 1858, pp. 89-46. 

Other references will be found in these memoirs which deal very largely with the transformation 
and canonization of the forms ; the memoirs of Christoffel, Clebsch and €k>rdan, and the last by Frobe- 
nius, deal with the concomitants. 
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will be seen to harmonize with those in later examples. The six operators in 
(l')are 

a . , a . , a a , a a 



■^»=^B^ + ^ 



aa, + ^ aa, ~ "» ao. 



^mr—9i 




■^i=^»a^ + ^»3A; + ^'' 



dh 



dag 

n_3.a.a a 



a , a a 




aflfi 



A = flj 51- + a» 



a 



a 



, a ^ 
aox ~ '^ a/h ~ ^» a^^x 
a , a a 



a^i ^ "» aA, "^ "« a/*, ~ "« aa^ ~" "^ aA^ ~ j'* a^: 
„ 9.9.9 9, a a 




From the general theory it follows that every concomitant has its leading coeffi- 
cient a common solution of i>i =: and i?s = . Proceeding therefore to 
obtain these solutions, we first consider the set of equations subsidiary to i>i = 

given by 

dai dgi da^ dg^ dh^ dh% dh^ da^ dg^ 

'0'~'0'~~0~~~0'~~g^~'g^~ g, — ht~ —a^~ —g,' 
eight in all ; eight independent integrals of them will therefore be required. We 

6, = a,, 

and we apply the process of §36. Changing D^ to A, we have 

so that 01 is a solution common to the two equations. Now for the ' variable of 
reference ' we might take either o^ or ^1 ; taking the latter, we have $, as the 
ommecting variable of the modified equations in A . We have 

A$t^=hi, A6, = — a,, 

so that BsAd, — $»Adt = — (a^i + 0,^1) = — 0, , 

this quantity B^ being easily verified to be another solution of the subsidiary set. 
And then , A0g = O, 

so that 0, is a solution common to A = and Z), = . . 
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Next we have Ad^ = ^, — grg i 

so that 08^04 — ^QA%=gi{K—gz)—^%=' 20«> 

where 0« is easily verified to be another solution of the subsidiary set. Next we 
have A^e = 2" ^ (^ — 3^ — ^^ ' *^^ therefore 

where 0, is a solution of the subsidiary set. And then 

A07 = O, 

so that 07 is a solution common to 2>i = and i>e = • 

We now have seven integrals of the subsidiary set ; the remaining one neces- 
sary we may take to be 

08 = ^ + 3^3; 

and we have Ad^ = , 

so that 08 is a solution common to the two characteristic equations. 

It is easy to see that the eight integrals thus chosen are independent of one 
another. 

61. Four common solutions of the two characteristic equations are 
0i» ^61 ^71 %] foi* tl^6 remaining two that (§35) are necessary, we have 

^A (0,-^0,) = -055 
0|A(0,-^eJ) = 2ee-^e„ 

of which two solutions are 

^ = — ^i — = "4" ^ "^ 9^^ ~ 3^^ 

There are thus six common solutions, the values of which in terms of the 
coefficients of the quantic are 

%=g9 + h^i 
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instead of ^ , which is practically the discriminant of v^ considered as a binary 
form, we take ^_^ 1/m_^x ^x. 

and instead of ^ , which is the Jacobian of v^ and v^ considered as binary forms 
in gi and hi as variables, we take 



^8 = ^+4" ^6^8 






= «8 {gJh — gJh) + «8 (Sx^h — 9%^)- 

To obtain the order and the class to be associated with each of these quan- 
tities as leading coefficients of a concomitant, we use (I) and (II) and easily find, 

©1 = OiXiV^ + • . 

©8 = ^83^1^ 4- . • 



Further, we at once have 



an invariant, and 
and also 



^1 + ^8 = -^l> 

^,Ji = ©i + ©8; 



6 A + ^8 = 



= /«, 



Oi, a,, Oj 

^i« 9%f 9$ 
hf fhf ^8 
an invariant, and ull^ = ©i©s + ©8* 

Another invariant;, of the second degree, is given in §63. 
It follows from the general theory that every concomitant of the Imeo-linear 
ternary quanlic can be caressed in terms of the six independent concomitants 

©i, ©b, ©,,©8, ©„©8. 

62. But if, instead of taking in §60 the quantity 0^ as the variable of refer- 
ence, we take $^ as that variable, we are led to the following system of inde- 
pendent solutions common to the two characteristic equations : 

^8 = fl^8 + ^»> 

^% = 9ih — 9fhiy 

^8 = «» {gA — 9 A) + ^3 {gA — 9 A) y 
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the first five of which are the same as before and necessarily lead to the same 
concomitants, while the sixth leads to the concomitant 

Hence (§61, fin.) ^^ must be expressible iij terms of 0i, ©5, @j, ©8> 0«> ®8* 

63. Now Clebsch and Gordan have already* given the complete system of 
asyzygetic concomitants of the bilinear ternary quantic ; they are, in addition ' 

to U^y 

Symbol ^mboHc 

(C and O.) Form. Evaluate Form. 

/ = axUa = a^XyUi +...., 

ij = a^h^ = aj 4- ^ + fl? + ^h + Sosgrj -f 2gji^, 

/j = a^u^^ = (a} + ajii -f a^^ oi^Ui -f . • • . , 

— a^OyC. — ^ III «r*iT^ , , , 

Ai, A,, Aj 

^ =a,cJ)^{Pyx)= {— cifh + (Vhih — 9s) + 9i<4\ ^+ 1 

^ =:u^Uyb^(acu) = {#3 + 5^A(^ — fl's) — %»}^ + 

From the theorem that the system @i, 06, 67, 60, &%, &$ is algebraically 
complete, it follows that each one of this set can be expressed in terms of 
members of that system ; and, in fact, it is easy to prove the relations : 

uj = ©I + 0^, 

t4ti = ©; + ©8 + 205 + 2^.0,, 

««/l = ^l + 05, 

1^= — 0,. 

And the expression of ^7 in terms of the system of six concomitants is easily 
shown to be given by 

uie,^^ = u,Qi — 030508 — 0,0J. 

* See pp. 872 et seq. of their memoir, quoted in the note to 260. 
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This equation is, after the foregoing relations, equivalent to an equation among 
Clebsch and Gordan's forms ; the verification of this result is easily obtainable 
from the canonical forms of the concomitants (p. 386 L c). 

64. If, in the two equations of §60 which determine leading coefiBcients, 

we take ^^_^_2i, g, + h,= es, 

we find 

3 3 9 . n7 9 ^ 

When these are written in the forms 

t; 3 3 X 3 . o7 3 





they are the differential equations of the concomitants of a binary quadratic in 
literal coefficients — h^, k, g^, the variables in the concomitants being gi and A^, 
Of and — a$. 

To this system of solutions must be added a^ and dg, neither of which enters 
into the transformed equations and both of which are therefore solutions. 

This inference is verified immediately on a reference to the system of solu- 
tions obtained, the solution 0^ being the determinant of the variables. 

Similar inferences in the succeeding cases may be derived after the character- 
istic equations have been transformed by similar substitutions ; but the inferences 
will be left unstated, because obvious from the respective systems of solutions, 
and the equations will not be transformed, the requisite substitutions being 
indicated sufficiently by the respective systems of solutions. 

II. — A System of Two Lineo-Linear Quantics. 

65. They may be tatken in the forms 

U= {aiXi + h^Xi + giXs) i^ + {a^i + h^x^ + g^^) «, -f {a^^ '\-h^ + g^^th, 
IP = {aixi + hix^ + gixs) u^ + {aixi + hix^ + gix^) u^ + (o^i + h^ + g^s) u^ , 

and the literal operators are now of the form Dj, + Df, instead of Z>;^. We must 
therefore find the simultaneous independent solutions of 

A + A' = 0, A = A + A=0. 
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K=9ir 



From the 17 equations, which are subsidiary to the solution of the former 
equation, it at once appears that there are eight integrals of the form 

^=«lf ^»=asi ^8=fl^li ^4 = 3^2 

ei=ai, ei=ai, ei=gi, ei 

and these integrals are used for the deduction of further integrals by the usual 
method hitherto adopted, and also for the modification of the A-equation. Also, 
as in the case of a single lineo-linear quantic it was possible to take either 
$3 or $, as variable of reference, it is now possible to take any one of the four 
%t ^81 ^>> ^8 ^ variable of reference. 

As in the earlier case of the system of three quadratics (53-58), I merely 
give some important stages of the work and the results. 

Since there are eighteen coefficients, it follows (§18) that aU the simtiUaneous 
soltttions can be expressed in terms of fifle&n, independent simultaneous soltUions. 

66. In addition to the preceding eight quantities 6, which are solutions of 
Di + Di=^0 and among which $i and di are also solutions of A = , the following 
quantities — all being solutions of Di-\- Di=^ — arise in the formation of the 
modified A-eqaations : 

0, = (A, — gs) gi — 2gjii \ 
6i = {hi-gS)gi-2gXi' 

X« = (^« — 93)at+ ^9%(h\ ^« = (^ — 9») <h + ^ifli \ 
Xi- {K — 9si<^+ ^9W ' 4>6 = (^ - 9s)<4 + 2giai ) ' 

And in the modified A-equations in the fourteen quantities, so far obtained yet 
not simultaneous solutions — viz. ^,, 6a, $4, $i, 63, 64 and the eight just given — the 
following further quantities arise, all of them being simultaneous solutions 
of the two characteristic equations : 

^s = <h9i + oAl is = «8^i + a»Ai) . 
ei = aigi + aihii ' '4'i = <h9i + «A'i ' 

^=9iM—9i^i '4' = 0808 — 0^; 

e,={A, B, cig„ - hY ] i, = (A', B, oy,, - h,y 

?n = {A,B,Glg„-h,Jgi,-hO }; Xi = (A', B, G'lg,, -h^^, -H) 
4>i = iA,B, Gjffi, - hi)* J Bi = (A', B, G'U, - h{f 

X, = {A, B, Gla„ 03)* ] ^ = {A', B, G'la^, a,)« 

^ = (A, B, Glai, a!,)* J xi = (^'. ^> C"K. a^' 



'4',= {hi-g!;)gi-2gih,\, 
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(4 = {A', Bf, aigi , — AiK , ai) 



> 1 



^ = (-4,5, CJgr,, — Aija,, Oj) 
«» = (-4, -B, C7][sri, — hilai, a,') 
o,= (ul, S, CJgfi', — Ai'jo,, a,) 
;Ki = (^, 5, CJi^i, - Miai, ai) J 4»i = {A', B, O^gi, - Klai, o^) 

the quantities A, B, G and A', ff, C being 

A = —2hi, Bz=hi — g„ G=2g„ 
A' = -ihi, Bf-hi-g>,, G'=2gi 

The following are the sets of modified A-equations in each of the four 
possible variables of reference ; the first seven equations of each set are the 
independent equations in that set, but their aggregate in any one set is rendered 
(as in §47) complete in form by the introduction of the subsidiary quantities 
which occur in all the other sets. The equations are : 



esA=v. 


^A = V2 


0i'A = vi 


^eA = v,' 


V,C=— 05 


V26'=e, 


v^=-«i 


v^'=0^ 


V8P=q 


Vi>- = « 


Vii/ = 3' 


vy=«' 


v»?=07 


Vti> = xi 


vl^^ei 


Vi«' = %i 


Vjy = t 


V«' = '>^ 


v^' = -^i 


Vit' = -i 


VtP-=—'4^ 


v«3 = ■4'6 


Viy' = -^ 


V«a' = ^ 


V8'« = * 


v»p = ^« 


V^n'=:«' 


Vip' = 0' 


V»« = ^T 


v^=^ 


V^ = ^^ 


VicT* = ^i 


v^ = 1>» 


v»^=^ 


vj«' = ;it 


Vi^' = v, 


W=7Cm 


v**? = x» 


v^»' = ;i^ 


Vsf^' — <^> 


VsW = ^ 


Vff=«» 


^;T' = tt, 


V»^ = P7 


Vix = ^ 


Vt<i> = (<>t 


ViW = vi 


^i/' = pi 


V»'P = <4 


V^ = pT 


v^ = ^i 


Vif = <^' 


Vi^ = »^ 


Vl/=pT 


vl,^ = xi 


v,V = xi 1 



17 
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where the various quantities are defined by the relations 

67. The independent simultaneous solutions of the two characteristic equa- 
tions can be derived from any one of the sets ; let us, then, consider the first set, 
retaining for this purpose only the (first seven) independent equations. Regard- 
ing these equations as furnishing one system of common integrals, we have the 
eight solutions of A + -Di = before given, Bi, 0,, 0,, 64 and 0i, 6,', 63 > ^4 5 and 
those constructed later, viz. ^5} ^ei ^tJ ?>; '4^5 5 '4'ei '4'?; being fifteen in all. Two 
more are necessary to make up the requisite number of seventeen solutions of 
Dj 4- -Di = 0; ^^^ they (as in §60) may be taken 

ei = K + 9z- 

Now dg and d^ both satisfy A = , and therefore it appears that of the neces- 
sary fifteen simultaneous solutions we already have 

Oi,ei] e^.eii 65,^5; o,,ni^,] md^, 

so that six independent integrals — the proper number — must be obtained from 
the modified (Vs-)6<luations. Six solutions, algebraically independent of one 
another and of those already obtained, are : 

5>_ 2pe,= (A, — flTs)* + 4%, = A, 
e^ + yO^ ='4'6» 

^-27t^,-{hi- gl,y + 4%i = A', 
e4^i + xdfi =Xi. 
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Hence every simultaneous solution can be expressed in terms of the 1 5 (= 9 + 6) 
solutions already obtained. 

68. These fifteen solutions are not, however, symmetrical with regard to the 
two quantics, and they will therefore be replaced by a system which is symmet- 
rical and at the same time is algebraically equivalent to them. Among special 
relations — a fuller system will be given immediately — ^we have 

so that we may replace '4^hy 6^^; we have 

m 

80 that we may replace x% ^7 % ! ^^^ ^^ second of these equations we shall use 
to replace '4^ by ^ ; and lastly, we have 

SO that we may replace i^/s by '^i • 
The set is now constituted by 

M, M ^\ H ^'^ M '4'. 4'i * 

eii' e'J' A'J' $0' Si)' ^^r^"^"'^' 

a system symmetrical with regard to the two quantics ; and it follows that every 
simnitaneous solittion can be expressed in terms of this set. 

Two of the set, viz. A and A', may be simplified in form as in §61, for 

'j-{A—6i) = gji^ — g^ = ^,, 
\ {A! -6':) = g',hi-gX = ^',. 

which will be taken as leading coefiScients when the system of concomitants is 
established ; but for the purpose of expressing dependent solutions it is conve- 
nient to retain A and A^ And as an intermediate quantity we have 

Ai» = ^— i^T - 710, = {S—gz){K — g'^) + 2%, + 2%,', 
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a simultaneous solution of the two characteristic equations, which also admits of 
some simplification in form by taking 

but for the same purpose as A and A' it will be convenient to retain A^ . 

69. Passing now to the consideration of the aggregate of modified A-equa- 
tions in $^ as the variable of reference, we notice that eleven out of thirteen 
have their right-hand sides solutions of A=:0, and that therefore, when any 
pair is combined, they lead to a solution ; for instance, firom 

we have as a solution of Vs = Of i. e, of A = 0, the quantity 6^3 + ^^s. The 

number of such combinations is 55 f=: -^ • H-IO j; and the corresponding 65 

solutions can be expressed in terms of the fundamental set. Some of them are 
merely combinations of solutions already obtained, though not yet expressed in 
terms of the fundamental set ; some of them are solutions new in form. The 
relations are given in the following table, which is to be read 

^'t + {-q){-%) = ^t. ^ + (-y)(-e5) = ^i, 

2?> + (— 2)^7 =-^\ 2^6 + a0, =1;,, 

and so on : 



^ 



fia 



I 






I 



I 






8 






I 




t> 



c*«a 



?« 



I 



I 

it 
I 



;?• 



I 



I 

+ 



H 



J^ 



8» 






I 
t> 



:§L 



8» 

I 

> 

4 



I 

r 



^ 



^e 



^ 



N 



IP' 



c- • 






I 



I 



I 



I 



H 





i^ 








i*- 




1 


s 

1 

t 


t> 




;^. 


+ 


-«'* 



^. 



i 



I 

it 
+ 
> 



1 














1 


1 

> 


St 

+ 

J> 


:g, 


Jie^ 


t 


•a 


> 


■€- 






en 




^ 




J- 











i 
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The quantities which occur in this table and not already defined are given 
by the following definitions, in which 

^ = -K(h,-g,)+hs(M-gi), 

^ = —9ii^ — 9»)+9>{H — 9i); 
it will be seen that all the functions are of the nature of Jacobians : 





0u 

fl' 

ii 



2i^,%m9i, 






— Mfl'i. — ^') 



2i^,%^l9i,- 



Ai][a,, aj) I 









70. The simplest integral relations among the solutions already obtained are : 



Mi 

H'B 






= '4'7'4'B + ^Xi > 

= ^7'4'B + "4^ 

+ '»/'"» 

- KA) 



I ^ 



=«| 



./« 



-**A) 
-4>'A'J' 



= X* 

fl^B — 0U^B=^il1 
fl^B — fl«4'B=*i» I . 



^^6 = 'J'T^s — 4>;ki 

Jtr'J'B = '4'7^B — 4»o» 
^^ = 0^05 +^V,' j 

p7^B = ^A'i 4- '»/';c» 
p7'4'B = ;k7'^b — "^ 

P7^B = XWl - ^ 
^74»7 = ^i - ^A 

^7;»:7 = "i' -^bA' 

e^7 = I'r 

a:74»7 = p7 

^^ = p^* 

ll'^B — Wj 

ftiA — to^B 



>■; 



-^bA' I 

-^rA'f' 

- e^A' J 

-4*A' P 




A'0? - 2 Au0,4'7 + A^ = fl» 

A'^r— 2A„e,'4';+Aer=fl'* 
A'a:? — 2Auar^, + A4>» = •&» 

A't^* - 2 Au^i^i + A;k»* = "&'* 





•4^ 


Zt 


PT 


^ 


4^ 


«^ 


♦i 


«T 


;^»-4.«A 


^«-0SA 


4>,w,— d,if^A 


vl-^A 


No relation. 


No relatPv^i . * 
|l+'«M»Au 


^ 


No relation. 


^^— e^iA 


lya,— djOiA 


vtXr-^iri'A 


See Oict, 


See 0^114— flu^i 




* 


(4-4rA 


(o,;Ki-«5'4'^ 


zi-erA 


See X^cj, 


See %7 be Oixi 




a^T 


No relation. 


fh'-^A 


No relation. 


M>t—'4^ 






PT 


No relation. 


See XjV, 


See ^^ ti+UuO^ 




^ 


PtWj+'^^'jA 


No relaipo aSiZ* 




4^ 


See^T 


+4.^iA„ 




Vt 


■ 




1^ 

+^'^^A„ 




ieee^ 



/..r 



le %^ 



le 6^ 



relation. 



^— ^A 



>e xi^i 



relation. 



I+^B^^' 



i+0'^ 



pis'. 
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A'p? - 2Ai,p,pi + Ap^' = n + (AA' - Ai,)'4'* 

A'<« - 2A,,<^,;C. + A;d = « +(AA'-A!,)^, 

A'l;} - 2A,,i;^ + Acoi* = ij + (AA' - AJ,) i/.? 

A'(^ — 2Ax,i;io, + Avi' = ii* + ( AA' - Aj.) M' 

A';Ki*-2A,,xi4^ + A<^i- = ir + (AA' - AJO^^ J 

The remainder are given in the following table, which is such that some equiva- 
lent value has been found for every product-pair of the twenty quantics in §66 
which are of the third degree in the coefficients. There is no equivalent value 
for the product Q^7^] and the table is to be read, for instance, in the line A^, 
there is no equivalent value for Xf^li ; 

and for ^^^ a reference is made to the entry for \xi ! ^^^ ^^ ^^^^ ^^ noticed that 
the results are all of such a form that the difference 'of two of these product- 
pairs is expressible in terms of quantities each of which has at least one factor 
of the second degree. 

71. Each of these relations between the solutions of the differential equa- 
tions implies a syzygy between the corresponding concomitants of the system of 
two quantics, the concomitant u^ — whose leading coefficient is unity — being used, 
where necessary, to make the order and the class uniform in the syzygy. 

72. Each of the solutions obtained determines a concomitant; the order 
and the class of each such function so determined are given in the following table : 



OBDBB or ». 


OLAfe IN U. 


LBADINO CX>EFF1G1£NT. 


1 


1 


^1> ^\i ^8> ^8» ^»i ^f> ^\%* 


2 


2 


^5, ei,^5,^i. 


3 


3 


4>t» *i» «^tt ^%^ ^» ^» zi» X%^ ill ii» i»» ii- 





3 


^, ^7, 67. 


1 


4 A,, a^, -«//„ M, 


2 


1 


3 


>.Z7,a:i- 


4 


1 :Pi» pi» ♦?» ♦?• 


5 


2 It, tt„, v. 
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73. The symbolical values of the more important concomitants are as fol- 
low, the original qnantics being 

and capital letters 0,., <E>«, • , . . denoting the comcomitants which have the 
corresponding small letters 6^, ^«, . . . • with the same .suffixes for leading coeffi- 
cients : 



f0i= M^; 

{ 



I 



©8=— ©i + «A; 

0j=: — 0» + «,Cp6,«^; 
% = — eM + uJ>'^b,Uy; 

Q,=z-{bcu){^x)', 
©ii=-(*J'«)(/3/3'x); 
0i = — (6'c'«)G3yx); 

4> = — w^«^- (6J^m) ; 

-|- 0, = — dflWytt, (6ctt) ; 
-i- ^p^ = tt,cp/ttptty (66'«) — c^UpUyUp, {bVu) ; 
-|- *T = — «,c^Up/«^ (J6'«) + c!,Uf,u^Uf (jbVv) ; 
-g- 0T = — d'pfUyMt, (b'cfu) ; 

= — ^ 0^* — (i^M^Wy (i'c'tt) tt, ; 
-i- *, = «^;cA (|3'fe) - i:cX«r C3'&c) ; 
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4-*,= 



% 



U*<=- 



^ 0805 + 4«» {bcu){fihx) M,,; 
f 0^0^ + di«^(6'c'«)(iS'5'x)«.; 



-f Ts = - -f 0s'P, + 6X {hcx)(fiM »x; 
4- T; = - -f 0^*^ - Kuy (b'tfxXfi^'u) u, ; 



2 



1 



i- n, = — 4- 08«Pi + c^u^ {bb'u){fiyx) u^ ; 



s 



^x - — 

a -^f — — 



2 
1 



xi = - 



f 0^j — c,u^ (66'«) i^'yx) «« ; 
T 080i + civ (6J'«) (/^y'a') w« .* 



III. — The Quadro-Linear Qrcantic. 

74. This may be taken in the form 

(oxj -\- bai -\- ca^ + ^/x%Xa + 2flrjCj»i + 2Axia",) «i 
+ (a'a^ + ^£4 + c'aH- 2/'a¥r, + 2gf'aj^, + 27t'aia^) u, 
+ (a"a^ + 6"a| + cf'4 + 2/"x,x, + 2g"x^i + Wx^x^) «,, 

which is symbolically represented by aS,u.. The characteristic equations are 

*I have not worked out in any detail the forms for three lineo-linear quantics ; but it is interesting 
to see that the cubic determinant formed of the coefficients 



2 > '♦a 1 1/2 > "a » '♦a > va 

as the three '^strata '' (see Scott ^s '^ Determinants, '' Chap. VU), is a leading coefficient of a concomitant 
18 



«a 1 ^a 1 Qi 
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All the simultaneous solutiona can he expressed in terms of fifteen independent 
simultaneous solutions. 

75. It appears that, of the seventeen equations subsidiary to 2>i, six inte- 
grals are at once given by a, gr, c, a', gf', (/; as in previous cases, we have a 
choice of variables of reference in g or a'. 

The systems of integrals and the modified A-equations are formed as in the 
preceding cases, with the following results : 

Quantities, being solutions of Dx = l>ut ^ot of A = and occurring in the 
equations, are 

e, = a', e, = g', % = d 



QvL=f + d\ 6, = g, % 



= c J 



e, = (/, cla!, a") ^ <?., = (/. %, - h) 

^7 = (^. JT'K. «") [ . 4>7 = (Jt, (fig, - h) 
e» = {n, cfla', a") J 4>» = (^ , c'J^ , — h) 

^io=(p,/«,c'][a',«")* 
'4'io= (p. /«. c'K, a"l9, —K) 

m 

where the symbols ^, (i, p are defined by the equations 

^=i-{h'-9"), /« = -|-(2/'-c"). p=-|-(6'-2/'). 

Quantities, being solutions of both Dj = and A = and occurring in the equa- 
tions, are, in addition to ^i = a , given by 

y, = (6 , /, cK a")» 1 y, = i-h",X, fl-'K a")* 

^, = (6, /, cK a%, -h)\', ^,= (-F, A, (^K a%, -h) 

z»={h,/,cy,-hf J z, = {-h",X,g'lg,-h)* 



y,= {-V',p,(i,c>la',a"y ^ y, = ha'-\-ga"\, 

z, = (-5", p, ^, dig, -hy J a, = (6' + /', / + c"](<7 ,' - A) J 



nt = {-V',p,fi,cfla',a"ng,-h) y, = h' + g" 

^, = i-b",p,ii,c>la:,a!'lg,-h)* '' ' y. = (^ +/"./' + o"K «") 



And it is not difficult to see that, when 0, is the variable of reference, the 
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seventeen integrals of the equations subsidiary to Dj, being 

Vu y%f y$, yij y^ y^i yii %j %$ ^4» ^5> ^6> ^tj %i %j ^w? ^u» 

are independent of one another. 

76. The modified A-equations are 



^A = v 


esA=v' 


V» = 2A! 


^i—ikl 


v* = yi 


V^ = z» 


vi=yt 


v'? = — ys 


Vi>=.2? 


vy=2<7' 


vq—Vi 


V'2' = Z4 


Vr=3« 


VV = 3«' 


V«=2< 


V'«'=2<' 


v<=y8 


V<' = ^ 


v»=y« 


^ = 2. 


v*=^» " 


V'«' = ?, 


VX = ^4 


v';t' = ?4 


V<T= 2u 


V'<T'=2tt' 


V<a = >75 


V'"' = ^5 


V^ = ^5 


V't' = >76 



where 



*4 

'4'io 



=*e, =A/ft 



= ?«« 






x'0, 



'6 



> » 



and the first nine equations are the independent equations for each of the 
variables of reference. 
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77. Taking first the set of nine independent equations in 6% as the variables 
of reference, eight independent integrals (the necessary number) are given by 

5, =*» — »y, =/» —be, 

5,=2» -py, =2* +g'h", 

h^ = f -sy, = (p» + lib", pfi + V'd, fd — fila', a")», 

4,, = ryi _ zsty, + 2<» = [ ^jiTTI ZT^ ZTZl "Hn K. «")•- 



6"V 

+ 36V 
+ 2p» 


—b'y 
+ pV 


6V 
+ 2pV 

— p(l* 


+ 3p^c' 

— V 






ly*. 
^y« 






=-{gh—fh, gf — c%', a") , 
= (— gK' — Xh, g-K — Tibial, a") , 
= {-b", p,(i,dla',a")\g,-h), 
= {h'+/",/'-\-c!'jg,-h). 



Here 5, and 8^ are the discriminants of y, and ^4, regarded as binary quadratics 
in a' and a'' as variables ; h^ is the Hessian (with changed sign) of y^ similarly 
regarded as a binary cubic, and ^5 is its cubicovariant ; i^i, i^^, >75, z^ are the 
Jacobians of y^ with y%, y^^y^^ y^ respectively, similarly regarded as binary 
quantics. And if we take 

\ = W'd' + QW^^d — AW^i^ + 4pV — 3pV', 
being the discriminant of yg, regarded as a binary cubic, we have 

so that ^B IB a simultaneous solution and it may replace ^5 . 

We thus have the result : 

Every aimvManeous solution of the two characteristic equations can be expressed 
in terms of the fifteen independent simultaneoiLs solutions 

yif y%j y$j y^^ y^f y«, y?! ^n ^4) ^61 ^si ?2» ^4» m, ^c; 

aTid every concomitant of the quadro-linear quantic can be expressed in terms of the 
fifteen concomitants which have respectively these fifteen quantities for their leading 
coefficients. 

78. Taking next the set of nine independent equations in 0b ^^ the variable 
of reference, the corresponding eight integrals are 
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[^ = r'sl — Ss'tfz^ + 2t!\ replaced as before by] 
5b = = ?/' V + 6V'pii(/ — AW 11^ + Afd — Zf?(i\ 

li,= J!z,+g[y, = {-Wd + Xa!\:^^ + 1w!'lg,-h), 
l^, = Vz, + Vy, = {ha' +fa!^Jd + cd^.-h), 
^,= l% + 1ly, = (- W, p, II, dig, -h)\a!, a"), 

these quantities bearing similar relations to the quantities z, viewed as binary 
quantics in g and — A as variables. Hence we see : 

Every simtiUaneous soltUion of the two characteristic eqticUions can also be 
expressed in terms of the fifteen independent simultaneous solutions 

y\i 2»» yS) 2J4, «5, Z«, y-i, 5„ ^4. ^6» ^6. ^2» i?4) i?6 ) 3^6; 

and every concomitant of the qvadro-linear guantic can also he expressed in terms 
of the fifteen concomitants which have respectively these fifteen quantities for their 
leading coefficients. 

79 To obtain the order and the class 
of each of the concomitants, we may use 
either the method of developing opera- 
tors in §7 and 8 ; or we may obtain the 
symbolical forms, the umbral coefficient- 
combinations being given in the accom- 
panying table. For any one of them such 
as 25, we first change the quantities 
V'j pj (ij cf (its coefficients regarded as a binary form) into umbral combinations, 

so that 

25 = — fl^ojag — flf*A (ofa, — 2a,a8a8) 4- flrA» (20,030, — c^) — A'c^ 

= — (o^gr — a^Yia^g + a%h). 

Now we have also 

a^ — a^ = bifii {a^b^ — 036,) = bi^i (0,63) , 
asg + aih = diSi {a^ + o,^) = di^i {d^ — d^a^ , 





af 


al 


al 


««a. 


Osfli 


«!«« 


«1 


a 


b 


c 


/ 


g 


h 


«» 


a' 


y 


d 


V 


of 


y 


«» 


a'f 


yf 


cf' 


f 


of' 


y 



80 that 



25 = — hPi {(hh) Ciyi («f C3) ^^1 {da — djflL^) 



and therefore 

^6 = — b^c^d^UpUyU^ {abu){acu) dji^ + b^^uji^u^^u^ {ahu){acu) . 
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X = y7«l«l + 

r, = y,a^i4 + 

Yt = y««K + 
Zt = z^i4 + 

Zs = ajajK + 

-^i = z««it<! + 

Ai = 54a4ttl + 
H, = ^^ti + 

B4 ^^ ^i^'^l T 






The second term is seen to be resoluble, for d^u^ is a factor ; it is in fact equal 
to what is called TiZ^i and thus Z^ effectively determines a concomitant 
dJ}gC^ja,^u^Ui {abu){axiu) . 

The symbolical expressions are here given for all except ^, h!^ and ^5, which 
are long and complicated in their symbolical form. The order in x and the class 
in u are 8 and 4 , 4 and 6 , 4 and 6 respectively for these three ; and for the 
others are immediately evident from an inspection of their values : 

^\ = yi«i^ + 

^i = y^\^ + = — 57 + a^aj)lu^u^, 

= — 5^i + a:,Waa., 

= - r? - 2rirs + a^,h\fiu^u%, 

= — 2Y^Y^ + affiL^hl(idi{ahx)u,, 

= ^afimU^y^^Uy {ahu){acu) , 

= c^aJ)^cja^Uy {ahu) , 

= YiZ^ — dJb^c^gd^UfflbyU^ {ahu){acu) u„ , 

= aJ)^Up {abu) , 

= 2 ^«^^ {(ibu)\ 

= -f I? 1- aA {abu){afix) u^ , 

= a:f)A'^a^f^ {abu) , 

= — -J- ^T 5^3 + aJ>lc^Uy {acu){a^x) u^ , 



= -g- FgZe + b^c^d^u^Uy {abu)(acu){a^), 
_ 8 



80. The operators which serve for the full development of the concomitants 



in powers of the variables from the leading coefficients are : 



— b 
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80 far as powers of the x- variables are concerned ; and 

^ O pi O O Q o 

SO far as powers of the z^- variables are concerned. 

8 2. Other solutions of the modified A-equations can be obtained, different 
in form but of course not algebraically independent ; of these the most important 
are the set of three 

5,4= 2Jcq — iy^—pyi=:2f7i + c¥ — bg', 

S^^=ikt —sy^ — iy^ = {2fp — iib + V^c) a! + {2f(i — bcf — pc)a", 

ha=2qt —py,— sy,= {2Xp + Z/y + /^'O a' + (2Xf^ — ^p + c'A")^". 

which are respectively intermediaries between 5, and 5^, ^2 and ^5, 8^ and ^5; and 
the set of functions of Jacobian form similar to those in §69. 

83. The last statement is justified by the theorem: 

The Jacobian of any two simidtaneous solutions regarded as binary forms in d 
and a" is also a solution ; and similarly for the Jacobians of soltUions regarded as 
binary forms in g and — h. 

The proof for the two cases is very much the same ; taking it for the former, 
let U and V be two solutions of orders m and n respectively in a' and a", and 
let / be their Jacobian. Then 

mnjd-di^^^ a^-wa^^; 

Now on looking at the groups of subsidiary quantities and comparing them 
with the equations, it appears that (1) for every simultaneous solution U, the asso- 
ciated quantity g-y, satisfies A = ; hence, as a', U, 7, g-^ , g-77- all satisfy 
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jDx = , it follows that /satisfies that equation ; and (2) the modified A-equation is 

^/ 1 ^U\_jj 

so that v^= y^ ^— U. 7= 0, 

and therefore / satisfies A = . This proves the proposition for the former 
part ; the latter part is similarly proved. Examples occur in i^», ^4, ^5, >76- 

84. A set of dependent concomitants will thus be obtained having each as 
its leading coeflBcient a Jacobian in a' and a" or in g and — ^ of any two leading 
coefficients already obtained. 

The relations among the various solutions will be similar to those previously 
obtained ; only five examples will here be given, being those which connect the 
system of §77 with that of §78 immediately succeeding. They are 

y%^ = Q — Wz^ 

yA^A = ^i — Wzi 

Vii = fl^5 + -f ^^yl, 

where gr^, an intermediate between h^ and A^, being equal to 

is determined t^r the relation 

IV. — The Gvho-Lmear Qtumtic. 

85. This I take in the form 

Wi (aacj + Sha^Xt + Sga^x^ + SJa^arx +3ca^a;i + SfxiX^Xs + i^ +8/04x3 + Shxpi+ hi) 
+ Ut (a'xf +3^'a^cc,+3sf'ajx8+ SZ/a^Xi+Sc/alari -^e/x^x^Xs +i'4+ 3/;^cr8+3A/a:,a5+ 74) 
+ Ma!'4 + Sh^'^x^ + S/orJo^s + 36"a:|xi + 3c"4ci + efx^x^x^ 

+ i'^4 + 3/'aia^ + 3Fx^8 + V'^) 

instead of a form such that the coefficient of i^ is a imi-ternary cubic with coeffi- 
cients as in Cayley's Third Memoir ; the advantage being that all the analysis 
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of the quadro-linear quantic, as far as it goes, is valid Here without any change. 
The characteristic equations are 






3 3 ... 3 . 3 , 3 

,„«3,3,3 ,3 ,3 ,3 _3 



+ (2^'-/)^ + («"-*') 3F- + 2/-I-+C 



3/' 



37' 



+ (2/"- y)-!^, + (c"-/)^, + (/-^')^=0. 



and 



. 3 . . 3 



A = A = 3&^ + ^-9;^ + i^ + 3F-g^ + 2/'gp+i"-|^ + (3*'-7')^ 



3 .3 . , 3 . , 3 
„ 3 . ,„ 3 . „. 3 .. 3 



+ (2/-«^')^ + (»'-/0-|r + 2/^ + 6-|, + ;i 



3 . .,. ... ^ ^ ,„ ,„ 3 

3/' 



+ (2/'-c")^ + (6'-/')^ + (A'-/)^=0. 




86. In addition to the quantitiea formed with d as variable of reference 
which (§75) were for the quadro-linear quantic solutions of Dx = ^^^ ^o* o^ 
A= 0, viz. 0,. (where r=2,3,....,10) and the quantities which were for 
that same quantic solutions of Di = and of A =0 , viz. y, (where « = 1 , 2 , . . . , 7) , 
all of which occupy similar positions in the construction of the equations for the 
present case — ^there are the additional 0-quantities, solutions of 2>x = but not 
of A = , given by 




: hd + 7a'^ 

ija^ + 2&i'a'' + la!f\ 

:(y + A/')a'i+(A/ + 70«". 



ft.= 



'16 



''^18 = 



eci + 7a", 

noT + 26a'a" + 7a"*, 

aa'* + 37ta"a" + Sca'a"* + l!a'<\ 



where e = 4" (3A/ — 7') . « = x (2/ — 2Jfc") , ^ = 4" (*' — 3/) ; and there are the 



19 
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additional ^-quantities, solutions of 2>i = and of A = , given by 

yg = iaf' + SjW'a'' + SJca'a'f' + la"' -{ij,h, lid, d')\ 
y% = (— *", ^, n, «, yja', a")\ 

yio = ii' +f. f + Jcf\J^ + n<^'. a")\ 

And the modified A-equations additional to those in the first column (^A = v) 
of the table in §76 are 

V (Mr') = 30i8er^, 

v(0u^')= ye, 

V (^uerO = 4M^^ 

V (ei«er') = 30„or», 

V (Mr*) = 2MrS 

V (^i^er*) = 2^«,er\ 

v(^M^^)= yio- 

87. Without proceeding to the formation of the modified A-equations when 
g (= dg) is taken as the variable of reference, or to the formation of the depen- 
dent equations in all the subsidiary quantities which arise in the two cases of 6^ 
and of $5 respectively as variable of reference, these equations are sufficient to 
give the algebraically independent concomitants in terms of \^hich all others can 
be expressed; but the simplest set of independent solutions, though com- 
plete functionally, form a system much less complete in point of form and 
syzygetic irreducibility than in preceding cases. This, however, is not impor- 
tant firom our point of view, the purpose being the formation of an algebraically 
complete system. Such a system is given by : 

(i) The quantics in a! and a" as variables, viz. : 

two of order zero in a' and a", being y^, y^; 
two of order one in a! and a", being y^, y^J 
three of order two in d and a'', being y,, y^, y^o; 
two of order three in d and a", being yj , y^ ; 
one of order four in d and d\ being y, ; 
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(ii) the algebraically independent concomitants of each of these, taken 
singly, viz.: 

the discriminant of each of the three ^i , ^4 , y^o ; 

the Hessian and the cubicovariant (or the discriminant, replacing the cubi- 
covariant) of each of the two y^, y^] 

the Hessian, the quadrinvariant and the cubicovariant (or the cubinvariant, 
replacing the cubicovariant) of y^ ; 

(iii) the Jacobian of y^ with each of the seven y^, y%^yi, yio> ^5* ya » y» i^ turn. 

88. The total number in the system is thus 27, being less by three than the 
number of constants in the original quantic; this is the (§18) required number. 

The order and the class of each of the concomitants determined by a leading 
coefficient will be determined subsequently (§§106-112) for the general bitemary 
quantic 

V. — The Cuhch Cubic Qvuxntic. 

89. Without taking in separate detail the cases in order of simplicity after 
the la^t, viz. the lineo-quadratic, the lineo-cubic, quadro-quadratic and quadro- 
cubic, I pass on to the cubo-cubic, merely giving the equations on account of the 
mass of algebra. From the form in which the coefficients are taken for the 
present quantic, the equations apply to these omitted cases so far as in such 
omitted quantics the coefficients occur. 

The quantic is taken in the form 

wfCToo 
+ 3t^t4 UfQ + 6miII|W8 Uii + Suivi CTo, 

and the coefficients U in this quantic are 

+ Sbxioi + efxiXfpCs + cxii4 

the literal coefficients a, ^, ^, . . . . being supposed to have the same indicative 
suffix as the quantity Uin which they occur. 
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The characteristic equation D, = A = has the operator A given by 






^as-oi ^""a/. 



^ ^ 51 ^ ^ 



^ ^ ri O O 

-^ a^ - ^^» a*;; + i^-^9n) a^ -3i*i ^g;;;^ + ih^-S/n) ^ 

^ ^ o o o 

a ^ 

+ ^08 ST" + *« 



a^^o. ^ •« a/, 



o o pi Pi * Pi 

+ (2/«- %) ^^ - % a-; + (ho- /oi) ^ + (2i,o- A^i) ^^ + (3/<io- ?.i) -g^ 

7i ' 3 /) d r) 

+ (2/„-2ciO ^ - 2^ 5^ + (t»-2yu) ^ + (2;m-2Z^) g^ + {^K-%i) ^ 

+ (2/u- cbi)^- %a?;;- +(%-y(tt)^ +(2iu- ^)a^ + (3^- w^a^ 

+ (2A,-3c.0^-34i^ +(^-3y«)^ + (2i«-2^) ^ + (3A^-3W ^ 

+ (2/„-2cx.) ^ -2%^ + (^-2/1.) ^ + (2ya-2A^) ^ + (3Aii-2Q ^ 

^ o o pi p^ 

O PJ Pi Pi 

+ ^■^^ a^ + *» a^^ + ^•'"'« a7.-;« + ^^^ a^ 
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91. Proceeding in the usual maoner and forming the modified A-equations 
in solutions of the subsidiary equations of Z>i = 0, we first take aio for variable 
of reference. The notation for these solutions of the subsidiary equations will 
be maintained as in the last case, viz. a solution of Z>x = but not of A = 
will be denoted by 6, and one which is simultaneously a solution of Z>i = and 
i>= arising in the modification of the A-equations will be denoted by y. 

The quantities y which thus arise are : 

yi =«oo» 

ys = (^oo>/oo> &ooI«oii <ho)\ 
Via = (4o> ^f ,?oej *w)j[^i> ^lo) i 

Va = (fl^io, ^10 — 9(xif — ^i1[«oi» «io)'i 

2^5 = (cio, 2/m,— Coi, bio— 2/oi, — b^iXa^, aJo)^ 

yu = {lio , Skio — 7oi , 3/10 — 3/^1 , ho — ^joi > — %3C«oi i <ho)\ 
ye = (ajo, — 2au, Ocajaoi, alo)^ 

ys = (c», — 2cu + 2/20, Co3 — 4/11 + 6jw» 2/tt — 26u, iogjaoi, aio)*, 

yie=(2ao, — 27u + 3^, i(« — 6^^ + 3/30, S^^b— 6/11 + *», S^— 2iu, tosjooi, aw)', 

y„ = (««)> — 3aa, 3ai,, — OosJaoi. «lo)^ 

yi8 = (fl^Wf — ^9n + ^o> 3gri,— 3Aa> — fl^os + SAi^i — ^osX^'t)!! «io)*> 

y«, = (cjo, — 3cn + 2/«„ 3ci, — 6/ix + 6,0, — Co^ + 6^ — 36a, 

— 2/os + 36i2, — ftoaW* ^o)*i 
ya = (?8o, — 3Za + SA^jo, 3Zi8 — 9A^ + 3^, —l^+Qk^— 9J^ + 1,,, 

— 3k^ + 9/12 — 8ia, — S^jm + 3tu, — HbIooi, «io)*, 
y, = ^10 + fl^oii 

yio = (/lo + Coi, 610 +/oi][afli, aio)» 
yzt = (^0 + ^i» iio + ^i» *io +yoi][«oi» «io)'» 

yu = (^ + fl^uf — Ai — fl^(tt][«wi «m)» 

yu = (A) + ^ui ^ — C62, — 6u — fozffloii (hoYi 

ya = (Aio + ^, 2^20 + *u — 48. -- in + 2A;o8 + i», — /„ — iii\a^, Oioff 

yw = (Aw) + fl^aii — ^ — 9is!f ^w + fl^oeW, «lo)^ 

ya = (/50 + Ca, 630 —/a — 2ci3, — 26a — /m + ^os, ^12 +/o8X«oii ^lo)', 

yM = (*86+ ?a, 2/30— 2Zu, fw— 3ya— 3A^ + Zo8, — 2ia+ 2A\», *u + yoslooi » «io)*» 

yi8= &»+ 2/11 + C08, 

yj(, = (6,0 + 2/a + Cj,, — 6a — 2/i, — Cbsjooi, Ojo), 

y» = OVo + ^hi + ?w, *» + 2;u + hthou «io), 

y» = Ow + 2A^ + ^, iio +/« — *i8 — ^», — ia — 2/12 — *oiWi ^m)'. 

yi9 = iso + 3ya + 3A^ + ?»• 

The quantities 6 which arise in the formation of the modified A-^equations 
can be expressed in the following manner: Let any of the quantities y, which 



*. 
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are evidently binary quantics in Oqi, Ojo, be of degree r in those two variables ; 

and let the operator _1 d_ 

r dchu 
be denoted by S so that the highest power in the derivative has a numerical 
coe£Scient unity. Conformably with this definition we have 

1 a ,^ A 1 dPy 







e. 






e, 




^10 > 


018 




^16 t 


Ou 


^19, 


' V18, 


e» 



and so on. Then the quantities 6 are : 

^2 =«10 

Os = 8y^ 

du=5y6 

^J8 = ^t/l 

^20 = ^y 10 

djB, dzi=zSyii 

^28 = ^yi2 
69A. da, Bu — ^yu 

^88, ^27 = 5^16 

^81 = ^yi6 
©88 = 5yi7 

^38 = ^yi8 

©44, d43 = 5yM 

^49. ^48 = ^^81 

©SSt ^64=^2^28 

©57, ©68=5^23 

©80, 6593=5^,4 

d«4» d63 = %25 
^671 ^68 = ^^88 

^88 = 5y«i 

^89 = ^2^88 



r(r-l) aoJx' 



(the variable of reference), 







^801 


V28> 
d»l 




^85, 


^84. 


^831 
^887 






^421 


^411 




^471 


^481 


^461 


^fS. 


©88, 


^Of 


^68* 






^881 


^811 
^85* 



0«8 

6, 



40 



% 

^yi« 

^y» 
a'y« 

^y« 
^y» 
^y» 



i'yT. 
**y8 . ^*yt , 



^yu, 

^*yu, ^Vi6. 
5'yw. ^Vm. ^Vw. 

^'yiB,^*yw, 
5V». 5*y». 5V». 

^Vn. ^Va, ^'ya, 6'yn, 

*'yt8, 

%«. 8*yu, 
yy». 



a»y, 



^'m 0To = 5y« 

wherein the first member on the left-hand side is equal to the first on the right- 
hand side, the second to the second, and so on. 

92. These 70 quantities 6 and 29 quantities y make up the necessary number 
of 99 integrals of the equations subsidiary to i>j=0. The 99 integrals, as 
taken above, are independent of one another. 
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93. In order to express in a concise form the modified A-equations, such a 
relation as ^t^^ie — ^6iA% = 40„ 

will be represented by [d^ , 4] = 4^17 ; 

with this notation the modified A-equations are : 



[On 

[«« 

[018 

[01. 

[017 
[01S 

[0« 

[010 

[0« 
[0« 

[0« 



1]= y» 

21 = 2^5 



?]= 



• • • 



(V) 



.... (ii) 
I . . . (iu) 

3] = 3d, 
2] = 20,0 

1]= y. 

,^^ = ^'"}...(vi) 

1]= y» ^ 

3] = S^i* 

2] = 2e„ 

1]= 3^7 

4] = 4e„ ^ 

3] = 30„ 1 

2] = 2di, 
1]= ya 
1] = 



(vu) 



.(vui) 



2^10 



• • • • 



1]= yll> 

1] = yu (xii) 



[6„, 3] = 3du 

[6,,, 2] = 2d„ 

[0M . 1] = Vu 

[$„, 4] = 4e„'^ 

[0Mi 3] = 3^^ 

[6„, 2] = 2d«, 

[080. 1] = yu 

[081 » 6] = 56n 

[0a, 4J=40„ 

[088. 3] = 3d„ 

[0„, 2] = 2d„ 

[085. 1] = yu 

[08«. 3] = Sd„ 

[$„ , 2] = 2d„ 

[088. 1]= ynJ 

[08J , 4] = 4040 

[040 . 3] = 3041 

[041, 2] = 204, 

[04, , 1] = yi, 

[048 > 6] = 6044 

[044, 4] = 404, 

[048. 3] = 304, 

[04„ 2] = 204, 



. . (xiv) 



• • • 



(XV) 



. . . (xvi) 



(xvii) 



. . (xviii) 



. (xx) 



[048 
[04. 

[0» 

[051 
[05. 
[0.8 

[05* 
[055 

[058 
[0.T 
[0«, 

[05. 
[0«, 

[0« 

[0., 

[0« 
[0M 

[0.8 
[0.7 

[0«, 

[0.. 

[070 
[071 



. . .(xxi) 



. . (xxiii) 



6] = 604, 
5] = 50K, 
4] = 40„ 
3] = 30„ 
2] = 20„ 

1]= yn 

ij= ynf 

3] = 30„1 
2] = 20„ 

ij= yu 

4] = 40„l 
3] = 30,1 
2] = 20„ 

1]= yu' 

3] = 30« 
2] = 20« 

1]= yu 

f] = «"} . . (xxvi) 

1]= yuf 

1] = yn" (xxvii) 
1] = yu" (xxviii) 

1]= y»J 



. . (xxiv) 



(xxv) 



[047, 1]= yw 

Of these 69 equations 68 integrals are required, which, with the 29 simulta- 
neous ^-solutions already obtained, make up the (§18) 35 requisite number of 

/-^.4.5.4.6 — 3 = j97 independent solutions. 

94. Now regarding the indicated 25 groups of the complete system of equa- 
tions, we find first that each group furnishes a certain number of solutions inde- 
pendent of one another and derivable only from that group ; and the number of 
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solutions so furnished is less by unity than the number of equations contained in 
the group. In fact each group of itself determines the algebraically independent 
concomitants of the quantity y occurring in the group regarded as a binary 
quantic ; the aggregate of these independent concomitants, excluding the quan- 
tity y, will be called the binariant-system of that binary quantic y. Thus the 
binariant-system of 

is composed of ^^ {abf al''bl'\ 

-^{ab)\ac)a:'-^b2'^c:-\ 

^ {abYal''br\ 

\ {ab)\ac) al-^bl-'cl-'\ 

\ {ah)' al-'bl-\ 

and so on ; in terms of these all the invariants and covariants of u can be alge- 
braically expressed. 

We thus have a number of solutions for each of the binary quantics y, and 
derivable from them in the case when y is of degree in a^i higher than unity ; the 
number of additional solutions thus obtained is 

1 from each of the set ys , y^ , y^ , yiu 2^28, yaei 2/» = 7 , 



2 " ** 


<( 


" VtiVit vu, y»> 


Va, 


y» 


= 12, 


3 " " 


fi 


" Vi , Vk, Vm, Vu 






= 12, 


4 II fi 


II 


" yu,yia 






= 8, 


6 from 




Va. 






= 5, =44 in all. 



As we have now used the equations in a group among themselves, we may now 
take only a single equation out of each group ; it is most convenient for the 
purposes of integration to retain the last equation of the group. 

96. We thus have 25 equations left, which will furnish 24 independent 
integrals. 

The combination of any pair of equations leads to the Jacobian of the two 
quantities y occurring in those equations, regarded as binary quantics in Oqi, aioj 

we derive a solution 1 /« « v 

■J- iPiUz — %«) 

easily seen to be the Jacobian of y^ and y^ . Combining, then, equation (ii) in 
20 
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turn with each of the equations last in the other groups, we have the necessary 
number of 24 independent solutions ; and these are the 24 Jacobians of ^2 ^^^ 
each of the remaining quantities y which are not independent of Oqi and aiQ. 
Combining, then, all our solutions, we have 

(i) the 29 quantities y, 

(ii) the 44 derived through the binariant systems, 
(iii) the 24 Jacobians, 

making the total of 97, the required number. 

96. The process of derivation from the 99 independent solutions of Z)i = 
shows that the 97 simultaneous solutions are independent of one another; it 
follows from the theory that every simultaneous solution can be expressed in 
terms of them. 

The order and class will be left undetermined until §§106-112, when they 
will be given for the general quantic. 

97. If we take 6^=:gQo as the variable of reference instead of d2 = «io and 
proceed in the same way, we find a set of binary quantics which have — Aqq and 
+ gr^ for their variables instead of Oqi and ajo- The forms yi, y,, y^, yu, yw are 
unaltered ; the remainder have their coefficients the same, and their modification 
consists in the mentioned change of variables. 

The aggregate of independent simultaneous solutions is similarly consti- 
tuted ; we have in addition to the quantics their binariant systems, and the set 
of Jacobians taken of course with regard to the variables of the system of 
quantics. 

We shall denote the quantics in these variables by a, so that if y^=(«][ao*, ai^Y 
for any index 11 and degree ;i, then z^ will denote (*][ — A^^, g^y with the same 
coefficients as y^ . 

VI. — The Ternary Quantic of Order n and Class m. 

98. The complete system of algebraically independent concomitants consists 
of three classes, the arrangement being made conveniently with regard to their 
leading coefficients. 

The first class of leading coefficients consists of a number of binary quantics 
in Ooi and aiQ as variables ; (the results will be enunciated only for this system, 
but it may be borne in mind that there is an equivalent system in g^^^ and — h^^ 
as variables). 

The second class of leading coefficients is constituted by the several bina- 
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riant systems of each of the binary quantics in the first class taken singly ; that is 
to say, the system of algebraically independent concomitants of any such quantic, 
the quantic itself excluded. It is evident that any quantic of the first degree 
only in a^ and Oio, or one of zero degree in them (that is to say, independent of 
them) will supply no leading coefl5cients to this class. 

The third class of leading coefficients is constituted by the Jacobians of any 
one quantic which involves Oqi and aio with each of the others in turn which also 
involve these variables. 

It thus appears that, if the first class be completely given, then the second 
and third classes can be derived from them. 

99. Let y be any one of the leading coefficients of the first class, deter- 
mining a concomitant of the form 

yxfttj + • • • • 

A linear substitution is a^ = Xi, a^=^, a% = X2, which must leave the con- 
comitant unchanged (save possibly as to sign), and must therefore leave y simi- 
larly unchanged. The effect of this substitution is to interchange coefficients of 
the quantic symmetrically associated with x, and x^, v^ and t^; this interchange 
must therefore not afiect ^, a binary quantic in Oqi and Oiq. But a^i and Oio are 
interchanged by the substitution ; hence the sole effect on y (except a possible 
change of sign) is to reverse the order of the terms. 
Let a^A be the first term in y] the form of ^ is 

as follows from the differential equation D^ = A = to be satisfied by y . The 
last term in the series will be afo^.', where A! is the value of A when the above 
interchange is effected. 

It thus appears that a knowledge of the single term aJ^^A is sufficient to 
determine y. But now we proceed to show, what is indeed the ordinary infer- 
ence in the theory of binary quantics, that a knowledge of A alone is sufficient 
to determine y. 

For y is isobaric and therefore oJiA and afo-4.' are of the same weight. 
Denoting the quantic by a%v!^ and using the assignation of weights in §4, we have 

weight of -4. — weight of A 

^ weight of aio — weight of a^i ' 

But the umbral values of Oqi and a^) are aJaJT^^as and aiai'^a^ respectively, so 
that 
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weight of Ojo — weight of ctoi = weight of a, — weight of aj 

= 1, 
and therefore p = weight of -4 — weight of A\ 

Thus when A is known we can deduce j? and so find y; and for this purpose it is 
really suflScient to take any term in A , obtain the corresponding term in A by 
the interchange of coeflScients of the quantic symmetrical with regard to t^^ and 
^81 ^ and Og, and find the difierence of the weights which determines jp. For 
instance, in the case of the cubo-cubic we have in y^ as coefficient of the first 
term Ar^o + ^; taking k^ , which is the coefficient of x^y!^ (disregarding numerical 
coefficients), we change it into the coefficient of x^i4y i. e. into/os, so that 

p = weight of A^ — weight of y^j 
= weight of Ojojoi — weight of a5a,a| 

= weight of Oj — weight of a, + 3 (weight of 02 — weight of as) 
= 1 + 3.1 = 4, 

agreeing with the form there given. 

Hence it appears that the theory of binary quantics applies, so that if we 
Jenow the coefficient of the highest poiofsr of Oqi in y, and even nothing hut this coeffir 
dent, we can obtain the value of y by pure differentiation vnth the operator A . 

The determination of the quantics y therefore resolves itself into a deter- 
mination of the coefficients A of their first terms. 

100. In the general bi ternary quantic we write (s, t\^ ^ in place of a^. ,, *, p, ^, t 
(with the conditions n = r + s + t, m = p + a -{-r); so that {s, t)^^ ^ is the literal 
coefficient of alirjrs^tia^s and its umbral value is given by 

The operator A{=^D^) of §59 is in this notation 

the summation extending over all the values of s and t such that s + t 18 not 
greater than n, and all values of o and r such that (T + r is not greater than m. 

101. All tJie leading coefficients A of the binary quantics y, which are them- 
selves leading coefficients of concomitants^ are encluded in the formula 

(0, Or-X,X + ^(l, t- l)_x+l.A-l+^^^^^^2, <_ 2)_, + 2,,_3 + . . • • 
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/or tli£ values t^X, X+ 1, . . . . ,n, 

T = ^, A.+ 1, m 

for each single value o/ ?, ; and the values of X are 

^ = 0, 1,2 moT n 

acoorcUng as m is less or is greater titan n. /Sueft a quantity we shall represaU 
hyAt,^^^. 

Having now the coeflBcient of the first term in the quantic ^, it is necessary 
to determine the degree p of that quantic in Om. Taking any term of J(_,, j,, aay 
the first which is (0, Ot->.*> ^^ make the substitution which interchanges the 
terms in x% and xg, % and u,, before indicated; this interchange gives us 
((, 0)x.,_*, so that 

P = weight of (0, Ot-*.*— weight of («, 0)x.,_x 
= weight of <^~'ajar~'a5~*ai — weight of aJ~'(4(i"~'otaJ~* 
= t (weight of at — weight of a,) + (t — 2;i)(weight of Oj — weight of og) 
_( + T— 2;i. 
Hence the quantic, which may be denoted by yt_ ,, » , is 

y,...=(|l, A, i A', Jf A' , + /_.a, A'+'-^Ia...^' ""»)'"""" 

vnih the foregoing Kmitatums on the values of t, r,X; tlie quantities Oqi and ajg 
denoting (0, 0)o,i aneZ (0, 0)i,o- 

For instance, in the case of the cubo-cubic the several quantics 
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Vi 
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y. 
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v> 
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y* 
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i/i. 
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S 





fflo 
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»,. 


8 


8 


8 



are ^ven in the accompanying table. The reason that there is no entry here for 
/, r, X = 0, 1, is that the corresponding coefficient of the first term is (0, 0)oi 
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which is one of the variables of the quantic. And this omission is general for 
the special group of values. 

102. Let iV' be the total number of quantics in the above system for the 

n^m^^'j then, adding imity on account of the single omission just referred to, we 

have 

N+ 1 = (m + l)(n + 1) for the value X= 

+ mn '* " a=l 

+ {m — l){n—l) '' " a=2 

+ 

z=i{m+ l){n+ 1) + mn + {m— l){n— 1) + , 

the series containing either n+ 1 or m+ 1 terms, whichever is the smaller 
integer. 

We thus have all the leading coefficients of the first class^ and the nimiber of 
them. 

103. The leading coefficients of the second class are constituted by the members 
of the binariant systems of those of the first class considered as isolated binary 
quantics. The number of members in the binariant system of a binary quantic 
of degree ^ is p — 1 , provided p be not less than 2 ; but if p be zero or unity, 
there is no binariant system. Hence only those quantics of the previous class 
for which < + t > 2^ + 2 will furnish members of the second class of coeflScients ; 
and, if y^, ^, x be one such, the number it furnishes is t + r — 2X — 1. Thus the 
total number of coefficients of this class is N' z=:X{t + r— 2X — 1) with the lim- 
itations t + r>2X+2, 

t> X<n, 
r> X<m. 

104. The leading coefficients of the third class are constituted by the Jacobian 
of any one of the first class involving a^i and a^ (say yi^ o, o) with each of the 
others of the first class involving those quantities ; and it is with regard to (% 
and aio that the Jacobians must be taken. Now, of the N quantics in the first 
class there are either n + 1 or m + 1 (whichever be the smaller integer) which 
do not involve aoi and aiQ— they are in fact given by t=zrz=zX — and therefore 
the number of quantics, other than yi,o, o> which do involve those quantities is 

iV^' = iVr— 1— (^ + ^, 

lm+ 1 

taking in the last term the smaller of the two integers. Each such quantic 
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combined with ^i,©,© furnishes a Jacobian, and therefore the number of leading 
coefiScients of the third class is N^^. 

Hence the total number of leading coefficients of all classes is 

N+N^ + N"] 

and each of these leading coefl5cients determines one of the system of algebrai- 
cally independent concomitants of the bitemary quantic, in terms of which any 
concomitant can be expressed. 

105. As regards the equivalent system obtained by taking gr^ as the variable 
of reference, exactly similar results are obtained. There is a set of iV-quantics 
in — Aoo and g^^ as variables and of the same degrees, so that we have 



«^ 



,,= (|l, A,-ipA^ . . . . , t + r-27,l ^'''''^\^^^-^l-^-^ g.y''^'^. 



We have IP further coefficients of concomitants obtained by taking the various 
binariant systems of these 25-quantics ; and the third class of N" Jacobians of any 
one of them, say Zi,o,o» with all the others, the variables being in the present 

case — Aoo> 9w* 

106. Having now obtained the leading coefficients, it is necessary to deter- 
mine tJie order and the class of each of the concomitants so determined ; for this 
purpose the symbolical method will be adopted. 

We first change A^^ ^^ ^ ii^to its symbolical form, which is easily found to be 

The effect of the operator A on il^^^.;^ is to chaDge {s, <)^, ^, that is, 
ai"*"'aj5ajar""'"^aja; into 

t{s+ 1,<— l).,r — <y(«,0<r-l,r + l, 

that is, into 

so that in the symbolical form the effect of the operator A is 

a a 

and similarly for repetitions of the operator. Now when this symbolical A-form 
operates on (ojOj + a^^) the result is zero, so that this quantity behaves like a 
constant for A; hence we have 
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yt.r,K = al'~^aT"'{a^ + a^asf[^^l, ^» ^' 1 ^s^^oj-^^jaoi, aw) ] 

after substitution and reduction. And in this expression all the symbols except 
Oqi and Oio are umbral. 

107. We can at once derive from this form of y<,r,A the order and the class 
to be associated with it, completing the elements of the concomitant. For every 
factor of the form Ojo, — a^ — that is, a. — a^ai — there are a single power of x 
and a single power of u occurring. For every factor of the form o^aio + OjOoi — 
that is, 6f/?"*"^ (a,/?, + Og/^s) = ^i^T"^ («^ — «i/?i) there are a power n + 1 of x 
and a power m of w occurring. For every factor of the form a^a^i — Ogaio — 
that is, Ciyi"^ (a»ys) — there are a power n + 1 of a and a power m — 1 of u 
occurring. Hence the order in the o-variables is 

n — t + Ji + {t — X){n + 1) + (n + 1)(t— ^) = n(< + t — 2;i) + n— ;i + r; 

and the class in the ti-variables is 
m — T + a + (< — X)m + (w— 1)(t — X) = m{t + r—2?i) + m — 2r+2X. 

But by means of concomitants occurring earlier in the sequence, it is possible 
(as in §79) to take a linear combination of y<,T,A and powers and products of 
those earlier concomitants such that the symbolical form of the concomitant 
determined by the linear combination is divisible by a power of u^ equal to 
Jl + (< — X), i. e. by wj.; and thus y^.r, a determines a concomitant which may be 
called congruent with 

Retaining, however, the simpler form of leading coeflBcient, the concomitant 
thence determined is 

^, ^nU + T-«A + l) + r-A,-m«+r-»A+l)-»TH-»A I 

y <, T, A«*i *«i -r . . . . , 

and thus the order and the class of each concomitant of the first class of leading 
coefficients are determined. 

108. Passing now to the second class of leading coefficients, constituted by 
the binariant systems of those in the first class, we know that they can be 
arranged in two sets which are respectively of the second and the third degrees 
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in the coefficients of the binary quantic ooeflScients, but which have not yet been 
given in any form either really or umbrally connected with the coefficients of 
biternary quantic. For this purpose let 

where jp=< — X, giziT — ^, -4.= tJ^-'ar^^Coia, + a8a8)\ a^ = o^io + ajaoi , 
Q^ = OjOoi — OsOio. Then the transvectants may be represented in the forms 

for those of the second degree in the coefficients of y, and in the forms 

for those of the third degree in the coefficients of y . 

109. Consider first the former class, those of the second degree in the coeffi- 
cients of y . We have 

yf+^ = ila?ef, y^+^ = 56r4>f; 

so that 

y^+Q-^(yj/y'y^^p+^-^=^Aa^-'''dl'%ay^y{6y'Yy^^^ 

the numerator on the right-hand side extending to all values of p and a such 
that p +* (T z= & . Also 

the summation on the right-hand side being for values , 1 ,...., p of r and 
values , 1 , . . • . , (T of f4 . Hence 

the summation extended to all values , 1 , . . . . , p of v ; to all values 
0, 1 , . . . . , (t of f4 , and to all values of p and a such that p + (t = &. 

When the various terms in this summation are completed into forms which 
contain the variables, so as to give the concomitant having {s)^^ ^^ j, for its leading 
coefficient, it appears that they are of varying order in x and of varying class in 
u. But, as will be seen immediately, the difference between the order and the 
class is the same for all the terms ; and therefore, on the multiplication of each 
21 



'— p 
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term by a power of ti, proper to the term, all the terms are made to be of the 
same order throughout and the same class throughout. And evidently this 
order and this class are the order and the class of the particular term, or aggre- 
gate of terms, in the summation, and they give when completed the highest order 
and the highest class of all the terms. 

Considering, then, the term occurring imder the sign of summation as the 
typical term, we have as in §107 

the order in a^variables 

= 2(n — 4- 2a from AB 

+ Cp — p)(^ + 1) ^rom af 

+ (q — (y){n + 1) from 0f 

+ {p — V — ii){n + 1) from 6f 
+ p —V from {a^y^'' for (a^) = a^^ + a^ = «♦ — «i4>i 

+ II from {ObY 

+ (y — (i from (ft^)'-** 

+ {q—p—a+v+ii){n+l) from <^|-p-'+''+'' 
= 2{n — t + X)+ 2{n+ l){p + q — p — a) + p + a — v; 

while from the same typical term the order in t^-variables 

= 2{m — r)+ 2X from AB 

+ (jP — p) ^ ^^^°^ ^f "'* 

+ iq — <^)(^ — 1) from 0|-' 

+ {p — ,v — (i) m from fcp-"-" 

+ {q — p — a + v+ ii){m — 1) from <^pp-<'+»'+'^ 
+ V from (aby 

+ ip — v) from (a^y'" 

+ (i from {dby 

= 2 (m — T + X) + 2m{p + q — p — a) — 2q+ 2{a +p) — v. 

The difference of these two is at once seen to depend only upon n, m; t^ r,2,'j 
and p + a {=i2s) and is therefore the same for all terms. 

The greatest value of each is given by the terms for which i' = 0, so that 
the order of the concomitant is 

2{n — t + X) + 2{n+ l){p + q—2s) + 2s, 
and its class is 
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2 (m — r + X) + 2m (jp + 2 — &) — 2} + 4«; 

and the power of u„ , which must be associated with the foregoing typical term 
in its completed form, is v!!g . These are the order and the class of the concomitant 
having as Us leading coefficient {s\ ,, x i the transvectant of the second degree and 

fi"^rankofy<,^,x- 

110. But, as in §§73 and 79, the preceding concomitant can, by the addition 

of suitable combinations of concomitants occurring earlier in the series, be 
reduced so as to leave only that single term which involves the highest power 
of Uj, in the whole sum of terms which is the expression of the concomitant ; 
and the concomitant can therefore be considered as congruent to the function 
given by that single term when the power of u^ has been removed from it. 

Now the highest power of u^, occurring in the completed form of the typical 
term is 

X from J., for J. gives when completed a*"^wr""'^(«aW« — o«^a)^ 
+ X froni 5, similarly 
+ jp — p from af ""** 
+ ^ _ y _ ^ from 6f -•'-'* 
+ p — V from (a^^"" 
+ iL from {%Y 
= 2p+2^—2v, 

and the term or set of terms for which this is greatest are the terms given by 
r = 0, so that the power of u^ to be removed is tA*^+*\ 

And the function to which the preceding concomitant is thus reduced is the 
sum of quantities 

for all values of p and a such that p + (t= 2^, the symbol 11 impl3ning the product 
of t quantities similar to those which immediately follow that symbol. 

111, Similarly proceeding with the concomitant, whose leading coeflScient 
0<,T,x is of the third degree in the coeflBcients of y<,r,x> we find that the order 
of the concomitant is 

3 (n — < + X) + (w + 1 )(3p + 3 J — 4« — 2) + 25 + 1 , 
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and that the class is 

3{m — r + X) + m{Sp+ 3q — 48 — 2) — 3q + As + 2. 

All the elements of the concomitants, determined by the second class of 
leading coeflBcients, have now been obtained. 

112. Lastly, for the third class of coeflBcients constituted by the Jacobians, 
we take the Jacobians of j/i^ o, o ^^^^ ^^ the other quantics. The Jacobian of 
yuo.0 ^^^ yt,r^k ^^^ ^® taken, with the preceding notation, in the form 

^ Jf- W {par'^ {ah) + saf 61" » {6b)U 

from which it appears that the order in x is 

(jp+6+l)(n+l)-2 — <+X, 

and that the class in u is 

(j> + q + l)m + 2 — r — q + X. 

This completes the determination of the elements of all the concomitants in 
the algebraically independent system of the biternary n^m^. 

113. As a special case of the foregoing, serving to render the results obtained 
more precise, I add the elements of the system of the quadro-qiuidraiic^ repre- 
sented by 

+ («wai + 2/iwXiX, +' 2gQfCiXs + b^gfli + 2/^x^X2 + Cf^l) mJ- 

The quantities y^ are the same as those denoted by the same symbols in §91 ; the 
values oft,r,X are those to be associated with y^ from the preceding general 
investigation ; ^^ is the Hessian of ^^ , so that « = 1 and ^^ is its cubicovarifuit, 
for which also « = 1 ; ^ is the quadrin variant of y^ for which « =: 2 ; and j\^ ^ is 
the Jacobian of y^ and y^. The values of m and of jp are the orders in x- variables 
and the classes in t^-variables of the concomitants determined by the leading 
coeflBcients; and the necessary 33 concomitants (§§18 and 35) of the system for 
the quadro-quadr^tic have their elements as given in the following table : 
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Tn terms of these concomitants every concomitant of the quadrato-quadratic 
can be expressed ; the simplest cases of all appear to be 

(Fi+ Yi-\- Yi3)-^t4 = lin8ar invariant aj, * 
(F, + r,)-^«, = linear concomitant a,a,u,. 
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The following short abstract of the contents of the paper may prove useful 
for reference : 

iNTBODUCmON AND BiBIJOORAPHY ; 8EB ALSO NOTB TO {60. 

Part I. 1-8 — ^The differential equatdons of temariantB. 
4 — Assignation of weights. 
5-12 — Expansion of concomitants in powers of variables, and determination of leading coeffi- 
cients, of order m and of class p. 
18 — Equations satisfied by leading coefficients of different kinds of ternariants. 
14 — Determination of order and class from symbolized form of a leading coefficient, and deter- 
mination of m — p by inspection of its weight. 
15-18— All the concomitants of a quantic can be algebraicaUy expressed in terms of a finite 
number of independent concomitants. 
16 — Notation for the quantics, and values of the literal operators which occur in the differ 

ential equations. 
17— Leading coefficients are simultaneous concomitants of a system of binary quantics. 

Part II. 10-21— Algebraically complete system of concomitants of a quadmtic 
22-82— " " " " " " cubic. 

88 — Symbolical representation of concomitants. 

84 — Modification of the complete system of the cubic. 

85 — Method of obtaining from the differential equations the number ({18) of conooipitants 
necessary to form the complete system of the ntlc. 
86-42 — Algebraically complete system of a quariic. 
48-45— " " " " a ternary ntio. 

46-52— " " " " two quadratica. 

5a-68— " •' " " three quadratica. 

Part in. 59— The literal operators for bipartite quantics. 

60-64— System of a bipartite li$ieO'linear quantic. 
65-78— ^' of two Ivneo^inear quantics. 
74.84 — *^ of quadro4inear quantic. 
85-88 — ^^ of leading coefficients for cubo-linear quantic. 
89-97— " " " " •' cu5o-cu5iC quantic. 

98-105— " " " " " biternary n<>m*c . 

106-112— Determination of the order and the class of the concomitants of the nom^ given by 
the leading coefficients. 
118— Special case of the quadro-^madraiic. 



ERRATA. 



P. 4, 1. 4, for concomitants read quantics. 
P. 12, 1. 18, for also db is read aUo is db . 
P. 81, 1. 11, for Ui read Uo- 

P. 82, 1. 10, for — read ♦, . 



On Some Applications of Circular Coordinates. 



By F. Franklin. 



The interesting geometrical questions treated by Humbert in a recent 
number of this J6urnal (Vol. X, p. 258) may be investigated with advantage by 
the use of " circular coordinates." The theorems relating to the orientation of 
systems of lines given in the article just cited, and the more general theorems of 
the same nature due to Laguerre and Humbert (see Humbert, Sur le th6orfeme 
d'Abel et quelques-unes de ses applications g6om6triques, Liouville, 1887, III, 
327), present themselves at once ; some of them may be stated in a way which 
suggests more readily certain interesting cases of the theorems ; and there natu- 
rally arise also some slight additions to the theorems. 

A second application of circular coordinates is made in this paper. Namely, 
it is obvious that when x , y are understood to be circular coordinates, the differ- 
ential equation 

dx dy 

(x - a,)%x — (hY' (x — a J^- ~ {y — hY\y — h,y* .... (y — KY^ 

defines a curve in which the angle made by the tangent with a fixed line is a 
linear combination of the angles made with that line by the rays drawn from its 
point of contact to a set of fixed points. Thus the discovery of any curve 
defined in this way is reduced to a question of quadrature ; and on the other 
hand the integration of the differential equation is accomplished if the curves 
possesding this property are known. It is obvious, further, that the equation 

e *• 7 ^:;n w t ^ = 6** '^ 



(x - a^y^x - a,)'« .... (X - a J^- ~ M^ - ^lYiv - hY' • • • • (^ - KY"" 

defines an oblique trajectory of the foregoing curves. I* give a number of illus- 
trations of this geometrical interpretation of such equations, treating in conclu- 
sion the curve defined by the equation 

sin xe2x = sin y c2y, 
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which, when sin x is represented as an infinite product, falls under the above 
head. In connection with this case, I discuss the values of certain series which 
happen to be suggested by it, and which seemed, though not specially pertaining 
to the subject, to be of sufficient interest to warrant their consideration here. 

I. — Introductory. 

If X, F denote rectangular coordinates, the name of "circular coordinates" 

has been given to the quantities X + iT, X — iF, which we shall denote by 

x,y. Thu3 

x — X-\'iY=re'\ y — X—iY—rir'\ (1) 

where r, ^ are the ordinary polar coordinates of the point (X, F); and hence 

7 = ^"- (2) 

If 3 denote the angle made with F= by the line joining the points 1 and 2, 
we have g»«_^— ^ .g. 

and, in particular, if ^ be the angle made with F = by the tangent to a curve 
at the point (sb, y), ,u _ dx ,.. 

We shall use the name inclination (or inclination with respect to the axis 
F= 0) for the angle ^; and when more than one line is concerned, the quantity 
2^* will be spoken of as the inclination of the system of lines. The function 6^** or 
6^*^ may be called the clinant (or inclination-function) of the line or system of 
lines. Thus the clinant of a system of lines is the product of the clinants of the 
separate lines. 

It should be observed that if two sets of n lines each have equal clinants 
with respect to any axis, they have equal clinants with respect to any axis. To 
say that two systems of n lines each have equal clinants is the same as to say 
that they have the same orientation, or that the sum of the angles which the 
lines of one system make with an arbitrary axis is equal to the like sum for the 
other system. But relations between clinants other than that of equality — ^and 



* It is understood throughout that 2^ is determined only to modulus n- . When two inclinations 
differ by a multiple of tt , they are regarded as equal. 
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even this relation when the systems do not consist of equal numbers of lines — 
depend upon the axis of reference. 

If the coordinates of a line be defined as the quantities u and v which occur 
in the equation «x + t«^+l = 0, (5) 

it is plain that the inclination of the line is given by the equation 

6»'*=- — . (6) 

u 

9 

The clinant of the system of lines joining the origin to the points (a:i, yi), 

yiy% — Vn' 

and the clinant of the system of lines UiX + v^y +1 =0, , w^x+v^+l = is 

^«d _ /_\fi t?it?g > . . « t?m /g\ 

^ ^ t^tijj . . . . t*^ ' ^ ' 

A third variable will often be introduced for the sake of homogeneity ; it 

will then be understood that — , -^ must be used for the quantities above 

25 ' 2 



denoted by a; and y ; and — and — for the quantities denoted by u and v. The 
points (1, 0, 0), (0, 1, 0) are, of course, the circular points /, J. 



II. — ^Thb Theorems of Lagubrrb and Humbert. 
The clinant of the asymptotes of the curve 

A = a^ + a^Tf-^y -h + a„_iay*-^ + a,^* + g-Aj = . 

18, by (7), ( — )* — ^ . In order, then, that the asymptotes of another curve 

B= 6oa5" + 6ix"-V + .... + Jn-i^y"-' + Ky^ + zA = 
have the same orientation, it is necessary and sufiScient that 

But this is also the necessary and sufficient condition that in the pencil 

aA -\- ^B — O, 
22 
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there be a curve in whose equation the group of terms free of z contains a^ as a 
factor ; i. e. a curve which passes through both the circular points. Hence the 
theorem : 

In order that two curves of the n'* order have the same asymptotic orientation, it 
is necessary and sufficient that in the pencil determined by them there he included a 
circular curve. 

If we consider the more general system 

a^ + /?jB + yC + + XZ = 0, 

where 

C^^c^x"" + .... + <^n]r + 2;<7i, . • . . , i = ZoX^ + • . . . + 7^** + ^Ai 

and a, ^, . . . . >l are arbitrary parameters, the necessary and suflScient condition 

that the asymptotic orientation of the curves of this family be constant is obviously 

i 



— — 7 — • • • .• — n 

But this is also the necessary and suflBcient condition that any curve of the family 
which passes through / pass also through J. Hence the theorem :* 

Given a family of curves of the n^^ order whose equation involves any number of 
variable parameters ; in order tliat the orientation of tlie asymptotes be the same far 
all these curves, it is necessary and sufficient tJiat every curve of tlie family which 
passes through one of tJw circular points pass also through the other. 

To find the clinant of the system of lines joining the origin to the intersec- 
tions of two curves, we eliminate z between the two equations ; the required 
clinant is the ratio of the coefficient of the highest power of y to the coefficient of 
the highest power of x in the resulting equation. Now these coefficients are 
unaffected by the terms containing xy in the equations of the given ciu^ves ; 
hence the theorem: 

In determining the orientation of the system of lines joining the origin to the inter- 
sections of a curve F^ with any other curve, F^ may be replaced by F^ + xyF^^^ t -'^-i 
being an arbitrary function of x, y, z of the degree n — 2. This may be other- 
wise stated as follows : 

77*6 orientation of the system of lines joining a given point to the intersections 
of a curve F^ with any other curve, is iinaltered if F^ be replaced by any curve of 



* Given by Iluiubert, this Journal, X, 260. Humbert, however, takes a , /^, .... X rational functions 
of one parameter ; it is evident that this restriction would not interfere with the above proof. 
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tJie n^ order through the intersections of F^^ with the circular rays of ; and, in par- 
ticular, if F^ be replaced by any system of n lines joining ea/^h of the n intersections 
of Fn yyith 01 to one of the intersections of F^ with OJ. If the curve is real, there 
is one and only one such system of n lines that is real. 

The following special cases may be noticed : 

1**. If is a focus, and if (with Humbert) we designate as a directnx the 
line joining the points of contact of 01 and OJ with the curve, the directrix 
counts twice among the system of n lines. In the case of a conic, therefore, the 
directrix counting twice entirely replaces the conic ; whence the theorem that 
the inclination of the system of lines joining the focus of a conic to the intersec- 
tions of the conic with any curve is twice the inclination of the system of lines 
joining the focus to the intersections of the directrix with the curve. If the 
cutting curve is a straight line, this becomes a familiar theorem ; if the cutting 
curve is another conic having for a focus, we see that the inclination of the 
system of lines joining to the four intersections of the conies is four times the 
inclination of the line joining to the intersection of the directrices. 

2**. If is on the curve, the tangent at is one of the n replacing lines ; if 
is a Jc-p\e point on the curve, the k tangents at constitute k of the n 
replacing lines. 

3**. If the curve passes I times through the circular points, the line at infinity 
counts I times among the n lines. 

It is obvious from 2** and 3"* that if we take as axis a line with respect to 
which the inclination of the tangents at is 0,* the inclination of the lines 
joining to the intersections of the curve F^ with any other curve G is equal to 
the inclination of the asymptotes of C counted I times, plus the inclination of 
the lines joining to the intersection of C with a certain system of n — k — I 
lines. In particular, if Aj + Z=n, the inclination of the system 0{F^, C) is 
simply I times that of the asymptotes of C. The following particular instances 
of this last case may be mentioned : 

a). The sum of the angles made with a tangent to a circle by the lines 
joining its point of contact to the intersections of the circle with any curve is 
equal to the sum of the angles made with the tangent by the asymptotes of the 
curve. 

* y&. the tangent itself if O is an ordinary point, a bisector of the angle between the tangents if O 
is a double point, etc. 



166 Franklin: On Some Applicatums of Circular Coordinates. 

m 

b). Given a { £Sar"quartic ^^*^ * ^°"^^^ P°^^* ^' ^^^ ^^ ^^^""^ *^^ 
angle between the tangents at 0. Then the sum of the angles nmde with OX 

by the lines joining to the intersections of the -j . . with any curve O is 

equal to j . . ^^^u^ of the angles made with OX by the asymptotes of the 

curve G. Thus, for example, the orientation of the lines joining the double 
point of a lemniscate to the four intersections of the lemniscate with any trans- 
versal depends only on the direction of the transversal ; the sum of the angles 
made by the four lines with an axis of the lemniscate being twice the angle 
made with the axis by the transversal. 

If we make no reference to any particular axis, the theorem of which the 
foregoing cases are illustrations has the form : If be a 7f-ple point on a curve 
Fn which passes n — k times through the circular points, the orientation of the 
system of lines joining to the intersections of F^ with any curve 67, depends 
only on the orientation of the asymptotes of G. 

To find the clinant of the system of common tangents of two curves given 
in tangential coordinates, we should eliminate w between the equations of the 
curves ; the clinant is the ratio of the coeflBcient of the highest power of u to 
that of the highest power of v in the resulting equation. But these coeflScients 
are unaffected by the terms containing uv in the equations of the curves ; hence, 
in determining the orientation of the system of tangents common to a cu/n>e F^ and 
any oilier curve, F^ may be replojced by F^ + wt?i^_|, F^J.^ being an arbitrary 
function of w, v, lo of the degree n — 2. 

On the other hand, to find a set of foci of a curve F^ not touching the 
line at infinity, we have to intersect each of the n lines given by the pair of 
equations t^ = , i^„ = , 

with one of the n lines given by the pair of equations 

t;=0, i^,, = 0; 

whence it is plain that if two curves have the same foci, their equations differ 
only in the terms involving uv] we have, therefore, this theorem of Laguerre's : 
The orientation of the system of common tangents of two cvnrves depends only on 
the position of the foci, and is therefore the same as that of the system of lines 
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joining a set of foci of the one to a set of foci of the other. Obviously, this 
theorem may be regarded as dualietic to that of page 164 (end). 

When one (or both) of the curves touches the line at infinity, this theorem 
requires some modification. If a curve touch the line at infinity at g points 
u = Oit?, • . • . t^ = agVf which do riot iriclude lor J, its equation is of the form 

{u — aio) . . . . (w — agv) vf^"^ + terms of lower degree in to = ; 

and it is plain that the equation of any other curve having the same finite foci 
and the same contacts with the line at infinity will differ from this equation only 
in terms involving uv. Now, if we take any second curve 4>,»/, touching the line 
at infinity at g' points,* the clinant of the system of nn! — gg' common tangents 
of Ff^ and 4>,»/ oth^er than the line at infinity will be obtained as before through the 
elimination of w between the two equations, and will be unaffected by the terms 
containing uv in these equations. Hence the orientation of the system of common 
tangents of tuoo curves^ exclusive of the line at infinity^ is wfiaffected by replacing each 
curve by any other curve Juimng the same finite fod and the same contacts with the 
line at infinity] and, in particular, is the same as that of the system of lines 
(other than the line at infinity) joining the finite foci and the contacts with the 
line at infinity of the one curve with the finite foci and the contacts with the line 
at infinity of the other curve. For example, the three common tangents of two 
parabolas have the same orientation as the axes of the parabolas and the line 
joining their foci ; and the four common tangents of a parabola and a circle have 
the same orientation as the axis of the parabola counted twice and the line join- 
ing the centre of the circle with the focus of the parabola, counted twice. 

If, among the g contacts with the line at infinity the circular points are 
included, Laguerre's theorem requires further modification ; we shall consider, 
however, only the extreme case of curves whose foci are all at infinity; the 
general equation of such curves is evidently 

uvwFn-^ {u, V, w) + au"" +.... + Ji?** = 0. 

Now the result of eliminating w between a given equation of this form and the 
equation of any curve of the class r not touching the line at infijiity is evidently 

a"i/'*''+ + 6V= 0, 

* These points I suppose to be different from the g points of contact belonging to ^; if any of the 
latter coincide with any of the former set, complications are introduced which it does not seem worth 
while to discuss. 
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so that the clinant of the system of common tangents^ which is a^jV^ depends only on 
the value of r, and is otherwise independent of the nature of the other curve. 
That is, 

Given a curve F all of whose foci are at infinity^ the orientation of the system 
of tangents common to it and any cunrve C not touching the line ai infinity depends 
only on the claes of Cf so that the orientation of the system of tangents to F 
through a point is independent of the position of the point, and the orientation 
of the system of tangents common to F and any curve of the r*^ class not touch- 
ing the line at infinity is the same as that of the system of tangets to F through 
r arbitrary points. 



It is worth while to examine more explicitly the case of the tangents drawn 
from a point to a curve. 

If the equation of a curve in tangential coordinates is 

au"" + 6i?" + cuf + ,,.. = 0, 

the system of tangents through the origin is given by 

w=0, au*+ . . . • +61?**= 0, 

* and the clinant of this system of lines is ajh. 

Observing that a change of origin is effected by replacing to by to + at* + /?t; , 
we see at once that in order that the clinant of the system of tangents drawn to 
the curve from any point be constant, it is necessary and sufficient that the terms 
in w all contain the product uv ; in other words, that the foci of the curve be all 
at infinity. This is a proof of Humbert's theorem independent of the proof 
given above. 

The systems of tangents through / and J are given by the equations 

t;= 0, au''+ . . . . + cufz=. 0; t* = 0, ftv** + . . . . + cw''=' 0; 

* See Humbert, this Journal, X, 268. Humbert gives only the case where the second curve is a 
point ; the more general theorem is, however, an obvious corollary from Humbert's. It should be 
added that Humbert makes an oversight in saying that curves which have all their foci at infinity touch 
the line at infinity n — 1 times and pass through I and J\ it is only necessary that they touch the line at 
infinity at /and J^ and that the line at infinity count as n tangents from I (and likewise from J). Thus 
the line at infinity need not be more than a double tangent ; and the curve may therefore have n — 2 
tangents parallel to a given line ; while if the line at infinity were an (n — l)-fold tangent, the curve 
could have but one tangent parallel to a given line. 



Fbanexin: On Some Applications of Circular Coordinates. 169 

so that if xi, X,, . . . . a„ be the a's and yi, y*, • • . ■ y» the y's of the foci, we have 



c • 



XiX% . . . . x„ o 

i. e. the clinant of the system of lines joining the origin to a group of foci is a/6, 
which is the same as that of the system of tangents from the origin ; hence the 
system of tangents drawn from any point to a curve and the system of lines 
joining that point to a group of foci, have the same orientation : a particular 
case of Laguerre's theorem (page 166, end). 

Denoting the lengths of the focal radii of the origin — i. e. the lines joining 
the origin to a set of foci — by ri, r,, . . . . r„, we have, since rj = Xj^j,, 

(rir, r^f=xix^ aj^.^i^s ^n = -^ • 

If, then, two curves have the coeflBcients a , 6 in the same ratio, the orienta- 
tion of the system of lines joining the origin to a group of foci is the same for 
the two curves; and if they have the coeflScients a^b, c in the same ratio, the 
product of the focal radii of the origin is also the same for both curves. But the 
equality of the ratio of a to & for two curves is evidently the condition that in 
the tangential pencil determined by them there be one which has the origin for 
a focus ; and the equality of the ratios of a , J , c for two curves is the condition 
that in the tangential pencil determined by them there be one which touches the 
line at infinity and has the origin for a focus. Hence we have the theorem : 

If, from a given focus of a curve belonging to a tangential pencil, lines be drawn 
to the fod* of any cvn-ve of the pencil, the orientation of this system of lines is con- 
stant; and if the cwrve to which the given focus belongs touches the line at infinity, 
the product of the lengths of the lines drawn from it is also constant. For example, 
in a system of conies touching four lines, the bisector of the angle formed by the 
lines joining a focus of a given conic of the system to the two foci of any other 
conic of the system is a fixed line ; and if the given conic is the parabola that 
belongs to the system, the product of the distances from its focus to the two foci 
of any other conic of the system is also constant. 



*I. e., any complete set of foci, for iustance the real foci. 
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And it is evident, conversely, that 

I/a point be such that the systems of lines joining it to the foci of two ctj/rves 
have the same orientation, is a focus of a curve belonging to the tangential pencil 
determined by the two curves ; and if the product of the lengths of the lines be also 
the same for the two systems^ the curve of which is a focus touches the line at 
infinity. 

The property contained in the first clause of this and the preceding theorem 
was given by Humbert (this Journal, X, 262); he points out that it defines by a 
simple geometrical character the locus of the foci of a tangential pencil. 

The equation of this locus is very easily obtained. In fact, the foci of the 
curve F{u,v,w)=^0 are evidently given by the equations -^(2,0, — »), 
F{z, 0, — y) = 0. Hence any focus of a curve belonging to the pencil 

F{u, ^?, w) + X4>(w, v,w) = 
satisfies the equations 

F{z, 0, — x) + ^^{z, 0, — a:) = 0, F{0, 2, -y) + ^<>(0, 2, -y) = 0; 

hence the locus of the foci is 

i^(2, 0, — a:)*(0,2, — y)-i^(0,2, — y)<>(z,.0, — a) = 0. 

It is evident that this equation of the {2ny'^ degree contains the factor z, 
and that after striking out this factor, every term is of at least the {n — l)*^ 
degree in x and z and of at least the {n — l)**^ degree in y and z. 

The tangents to this locus at the circular points are given by the aggregate 
of terms of lowest degree in (cc, z) and (y, z) respectively, that is, by the equa- 
tions 

z 

i-]i^(0,2, -y)cD(0, 0,-1) — cD(0, 2,-^)2^ (0,0, -1)1=0. 



- \F{z, 0, - a)<I>(0, 0, - 1) — <I>(2, 0, —x)F{0, 0, — 1)[ = 0, 



The intersections of these two pencils of lines are the singular foci of the locus ; 
and these intersections obviously satisfy the equation 

i^(2, 0,— a;)cl>(0,2, —y)—F{0,z, — y)*(2, 0, — ar) = 0, 

that is, they lie on the curve itself. Hence 

The locus of the foci of the curves belonging to the tangential pencil determined 
by tivo curves of the n** class is (apart from the line at infinity) a curve of the 
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(271 — 1)'* order which has the circular points for {n — l)-jP?<6 points and which 
passes through its own singular fod* 

If the curves F and O both touch the line at infinity, or if one of them touch 
it more than once, the locus degenerates. For example^ if the curves F and ^ 
each have the line at infinity as a simple tangent, 

F{z,0,—x), F{0,z,—y), ^{z,0,—x), *(0, 2, - y) 

each contain z once as a factor ; and the locus 

F{z, 0, —x)^{0, z, —y) — F{0, 2, —y)^{z, 0, —x) = 

includes the line at infinity counted twice, and a cmrve of the (2/i — 2)^ order 
which has the circular points for {n — lYpU points. Thus the locus of the foci of 
the parabolas which touch three given lines is a circle, and the locus of the foci 
of the curves of the third class which touch the line at infinity and seven other 
given Unes is a bicircular quartic. 



Given a number of points (aJif 2/1), . . . . (««, y»), let the point defined by the 
equations 

X n \x^ x^ x^J y n \yi y^ ' ^ yj 

be called the harmonic centre of the system of points 1, 2, . . . . n with respect 
to the origin. It is plain that if the points are real (so that x< and y^ are conju- 
gate imaginaries), the harmonic centre G may be constructed by laying off on 
Ol, 02, . . . . Cfet, distances equal to the reciprocals of 01, 02, .... 0», and 
taking for OG the reciprocal of the rt^ part of the resultant of the system of 
forces represented by Ol, 02, .... On. 

The direction of the harmonic centre depends only on the ratio of y — 
to / — ; its distance only on the product of y — by j — . 

The harmonic centre (x , y) of a set of foci of the curve 

aw* + a^'^^w + ..•• + 6t?* + h^^^w +.... = , 

- -■" ' - - - . - ^ - ■■ ■■ ■ - - - I • r I I - -J - L 

* Humbert (1. o., p. 877) gives this theorem for the particular case of a tangential pencil of oonics ; 
he deduces it from a construction of the locus by points, which shows the locus to be a circular cubic 
on which J and J'are corresponding points. 

23 
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is given by 

X Lm^ Xi a ' y jLm^ y^ 6 ' 

and for any curve of the tangential pencil determined by the above curve and 
the curve 

the harmonic centre of the foci is given by 

n Oi 4- ^tti n hi + ^^i 

whence, eliminating % , the locus of the harmonic centres of foci for the curves 
of the pencil is 

(ai^i — Oifti) xy — n {a^^ — ajb) x — n (afii — abi) y + n^ (a^ — aft) = , 

a circle. Hence the theorem (given by Humbert without demonstration, 1. c, 
p. 281): 

The harmonic centre^ loitli respect to a point of the plane f of the real./od of each 
of the curves of a tangential pencil^ describes a circle. 

Concerning this locus of harmonic centres, the following points are obvious : 

1**. The locus passes through the origin if a:6 = a:^; i. e. if the origin is a 
focus of a curve of the pencil. 

2^. The locus becomes a straight line if Oitii = oit^i; i. e. if for one of the 
curves the harmonic centre is at an infinite distance from the origin. 

3^ The harmonic centre is a fixed point for all the curves of the pencil if 
a : Oj : 6 : 6i = a : tti : ^ : ^1 ; i. e. if the origin is a double or multiple focus of some 
curve of the pencil. Finally, observing that the equation of the locus of the 
foci of the curves of the pencil (see p. 170) is, apart from the line at infinity, 

(a^—ab)^''^— \{ai^ — aib)x + {a^i—ab^y\ 2»*-*+ = 0, 

we see that when a : 6 = a : ^ this curve not only passes through the origin but 
it has at the origin the same tangent as the circle of harmonic centres ; whence 
this theorem of Humbert's (1. c, p. 276) : 

Let F be the locus of tlie foci of the curves of class n belonging to a given tan- 
gential pencil : the harmonic centre of the n real fed of any one of these curves with 
respect to a point arbitrarily chosen upon F remains on a circle touching the cu/rve F 
at this point. 
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III. — On the Differential Equation 

dx dy 

{x-a,y^{x-a,y^. . . . {x-a^y^- {y -hy^{y -h,y^ . . . . {y -\y^' 

Oenerai Remarks and Miscellaneous Examples. 
The differential equation 

4)(a:)-^(y)' ^'^ 

where 

q^{x) = {x-a^y^{x-a;y^. . .(x-aO^-, '4^{y) = {y—b,y^{y — h,y\ ..{y-b,y», 

admits of a simple and interesting geometrical interpretation ifx,y are regarded 
as circular coordinates. Namely, writing the equation 

dx ^ (x) 

dy~4{y)' 

we see that it defines a curve having the property 

^r=2A + 2A+ 2A1 (2) 

^j, being the angle made with the axis of X by the tangent at any point P, and 
^fc the angle made with the axis of X by the line joining P to the point (a*, 64). 
Obviously, the curves belonging to the equation 

have the property (3^^^ denoting the inclination of the normal) 

and are the orthogonal trajectories of the former set of curves ; and, more gene- 
rally, the oblique trajectories of the curves* 

dx dy 

the angle of intersection being a , are given by 

The curves defined by the last equation have the property 

^r = a + 21^1 + ?A + + qn^n- (6) 
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When the ^'s are all integers, positive or negative, ^ and a|/ are rational and 
the equation is integrable ; hence we can always obtain the equation of a curve 
defined by the property that the angle made by its tangent with' a fi^ced line is a 
sum of integer multiples of the angles made with that line by the rays from the 
point of contact to n fixed points, which we may call direction-centres. If the 
q% besides being integers, are such that 

?i + ?8 +•••• + 2« = 1 » 

the equation giving the inclination of the tangent will not be affected by changing 
the directions of the axes of reference ; and the property of the tangent of the 
curve given by equation (1) may be stated thus: the system of lines consisting of 
the tangent and the rays from its point of contact to the direction-centres corre- 
sponding to negative exponents, has the same orientation as the system of rays 
from the point of contact to the direction-centres corresponding to positive expo- 
nents; each direction-centre being counted a number of times equal to the 
absolute value of the corresponding exponent. 
Let us consider some examples. 

1°. — = 0. This equation defines a curve in which the tangent 

X y 

coincides with the radius vector. Its solution is yzizcx or F= (7X, a straight 

line through the origin. 

dsc du 

V. 1 — = ; orthogonal trajectory of preceding ; normal coincides 

X y 

tmth radius vector. Solution : a:y = c or X^ -f- F* = (7, a circle with its centre 

at the origin. 

ctdx udii 

^'*- 3 i "-^ fl — ^ ^^ ^ » bisector of angle formed by tangent and radius 

vector coincides with bisector of angle formed by rays to the two points X= i a , F= . 
Solution : a* — 0^=: c{y^ — a*) , or X^ — F* — a*= CXY, an equilateral hyper- 
bola passing through the two points and having its centre at the origin. 

ocdotj iidu 

4^ -| J + / "^ , = ; orthogonal trajectory of preceding ; bisector of 

X ~~~* a 'ij """"■ a 

angle formed by normal and radios vector coincides with bisector of angle formed by 

rays to the two points -Z" = i a, F= 0. Solution : (»* — ^*)(y* — ^^) = c» or 

{X^ + Y^y — 2a» (Z* — F») = C, a Cassinian with the two points for foci. 
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6*». i^ ^ — ^ ^ z= 0; orienfci^on o/ tangent and (n — 1) times radius 

a" — a" 2/** — a* ' ^ -^ \ / 

vector is equal to orientation of rays to a system ofn points {beginning noith the point 
Xziza, F=: 0) uniformly distributed on a circle whose centre is the origin. Solu- 
tion : a* — a*=zc{^ — a*) ; or, in polar coordinate, r* cos ri^ — a** = (7r* sin n^ . 

&". -^ ^ + ^ ^ = 0; orthogonal trajectory of preceding; orientation 

•C """" a y ~~~ a 

of normal and {n — 1) times radius vector is equal to orierUatiofi of rays to the system 
ofn points defined in 5**. Solution : {^ — a'*)(y* — dP^'=.c\ or, in polar coordi- 
nates, r*** — 2a'*r* cos nS' = (7. The curves r* = 2a'* cos nS*, r* cos n^ = a*, are 
particular solutions of 6° and 5** respectively ; when n = 2, these are a lemniscate 
and an equilateral hyperbola with its vertices at the foci of the lemniscate. 

Of course, whenever ji + ^2 +•••• + ffn = 1 » whether the j's be integers 
or not, the property of the tangent is independent of the direction of reference ; 

8. g.j the equation 

doc . dy _Q 



— -I, ^ 

s/a + 26a; + ex* ^ Va + 26y + cy* 



gives a curve whose normal bisects the angle between the rays drawn to two 
fixed points ; and^ more generally, the equation 

P%n{x) being a polynomial of the (2/i)*^ degree in a, ^ves a curve such that the 
sum of the angles made with any line by the normal and by the radius vector 
counted {n — 1) times is half the sum of the angles made with that line by the 
rays to 2n fixed points. 

If the sum of the j's is not equal to 1 , the equation connecting the inclina- 
tion of the tangent with the inclinations of the rays to the direction-centres will 
be modified if the direction of reference is altered ; the modification consists, 
however, merely in adding a constant to the value of ^y. 

In the examples that follow, when the word inclination is used, it is under- 
stood to have reference to the axis of X. 

7^ -n^i jrqFi ^^ ^ ' inclination of tangent = (n + 1) times inclination of 

radius vector. Solution : x""" — y" == c, or r^ z=. G"^ sin n3. 
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8^ -j^^ri + n+i = ;* inclination of normal = n + 1 times incUnaiion of 

radius vector. Solution : r* = (7* cos n^ . Of course, in 7*" and 8^ n need not 
be an integer. 

a 

We may remark that a particular solution of 8"" coincides with a particular 
solution of 6^ viz. the solution r* = 2a" cos n^ ; in this curve, then, we have, if 
n is a positive integer, 

^;,z=(n+ l)3o and ^;,+ (n — l)^o = ^ + ^» + + ^», . 

whence also 2n^o = ^i + ^» +•••• + ^n 5 

so that, for instance, in the lemniscate the sum of the angles made by the focal 
radii with the axis is 4 times the angle made by the radius vector with the axis. 
We may here notice a point concerning the Cassinian generally. The 
equation being written 

(Z»+ F»)»— 2a»(X»— r)z=6* — a^ 

the two foci, 1 and 2, by means of which the curve is usually defined, are on the 
axis of X at the distance a on either side of the origin ; and it is evident on 
inspection of the equation written in the form 

a?y^ — a^{a^ + f)s? + (a* — b^)z^= 

that tTiese two foci are at the same time the two singular focif and two of the 
ordinary foci, the remaining two ordinary foci, 3 and 4, being on the axis of Y at 
the distance Vi* — d^/a on either side of the origin if 6 >► a, and on the axis of 
X at the distance Va* — 6*/a on either side of the origin if 6 <[ a ; of course, if 
& = a, i. e. if the Cassinian is a lemniscate, 3 and 4 coincide with the origin. 
Now by a known property belonging to bicircular quartics in general, 

2^jf = ^1 + ^8 + ^3 H" ^4 1 

and by example 6** 

^ff + ^0 = ^1 + ^«* 

Hence ^^—^o = ^3 + ^4i 

and 2^0 = ^1 + ^8 — ^8 — ^4- 

* This is, of course, the orthogonal trajectory of the preceding ; but it is also plain that the curves 

IT 

corresponding to this equation are simply those corresponding to 7^ turned through an angle -zr- • 

Ion 

1 1* e., foci obtained by intersecting tangents cU I and J, It is because /and J are inflexions that 
these foci play the double part in the Cassinian. 
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In the particular case of the lemniscate, 3, = ^4 = ^g , and this equation 
becomes 4^o = ^1 + ^ii as otherwise found above. 



It r^ — B^'^{x), and if F-^{X—%Y) may be taken the conjugate of 

F-'^{X+i7), then writing 

F-^{X-{-iT)=zu + iv, 
the solution of -<« <^ ■ *. ^y a 

may be written u cos a + t; sin a = (7. 

If, further, we write 

F{u + iv) = F^{u,v)+ xF^ (w, v) , 

the curve is given in rectangular coordinates by the equations 

X^F^{u,v), Y:=F,{u,v), 

the parameters being connected by the relation 

w cos a + t? sin a = (7. 

The next two examples may serve as illustrations of the foregoing. 

dor no* 

^**" ^"** /lA rJ "^ ^** /7JI a = ; normal maJcea an angle a with bisector 
of rays to points X= ± A;, F= 0. Here we may take 

F{U'\-iv)z=zk cos {u -\-iv)=zk (cos u cosh v — i sin u sinh v) ; 

hence the curves are given by 

Xzzi Jc cos u cosh t?, F= — A; sin tt sinh v, 

u cos a + 1; sin a = C . 

If a=0, uz=z Oj if a = -2 , vz=: G; in these cases the equation of the curves 
is evidently 



{ 



{k cos C)» ~ {k sin (7)« — ^ ' (& cosh Cy ^ {k sinh Cy 

either of which represents a system of confocal ellipses and hyperbolas ; either 
equation is converted into the other by the substitution of iC for C. 
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It is easy to eliminate u and v in the general case ; viz. we have 
2 ^ — = 2 (cos^ u cosh^ V + sin* u sinh* v) = cos 2t^ + cosh 2t;, 

IP'S y2 

2 p = 2 (cos® u cosh* t? — sin* u sinh* v) = 1 + cos 2u cosh 2t? , 

so that cos 2u, cosh 2t; are the roots of the equation 

Ai*;i* — 2(x* + r*);i + 2(X* — ro — A* = 0. 

The equation of the curve is therefore 

cos a cos""^ Xi + sin a cosh"^ ^ = C, 
^1 and %z heing the roots of the preceding equation ; or, more explicitly, 



ece a cos- ^'+ ^-'^i^+ Y'Y-^{X'-Tr)+tf 

+ dn . cosh- J+ ^' + ^/(-^c'+ rT-2^(-r'- n + *-^ o. 

When a = or -^ , one value of 31 is constant, and the equation of the curves 

may be obtained by putting 31 z=: c in the quadratic equation for ^; when we get 

**c*— 2(X*+ r*)c+2(^*— 7*) — ** = 0, 
2X*(c — 1) + 2F*(c + 1) = A* (c* — 1), 
or X* F* _ 

a system of conies with their foci at X= ± A;, F= 0. 

10^ e""** -^ p -|-. e** ^ ^ ,o = ; normai makes an angle a with line whose 

inclination = inclinatkni of the pai/r of rays to tlie points X=i ± hy T=z 0. Here 
we may take 

^ ^ \ I / QQ^Yi u COS v + ^ smh t^ sm t; 

, sinh u cosh t6 -(- i sin v cos t; 

cosh* u cos* «; + sinh* u mfv 

T sinh 2t^ -}- i sin 2t; 

~ cosh 2u, + cos 2t; * 
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But the former reduces to an algebraic curve in the particular case when the two 
common-points of the circles coincide, while the latter does not do so when the 
two foci coincide. To get the limiting form of the first equation when A; = 0, 
we may write it 

1 ^ , , 2kX . 1 , , 2*F ^, 



which, when & = , becomes 

2X cos a 2 y sin a 



= G', 



or C'{X'-\-Y')=2{Xco3a—Ysina), 

a system of circles touching the line X cos a — F sin a = at the origin. 
The second equation may be written, if we put, for brevity, 

X'+Y' = p, X'—Y*-q, 



cos a COS~^^- ^ j^ 



+ sin a (cosh-^ ^ + ^^-^^'g + ^ -cosh-i ^) = ; 



when k is infinitesimal, this may be written 

cos a cos""^ — + sin a Tcosh""^ -^ — cosh"^ -p-J = 0, 



cos 



a cos-^^ +sina cosh-^(-^.-^ _ V^|^_ i>/^_ i) = 0. 



which gives, in the limit, 

cos a cos"^ — + sin a cosh"^ ( -^ + i^— ) = . 

p \ 2c 2/> / 

Now cosh-^('-g~ + -^') = log-^ = log "^'+ ^ =:log-!i=:2log^; and 

\ 2c 2p / °c c °c ^ d 

cos~^-^=cos~^ .jp^i =g- = cos" ^ (cos 2^) = 2^ ; hence the above equation 

becomes (in polar coordinates) 
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a system of similar logarithmic spirals. Of course, the trajectories for the case 
when the two direction-centres coincide are in both instances obvious otherwise. 

11^ If a curve be defined by the property that the inclination of the tan- 
gent is equal to half the inclination of the system of rays drawn from its point 
of contact to four arbitrary fixed points, its difierential equation is 

dx dt/ 

V{x — ai){x — ojj) (a; — as)(x — a^) ~ V{y — by){y~^h2){y — \){y — b^j ' 

the four points being (ai, bi) . . . . (04, 64). 

Denoting the function inverse to the integral of the first member by ^ , and 
the function inverse to the integral of the second member by a//, the solution of 
this equation is 

If the four points are real, fti . . . . 64 are the conjugates of aj . . . . a^ respec- 
tively; and consequently if we write 4)""^(X-f iF) = t^ + iw2, we may put 
t^r^ {X -^iY)z=zUi — iu^^ so that the foregoing equation becomes 

t/2 = c. 
Writing, then, 



{ 



the curve is given in rectangular coordinates \y the equations 

r = 4).,(wi, c). 

The solution of the problem thus depends solely on the separation of ^ {ui + ia^ 
into its real and pure imaginary components : ^ being the function inverse to 

the general elliptic integral of the first kind, / da/\/jB(a), where R{x) is a 

quartic whose coefficients are in general complex. 

It would have been no more difficult to consider the oblique trajectories of 
these curves ; but in point of fact these furnish nothing new, since by rotation of 
the axes of reference they are reducible to the case just considered.* 



*This is not the same as to say that with a given set of four points and a given axis of reference^ the 
oblique trajectories are of the same nature as the original curves : which is not true. But with a proper 
choice of the axis of reference, any proposed case of the oblique trajectory is reduced to another case of 
the original class of curves. 



182 Franklin : On Some Application of Circular Coordinates. 

Nor would it be more difficult to consider the case when the four arbitrary 
points are not real. The proposed curves would in this case be given by 

1^ — t?i + t(t^— t?2) = 0, 
1^1 and 1^2 being of course defined by the equation 

4/ K + iV2) = ^l {Vu V2) + i'4^2 (^1, ^t)' 

If the points (aj, 61) ... . (^4, 64) are concyclic and are such that an "axis" 
of the four points is parallel to the axis of X, it is known* that the required 
curve is a bicircular quartic of which the four points are a set of ordinary foci. 
Hence in this case the problem of solving the differential equation may be 
reduced to that of finding the equation of a system of confocal bicircular quartics 
whose foci are any four concyclic points. It is evident that the condition that 
the four given points be concyclic is equivalent to the requirement that the 
quartic in x be linearly transformable into the quartic in y; so that the case to 
which this geometrical method of solving the differential equation is applicable 
is that in which the two quartics are homographic and satisfy a certain addi- 
tional condition. It is obvious, moreover, that all the conditions of the case are 
expressed by the equations 

K — q 2)( g3 — aj) _ («i — ^ 3 )^ — ^^ 4) _ ( ai — a4){(h — ^a) _ , 
(bi - Ws - h) - (61 - h){b, - 64) - "(6, - b,){b2 -h)- ' 

viz. the equation of these fractions to 1 expresses that the inclination of the pair 
of lines 12, 34 is 0, and likewise for the pairs 13, 24 and 14, 23; and it follows 
incidentally that the four points are concyclic. This follows either by a well- 
known theorem of geometry, or from the fact that the equality of any two of the 
fractions shows the quartics to be homographic and the points consequently to 
be concyclic. 

On the Equation sin xdx =^ sin y dy . 

It is somewhat interesting to consider a case in which f{x) is a convergent 
infinite product , as e. g. in the equation 

sin xdx=z sin y dy. 



*See ^' Note on the Double Periodicity of the Elliptic Functions,'' this Journal, XI, 285. 
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This equation defines a curve in which the angle made by the tangent with the 
axis of X is the negative of the sum of the angles made with the axis of X by 
the rays drawn to the points (on that axis) 

X= 0, zfc 7t, it 27t, di 37t, . . . . ; 
or, as we may write it, 

— Sy = o/q 4" ^1 H" ^—1 "h ^a "h ^—2 4" ^8 H" ^—8 -!-•••• 
The curves thus defined have for their equation 

cos X — cos y=zc, i, e. sin Xsinh Yz=: C. 

If we compare the value of the inclination of the tangent as derived from this 
last equation with that which arises from the definition of the curve, we obtain 
an interesting identity, viz. we get in these ways respectively 

^ 4. -idY X -1 cos X sinh T i. ~i tanh T 

^-rz=:tan i_— = _tan.^-^ — = ^--== — tan ^- =^, 

dX sm X cosh Y tan X 

— 32.=tan-^ -:^ -f tan-^ -= ^. tan-^ 

4- tan""^ -= k tan~^ -^ k . . . . 

— lan -^ -\- lan -^g ya ^ + lan j^s _ yi / 271)* "^ * ' ' * ' 

whence the identity 

. _itanhr_. _i F , , _, 2XY 
tan »^^^=:tan >-^ + tan '^ ^^ 



tan X X ^ X« — r» — 71* 

2XY 

or 

tanhr=tanXtan|tan-i _ + tan-^ ^^^_1____^ + tan" ^ X'—Y^—(27if +* ' '}• 

*From the nature of the case (viz. because the equation ci^r/dj^ =: sin j^/sin a; determines a definite 

direction of the tangent, and because sin y/ain z is truly the limit of -*^ . *^ . ^^ — . - — ~ . *^ '. . . . , 

X X — TT x-y-TT X — 27r x-^2^ 

the factors being taken in this order) the series to the right converges to a definite limit, modulo ir ; and 
it is plainly best to take each pair of terms, ^, + t^-n as near as possible ; then lim (i^»+^-n) = , 
obviously. 

t It is needless to say that this identity is easily obtained without the intervention of geometry ; but 
it is naturally suggested by the construction of the tangent to the curve wo are considering. 
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In particular, when Xz=iY, we have 

tan ^-- — ^=:— -— tan ^ —^ tan"-^ v^ . „ — ^^^ nr^ — "'V^^^^) (B) 

tanX 4 7t {2ny {3ny ^ t \ J 

and when X=i 



2 ' 



^ being an undetermined integer. If we take each of the inverse tangents at its 
least positive value (i. e. between and -o- ^)> ^^ ^s easy to see that Jl = 0; for 

the series on the left is less than -H-(-r2'H"i^ + ~^ + ''*0»^*®' ^^^ ^^^ To » 

which is itself less than — + n . 

4 

In like manner, if we put X=z—-7t, we obtain 

3^ 3^ 3^ n 

tan-' 27i« + *^^"' 272^ + *^^"' 27^ + ••••= ^ + ^^; 

and (with the same understanding concerning tan"') Jl = 1 ; for the series on the 
left is greater than the one above considered, but less than 

tan~' -— p 4- tan"' -— -.^ + 3 -^ tan"^ -— ^ + tan"^ — — ^ + tan""' - — ^ + . . . . L 
which is itself less than 

Likewise 

irS ej kS _ 

2,1*^ 2.2*^ 2.3"^ 4 ^ 

and -^ = 2 because the series on the left is less than 

tan ^2:^. + tan '^, + t^n ^g-g^ + tan ^^ 

+ 5 {tan-^^, + tan-^^, + tan-^^,+ . . . .}, 

^2^2^2^2^ 4' 4^ 
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This suggests that when X= (2& -f 1) — , the value of X is A;, giving the formula 

tan iL_^n^ + tan ^ ^ ^^3 ^ + tan 2?3» +'•••" T"^^' 

jfe being any positive integer, and tan~^ being always taken between and — - . 
But it is evident that the above method will not furnish this result; when 
2k -\- 1>7, the superior limit arrived at by it will exceed— -\-Jc7t. But the 
formula would be proved if we could show that 

n Tl 7^ fi 

tan~* -^nr + tan~* —-n + tan~' —-, ^ + tan~^ —-, ^r, 

2r« ^ 2/* ^ 2 (n + rf ^ 2 (n + r'f 

n? T^ 

+ tfi-^"^ -T^rr^ ^ + tan""^ —-r- rr^ + .... = 7t, 

^ 2(2n + rf^ 2(2/1 + 7^)^^ 

where n = 2A; + 1 and r '\'¥ z=.n. This last formula may be more compactly 
written +• 

y^tan"^ ^, ^' ,, = 7t. 

In point of fact it is easy to prove the more general formula 

+ 00 



.00 



^ 

2 (m + /jy 






a and /3 being any real quantities. There is evidently no loss of generality in 
supposing, in the demonstration, that a is positive, and that /? is positive and less 
than a. We have seen above that 



writing, in this, cz? for Z and ^i- for F, it becomes 

a a 

tanh X 
tan-i ^ " . = tan-» ^ ^,^ 

a 

00 



+ V^ J tan-^ -.p^ — nr- + tan-^ „ . , gr— I- (mod n) . 
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Likewise 

7 



tanh 



a X — ' ^ 



''°"'tan^ + ^^^''°"'^ + ^^ 



a 

00 



-f y^ itan-^ -^ — ^ — ^r— + tan-^ ^ , r ^ , o\ \ i^^ ^)- 
^ Z-/ ( X—{ya — ^)n^ jr+(ra + p)7tP 

Hence, by addition, 

F Y 

tanh tanh — 

a a 

+ B {^^"' X - ( J+ (i)n -^ ^"' X+ ( J+ /3) n 

Y F ) 

and it is plain that this may be written 

F F 

tanh tanh — 

tan^=J^ tan^+^ 

a a 

^—00 

Putting, in this identity, Xz=z Fz=a-^, the first member is 0(mod7t) because 



+" 



> " tan-^ -, ". >, ^g = (mod n) . 
^j' 2(va + ^)» ^ ^ 



Finally, to determine the value of the series exactly (each term being taken 
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between and -«- ) we have only to observe that the sum from v = l tor = -|- oo 

OD 

can not exceed V'tan'"^ —j , which has been proved to be equal to — 7t; that 

1 

00 

the sum from V = — 2toy= — ooislessthan V' tan""^ —j] and the sum of the 



two omitted terms (y=zOfV=:l) must be less than twice -^ n . Hence the 

1 1 
proposed series is less than -7- 7t -I n-i-n, and therefore less than 2n. Hence 

4 4 



-f.ao 

.8 



y? tan-» -7— 55_^ =: ^ , (D) 

^-^ 2(m + /3)* ' ^ ' 

•—00 

a and /? being any real quantities; Q. e. d. We have thus completed the proof 
of the equation 

2.1^ ^ 2.2* ^ 2.3* ^ 4 ^ ^ ^ 

If, in formula B, we put X=2k. — - , we get 

2.1* ^ 2.2*^ 2.3*^ 4 ^ ^ 

and equation D enables us immediately to determine the actual value of the 
series; viz., putting a=:2k, and ^ successively =0,1,2, ....,2A; — 1, and 
adding the results, we get the preceding series doubled, and in addition a term 

— - (arising from /3 = , r = 0) ; hence 
2.1*^ 2.2*^ 2.3* 



= ±.(ikn-^n) = -^ + ht. (F) 



Equations E and F may be combined into the single equation 
25 
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M% A)8 *2« /* W 1 \ 

tan"* a + tan~* i + tan"* $ + •••• = ( --;z r J "i 

27P^ 2.2*^ 273*^ \2 4/ ' 



(G) 



n being any positive integer. 



Putting fi/a = u, equation D may be written more simply 

y?tan~»-y-i— V2 = ^» (DO 



00 



u being any real quantity. It seems very remarkable that the value of this sum 

should be independent of u. And if, in formula C, we put X=: F= wa -^ , n 
being any positive integer, we obtain 

+ " 2 

y^ tan" ^ ^ . ^. — x% = (modTt). 



■QO 



The actual value of the series is nn. For the sum from v=ltov = -|-oo does 
not exceed f-^ — t) ^* ^^^ equation G) , the sum from v=i — 2toy = — oo 

is less than f-^ — "I") ^' ^^^ *^ *^^ omitted- terms are together less than 7t; 
and on the other hand the sum from y = to r zz: + cx> is at least as great as 
f-^ —J n, and the sum from r = — 1 to r = — oo is at least as great as 

f— —) 71. Hence the value of the series lies between f n o") ^ ^^^ 

r n -|- — j 7t; but it is an exact multiple of 7t; therefore 



+" 



y^ ten-^ ^, '', ,3 = nn , (H) 

^m/ 2(v 4-ur 



■OB 



n being any positive integer. This is a generalization of equation D or D' ; but also 
equation G, which was employed in the proof of H, is itself an obvious corol- 

*In the reasoning, u is supposed non-negative ; obviously the argument is precisely similar if u is 
supposed non-positive. 
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lary from H, so that this last equation may be said to comprise all the preceding 
arithmetical equations {D — Q). 

Finally, we remark that formula C shows that the series 



E 



tan"^ 



(v + uy 



is not independent of u except when a is half the square of an integer f and it 
thus seems all the more remarkable that it should be independent of t^ in that 

case. The value of this series (obtained by putting Xzz: F=\/2aa -jr^^ ^^^' 
mula C) is given by 



4-^ (v + «)» 






■ 


tan-* _ 


tanh^/2a-|- 


tfl.n-1 _ 


tanhV2a-Y 



tan (V 2a — 2ri\ -^ tan (^/2a + 2w) ^ 

^ being an integer so chosen that the result shall lie between E{^2a).n and 
\E(j^2a)'\- 1]^, since the series is evidently intermediate in value between 
those which would arise on writing instead of a the two half-squares between 
which it lies. 



The orthogonal trajectories of the preceding system of curves are given by 

the equation 

sin a; c2x -|- sin ^ (2^ = ; 

these curves have the property 

^2^ = ^0 + ^1 + ^-1 + ^Jl + ^-8 + ^8 + ^-8 +••••! 

and their equation is 

cos a; + cos y = c or cos JT cosh F= G. 

* It is, of course, periodic in respect to u in any case, the period being 1. 
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The curves having the property 

^r = ^0 + ^1 + ^-1 + ^8 + ^—z + ^8 + ^-8 + • • . • 

are given by the diflferential equation 

dx/Bin X = dy /sin y ; 
the solution of this is 

sin -^(a + y) = c sin -— (x — y) or sin -Z = C sinh T. 

This last equation is otherwise evident from the consideration that the curve now 
required is so defined that its angle of intersection with any curve of the system 
first considered in this section shall be bisected by a parallel to the axis df X. 
Hence, the equation of that system having been found to be sin X sinh F=: C7, it 
is plain that the required curves are given by sin JTzz: (7 sinh Y. 



On Rotations in Space of Four Dimensions. 

By F. N. Cole. 



1. 

Linear Configubation in Four-Dimensional Space. 

1. In a four-dimensional space of constant zero curvature, suppose any point 
to be selected; and through this point four linear solids mutually at right angles 
to each other, to be drawn. Taken in pairs, these four solids intersect in six 
planes, and taken by threes they intersect in four straight lines. Taken all 
together, they have only the selected point in common. This system of the point, 
the four lines, the six planes, and the four solids may be employed as a coor- 
dinate configuration. The point will be the origin, the four lines may be called 
the axes of a;, y , z and tr , the six planes the planes of xy, xz, xw, yz, yw and zw^ 
the four linear solids, the solids of xyz^ xyto, xzw and yzw respectively. The 
coordinate solids, in the order as written, are defined by the equations 

t(?=0, 2 = 0, y=:0,a;=0; 
the planes by 

t/?=: 0, te? = 0, 2= 0, a;= 0, 35= 0, 35 = 0, 

2=0, y=0, y = 0, w?=0, 2=0, y = 0, 

y = 0, a; = 0,a; = 0,a = 0, 
2 = 0, «=0, y=0,y = 0, 

t^= 0, t^= 0, M?= 0, 2=0. 

In pairs, the four axes determine the six coordinate planes ; in threes, they 
determine the four coordinate solids. The six planes taken in pairs would seem 
at first sight to intersect in fifteen straight lines. But the two planes xy and zw 
have evidently no element in common except the origin, since this is the only 
point for which we can have simultaneously io=0, 2 = 0, a? = 0, y = 0. The 
same is evidently true for any pair of planes whose symbols have no letter in 
common. There are three such pairs, and accordingly the fifteen apparent lines 
of intersection reduce to twelve. Again, the pairs of planes xy and ocz, xy and 



and the axes by 
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yz , Qcz and yz , all intersect on the line a; = 0, y = 0,2=0. All the pairs of 
planes can be similarly arranged, in four sets of three each, which have the same 
line of intersection. The twelve lines therefore reduce to the four coordinate 
axes, each counted three times. 

Of the thirty combinations of the coordinate planes by threes, four sets 
which have each a common line have just been considered. Beside these, the four 
sets in each of which the same letter occurs three times in the symbols for the 
three planes, determine each a solid corresponding to the repeated letter. Thus 
the planes xy^ xz and xw determine the solid x = 0. The remaining twenty-two 
sets of three planes determine no elementary configuration. 

The numerical arrangement of the parts of the coordinate configuration 
may therefore be briefly expressed as follows : 

Each coordinate solid contains three coordinate planes and three coordinate 
axes. Each coordinate plane is contained in two coordinate solids and contains 
two coordinate axes. Each coordinate axis is contained in three coordinate 
solids and in three coordinate planes. 

The coordinate (rectangular) configurations of the ordinary plane and space 
geometries divide the angular space about the origin into four plane right angles 
and eight right triedral angles respectively. 

Similarly in space of four dimensions the angular space about the origin is 
divided by the coordinate configuration just discussed into sixteen right t^tra- 
edral angles. 

2. A point in four-dimensional space is determined by four coordinates 
referred to the four coordinate solids. An equation of the first degree between 
these four coordinates defines a linear three-dimensional configuration. Such a 
configuration I shall call a lineoid. Among the lineoids the coordinate solids are 
of course included. 

Geometrically a lineoid is determined by four points. For although four 
points are determined by sixteen constants, each point has, while remaining 
within the lineoid, still three degrees of freedom. Of the sixteen constants there 
remain therefore only 16 — 12, or 4, and this number corresponds to the four 
essential constants in the equation of the lineoid. 

Two equations between the four coordinates analytically define a plane. 
But if two lineoids intersect in a given plane, any pair of linear combination of 
the two lineoids will intersect in the same plane. Two such pairs of linear com- 
binations involve two essential constants. These subtracted from the eight 
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constants which determine the two lineoids leave six constants which deter- 
mine their plane of intersection. Geometrically a plane is determined by three 
points. For each of the three points has, while remaining in the plane, two 
degrees of freedom, so that we have 3X2 = 6 essential constants. 

Similarly three linear equations or two points determine a straight line. 
The two points involve eight constants, but as each has one degree of freedom 
on the line, these eight reduce to six essential constants. 

The linear configurations in four-dimensional space are therefore determined 
as follows : A lineoid by 4 constants. 

A plane by 6 constants. 
A line by 6 constants. 
A point by 4 constants. 

The dualistic relation between the lineoids and points on the one hand and 
the planes and lines on the other appears clearly in this table. 

3. Among these linear configurations we are especially interested in those 
which contain the origin, and for which accordingly the constant terms in all the 
defining equations disappear. In this case a lineoid is determined by three 
further conditions, a plane by four, and a line by three. The geometry of these 
configiurations is therefore analogous in form to that of the planes, lines and 
points of ordinary three-dimensional space. 

As, however, the greater portion of the following developments hold for all 
linear configurations, whether they include the origin or not, I shall state them 
for the most part in their full generality. 

If the equation of a lineoid be 

^^ + % + C2J + c^-o + c = , 

then we may write / » , ,g . . , ^ = cosa, / %-[-.% v-^ r-:ja = cosi3, 

c d 

/ « I 1.2 ■ ^ ■ ^ = cos y , — r o , , a ■ ^ . JM = cos 5 , where the four cosines 
V a' + D* -|- (T -|- cr ^ V a* + b* + cr + cP 

are connected by the identity cos^ a -f cos^ ^ -f cos^y + cos^ 5=1. 

These four cosines I call the direction cosines of the corresponding lineoid. 

The quantity , » ■ y i ^ i ^ ^^7 ^® called the perpendicular distance from 

the origin on the given lineoid. 

If the direction cosines of two lineoids be 

cos a , cos /? , cos y , cos 5 , 
cos a' , cos ^' , cos / , cos 5' 
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respectively, we may form from these the six determinants of the second order : 

cos a cos j3' — cos ^ cos a' cos j3 cos y' — cos y cos j3', 
cos a cos y — cos y cos a' cos ^ cos S' — cos 5 cos j3', 
cos a cos y — cos 8 cos a' cos y cos 5 — cos 8 cos y'. 

The six quantities obtained by dividing each of these by the square root of 
the sum of the square of all of them I denote by P^, Pjg, P^j P^^ P^, P^^ and 
these I call the six direction cosines of the given planes. Thus 

p cos a cos ^' — cos /? cos a' 

" \/ 1 — (cos a cos a' + cos /? cos /3' + cos y cos y + cos 6 cos 5')* ' 

The denominator of the P's can only vanish when a = a', /? = /?', y = /, 
5 = y, in which case the two given lineoids coincide in all but their constant terms. 

Beside the 6 P's the plane has also for determining elements the perpen- 
diculars from the origin on the two given lineoids. 

Between the P's there is the identity 

n + n+ii4+ii8+/i4+ii4=i. (1) 

But since a plane through the origin* is determined by four constants, there must 
be still another identity connecting the P's. This is 

Pi^Pu + PitPo + PuPf» = (2) 

as is readily seen from the development of the identically vanishing determinant 

cos a, cosjff, cosy, cos 5 

cos a', cos^', cos/, cosS' 

cos a, cos/?, cosy, cosS 

cos a', cos/3', cos/, cosS' 

4. If we multiply the 6 P's by an arbitrary quantity K, we may regard the 
resulting quantities as the 6 homogeneous coordinates of a plane through the 
origin. These six coordinates are then identical with the six Pliicker coordi- 
nates of a line in three-dimensional space. The geometry of planes through the 
origin in four-dimensional space is therefore exactly parallel to the Pliicker line 
geometry, and every proposition of the one theory can be transferred to the 
other, so far as the geometrical distinction between the three- and the four-dimen- 
sional spaces interposes no obstacle. The examination of this correspondence in 
detail I intend to treat in a future paper. For the present I will merely estab- 

* In treating the direction cosines alone we may, of course, suppose the given plane to pass through 
the origin. 
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lish two fundaraental propositions for the geometry of the planes of a four- 
dimensional space. 

5. Two lineoids, ax + Jy + cz '\- dw +6=0, 

dx + Vy + dz-^- d'w + e' = 

I call perpendicular to each other, if oa' + 66' + cc' + dci' = , or in terms of the 
direction cosines of the two lineoids, 

cos a cos a' + cos /? cos /?' + cos y cos y' + cos S cos 5' = . 

If we have two pair of lineoids such that both lineoids of the one pair are per- 
pendicular to both of the other pair, the planes of intersection of each pair are 
naturally called perpendicular to each other. Two such planes will have no line 
in common. I call two such pairs of planes absolutely perpendicular to each 
other. Thus any pair of coordinate planes whose symbols contain no common 
letter, as xy and zw^ are absolutely perpendicular to each other. 

6. We can now establish at once the important proposition : Through a given 
point in a given plane only one plane can be passed which is absolutely 
perpendicular to the given plane. That this is the case is indicated by the 
fact that four conditions are requisite for absolute perpendicularity, and these 
are sufficient to determine the four essential constants of the second plane. 
We verify the proposition by the actual determination of the six direction 
cosines of the second plane in terms of those of the first. 

We distinguish the dijQTerent lineoids by subscripts 1, 2, 3, 4, and suppose 
that the planes (12) and (34) to be the first and second planes respectively. The 
four equations of conditions are then 

cos ai cos as + cos ^i cos /Jg + cos yi cos ys + cos hi cos Sg = , 
cos ai cos a4 + cos ^i cos /?4 + cos yi cos y4 + cos hi cos S4 = , 
cos 03 cos 03 + cos /3a cos /?3 + cos ya cos yg + cos h% cos Sg = 0, 
cos a, cos a^ + cos /?, cos ^4^ + cos y, cos y4 + cos h% cos ^4 = . 

From these we readily deduce 

P18 cos /?3 + P13 cos y3 + Pi4 cos ^8 = 0, 

P12 cos /?4 + P18 COS y4 + Pi4 COS S4 = 0, 
P18 COS OCg — P28 COS y3 — Pg4 COS S3 = , 

P12 COS a4 — Pjs cos y4 — P^ cos ^4 = , 

P18 cos a3 + Pjt3 cos ^3— P84 COS ^3 = 0, 

P,8 COS a4 + Pjs COS /34 P34 COS ^4 = , 

Pl4 COS a3 + P84 COS /?3 + P84 COS y8= , 
Pl4 COS a4 + Pj|4 COS ^^4 + P34 COS y4=: . 

26 
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And from these again, if we distinguish the P's of the second plane by 

accents, we have 

p 

Py%Pu "i" PisPsi = Pi4 = -p- xg|, 

p 

•^12-* 18 I -*^«4'* 34 tF . • /'as p Xsi, 

-^12 

p p/ P P' — P' — — ^ P' 

P P 

PP' -L P P' n P' -^ »< p/ Z-^ p/ 

13-* 13 I ■* 34-* 34 — ^ -^^la — — p -^24 — p ' -MM- 

-* 13 -^12 

If now we write P^ = KP^ 

we have P[^ = ^P 4, , 

^{4 = ^^33, 

Pjg = -firPi4 , 

P24 ^^^ -^Pzi > 

P34 ^^ ^Pl2 • 

But since 2P?* = 1 and2P<fc= 1, we have K^= 1, K=±: 1. 

We may take either of the values of K. If we take ^= + 1 we have 

P12 = P34 > - 

Pl3 ^^ P43 I 

P' — P 

P84 ^ Pn f 

P34 ^^ Pl3 • 

As a final verification we have 

P\%Pu "I P13P42 "H PuPiS ^^ P34 P12 T" P42 -P13 "H P38 Pl4 ^^ • 

The equations (3), regarded as defining the transition from the given plane 
to its absolute perpendicular plane, are equivalent in the Pliicker geometry to 
the analytic definition of a dualistic transformation. The relation between the 
planes P and P' is evidently a reciprocal one. 

7. These equations may also be simply interpreted within the four-dimensional 
space as follows : We have regarded a plane as the intersection of two lineoids. 
We may also regard it as determined by two straight lines. For convenience 
we will suppose the plane and its determining elements all to pass through the 
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origin. If the coordinates of any point on any one of the determining lines be 
a, y, g, t/?, we may call the quantities 

X y z w 

V^+^+^+^' ^7?+P+?+^' Va^+y'+^+v^' Va^+y'+^+v^ 

the direction cosines of the line. From the direction cosines of the two deter- 
mining lines we may then form determinants jP of the second order as before in 
the case of the lineoids. 

If a line and a lineoid have the same direction cosines they may be called 
perpendicular to each other. It appears at once that if a plane be determined 
by two lineoids and a second plane by two lines whose direction cosines are 
respectively equal to those of the lineoid, these two planes are absolutely perpen- 
dicular to each other. If, therefore, the direction cosines of a plane as deter- 
mined by two lineoids be Pn, and those of the same plane as determined by two 
lines be P^^, the equations (3) hold between these two sets of coordinates. In 
other words, the equations (3) define the transformation from a lineoid geometry 
to a line geometry. 

These results can of course be easily verified analytically by expressing 
the direction cosines of a line in terms of the direction cosines of the three lineoids 
which intersect in the line. 

8. The condition that two planes shall have a common line is also readily 
obtained. Thus, if the two planes be determined as before as the intersection of 
the lineoids 1 and 2, 3 and 4, each of these lineoids must contain the common 
line of the two planes. The condition for this is obviously 

cos tti , cos j^i , cos yi , cos 8i 

cos 0L2 , cos j?2 » 00s ^s , cos ^s 

cos tts , cos /?3 , cos ys > 00s ^3 

cos a^ , cos ^4 , cos y^ , cos S^ 

Expanding this determinant in quadratic minors, we have at once 

P\%Pu + -^18-^42 + PliPfZ + P%zPu + PiS^Pld + PuP\% = • (4) 

This is identical with the Pliicker condition that two straight lines in ordinary 
space shall have a common point. 

9. If a plane P have a line in common with a given plane P, and also with 
the plane absolutely perpendicular to P, we have the two equations of condition 

P^%Pu + Pi3^4» + P\aP%z "I" PfaPu + PistPn "+■ PuPu ^= 0> 
P^Pu + PnP\z + PuPu "I PisPis "t" PuPu + PuPu ^^ 0* 



= 0. 
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Prom the symmetry of these equations it is at once evident the plane P has a 
line in common not only with P but also with the plane absolutely perpendicular 
to P. The relation between the two planes is therefore a reciprocal one. Two 
such planes I call simply perpendicular to each other. There are, therefore, oo* 
planes simply perpendicular to a given plane. The situation of these planes can 
be readily understood by the aid of the following consideration : Through the point 
of intersection of the planes P and P oo^ straight lines can be drawn in each plane. 
Any two of these lines lying one in the plane P, the other in the plane P^ deter- 
mine one of the simply perpendicular planes. Through each of the lines in P 
there, therefore, pass oo^ of the simple perpendicular planes, and these cut the 
plane P in the bundle of rays through the intersection P and P. It appears, 
therefore, that there are oo^ planes simply perpendicular to a given plane and 
cutting it in a given line. For example, the planes xz and yz, or any one of their 
00^ linear combinations, are simply perpendicular to the plane xy. 

In the development of this part of the subject I have not attempted any- 
thing like an exhaustive treatment. I have simply aimed to establish systemati- 
cally so much of the theory of the linear configurations containing the origin in 
space of four dimensions as is of immediate use in the theory of rotations. 

2. 

The General Theory op Rotation in Four-Dimensional Space. 

1. The general coUineation in space of four dimensions is defined by the four 

equations ^ aix + % + c^z + d^w + e^ 

~ a^x + bfiy + c^ + d^w + e^ ' 
I _ a>a? + h^ + c^z + ^^+_^ 

_ a^ + h^ + c^z + dsW + e^ ^ ^ 

a^x + b^ + Cf^ + d^w + e^' 

^_ aiX + b^y + c^z + d^w + e^ 

«6« + % + CgZ + d^W + C5 ' 

These involve twenty-four essential constants; that is, there are 00" possible 
collineations. That these form a group is clear. We are interested in the sub- 
group which converts a solid of the second order, more particularly a solid 
sphere, into itself. The equation of such a surface contains fourteen essential 
constants. Since these are to remain unchanged, we have fourteen equations 
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of condition among the twenty-four constants of the general coUineation. The 
desired subgroup contains, therefore, oo^® distinct operations^ 

This subgroup contains again a further subgroup composed of the rotations 
of the sphere. As these rotations I define those collineations of the four-dimen- 
sional space which not only convert the sphere into itself but also leave its center, 
assumed to be at the origin, and with it its polar solid plane, the lineoid at 
infinity, unchanged.* From this definition it appears at once that the denomi- 
nator in the equations (1) reduce to a single constant term which may be regarded 
as combined with the coefficients of the numerators, and that the constant terms 
in the numerators reduce to zero. 

The equations for the subgroup of these rotations therefore are of the form 

a/ = aiX + hiy + CiZ + diW , 
i/ = (h^ + hy + CiZ + d^w, 

uf z= a^ + h^ + C4Z + d^. 

If the equation of the invariant sphere be a:* + y* + 2* + t(;*=l, the coeffi- 
cients a, b, c, d are further connected by the ten equations of condition 

«i + «l + ^ + «! = 1 1 <^i<h + hh + CiC^ + did^ = 0, 

hl+bl +bl+bl = l, aias + bibs + CiCs + did^=0, 

4 +(4 +c|+c^ = l, aia4 + 6164 + C1C4 + did^^ = 0, 

di + dl + di + dl=l, a^Os + bj>^ + c^Cs + (ijcJ, = 0, ^ ^ 

a^a^ + 6264 + ^364 + did^ = 0, 

The equation (2) contains sixteen constants, and as these are connected by 
the ten relations (3), it appears that the group of rotation of a four-dimensional 
space about any fixed point contains 00 • distinct operations. 

2. The theory of orthogonal transformation has been extensively studied by 
Cayley,f who has given a general method of expressing the w* coefficients of such 

a transformation in terms of the -g- n (?i — 1) independent constants of the trans- 
formation. In the case of a four-dimensional space, if we call the six indepen- 
dent constants a, i, c,/, g^ 7i, we have 

• See also 29. f CreUe XXXTT. 
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where 
and 



Ba, 

Ba, 

. Ba^ 

Bci 
Be, 
Be,. 
Bct. 

B\ 
Bbt 
Bb,. 
Bbt 

Bdi 
Bd, 

Bdy. 

Bdf 
B 



1- 

2(- 
2(. 

2(. 



-a—f^ + cg-bh), 
-b — ef—^g + aA), 
-e + b/-ag — IS), 



-c», 



2{b + g^-c/-\-ah), 

2{h+/g + c^ — ab), 

1 — ^* + f—b* + (^ — h* + a* — b\ 

2{-/+gh-bc — a^), 

2{a+/^ — bh + cg), 
1 — ^'+/*— a* 4- b'—g'+ c»— A», 
2{—h+/g—ab — c^), 
2{g+/h + b^-ac), 



(4) 



z=2(e + h^ — ag-\-b/), 

=z2{-g + h/—ac-b^), 

= 2{/+gh + a^-be), 

z=l — ^* + h* — <* + a* —/* + b' — g* 

= a/+ f>g + cA 

= l + a» + 6» + c» + ^-|-y» + A» + ^». 



The question now arises, and this leads to developments of fundamental 
importance, whether a rotation in four-dimensional space as defined by the 
equation (2) and (3) or (4) has any points other than the origin fixed, as is the 
case in the corresponding problem in three-dimensional space. If there be such 
points, they will be determined by putting in equations (3) a/, i/, d, t//, equal 
respectively to x, y, z, to and solving the resulting equation, 

(tti — 1) a; -h % + CiZ + (?,w = 0, 
«j» + (ij — 1) y + c»z + <4«' = , 

ttiX + b^-i- CiZ-^{dt — l)w= 0. 

If these equations have a common solution other than 0, 0, 0, 0, we must have 

tti — 1 &i Ci di 

a, 6,— -1 c, dt _ 

<h h <H — 1 <^ 

Ut bi C4 d^ — I 
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Substituting now for the a^ b, c, d their values as given by equation (4), we find 
that this determinant is not identically , but reduces to 

In order, therefore, that a rotation may have any point other than the 
origin fixed, we must have 

We must, therefore, divide the rotations of a four-dimensional space about a fixed 
point into two classes, one containing oo^ distinct operations, each of which leaves 
other points beside the origin fixed, and the other containing the remaining oo* 
distinct operations which do not possess this property. 

If 3 be 0, the four equations (5) apparently reduce to three independent ones, 
which accordingly determine a fixed line. But this is not all. The equations (5) 
in this case really reduce to two, which accordingly determine a fixed plane. That 
this is so is readily seen if we write in the four equations in the place of the 
a, by Cj d their value as given in equation (4), in which we are now to put 3 = 0, 

We have then 

{—a^—b'—(^)x + {a — bh + cg)y+{b—c/+ah)z +{c — ag + b/) w=0, 
{—a+cg+bh)x + {—a'-g'-h')y+{h+/g—ab)z +{—g+h/—ac)w = 0, 
{—b- cf+ah) x+ {—h +fg -ab)y + (_6«-/»-A>) z +{f+gh- bc)w=zO, ^^^ 
(- c+b/-ag)x+ (g +/h-ac)y + {-/+gh-bc)z+{- (?—f-g^)tc-0. 

If, now, we multiply the second, third, and fourth equations by a, i, and c 
respectively and add the results to the first equation, remembering that 
af+bg + chzziOj the resulting coefficients all vanish identically. Moreover, if 
we multiply the second, third, and fourth equations by /, gr, and h respectively 
and add them together, the resulting coefficients again all vanish. 

We have, then, this result : Of the oo* rotations in general defined by equations 
(2) and (3), only a minor class of oo^ rotations leave any point in space except the 
origin fixed. Each of these oo^ rotations leaves an entire plane fixed. 

We shall find, however, that these latter oo* rotations do not constitute a 
group. The resultant of two such rotations does not in general leave any point 
except the origin fixed. 

4. Those rotations which leave a plane fixed, I shall hereafter call ** simple " 
rotations. The fixed plane for such a rotation, it must be noted, is not only fixed 

*See Scott ^s Determinants, p. 238. 
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in the sense that it is converted into itself, but it is 6xed absolutely, i. e. every 
point in it is fixed by itself. 

The plane absolutely perpendicular to the fixed plane is also evidently con- 
verted into itself, but its separate points do not remain fixed. Since the spheri- 
cal solid is also converted into itself, it follows that the circle of intersection 
of the absolutely perpendicular plane with the sphere is likewise converted into 
itself. Again, every coUineation of the four-dimensional space is also a colline- 
ation of any plane which it may leave fixed. It appears, therefore, that the 
absolutely perpendicular plane is simply rotated through a certain angle into 
itself. This angle we will call the angle of the rotation the four-dimensional 
space considered. 

The 00* planes which are simply perpendicular to the fixed plane of the 
"simple" rotation have a line in common with this plane and a line in common 
with the absolutely perpendicular plane. Of these two lines, the one in the 
fixed plane remains in every case fixed, while that in the absolutely perpen- 
dicular plane is rotated in that plane about the origin through the angle of the 
rotation. If among these planes we select those which have a given line of 
intersection with the absolutely fixed plane, the transformation which these 
undergo is exactly the same as that of planes through the axis of a rotation in 
three-dimensional space. 

5. Returning, now, to the analytic treatment of the subject, we can at once, 
in case S' = , find an interpretation for the six independent constants 
«i &» ^> /i 9^ ^' These are proportional to the six direction cosines of the fixed 
plane. 

For the fixed plane is determined by any two of the lineoids defined by 
equation (6), say the first and second. Calculating the direction cosines of 
the plane of intersection of these lineoids, and remembering again that 
«/+ 6gr 4- cA = 0, we have at once the six quantities a*, aft, ac^ ahy — ag^ af. 

These we may regard as the six homogeneous coordinates of the fixed plane. 
Between these we have already the Pliicker identity a/+ ftfl^ + cA=:0. To 
obtain the six quantities p^ we have only to divide these six coordinates by the 
square root of the sum of their squares. Thus, 

P -— P - '* 



P -— P -— ^ 
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For the absolutely perpendicular plane we have 



131 . / 


p --- 

** — B ' 






P'- ^ 


■^84 — 5 • 



Since the fixed plane is determined by four independent constants, while 
the a, J, c,/, ^, A, with the identity a/+6gr-4- cA= 0, constitute a system of 
five independent quantities, it is clear that the extent of the rotation is measured 
by a single constant ; that is, that the rotation is in itself one-dimensional, a 
result which agrees with the preceding geometrical consideration. 

It remains to determine the extent of the rotation ; that is, the angle men- 
tioned above. If we write 

a=: COS a tan -|- , 6 = cos p tan -^ , c =: cos y tan -^ » 

/=: cos h tan -^ , — gzn cos e tan -^ , 7* zz: cos 5 tan -^- , 

where the six cosines are the six direction cosines of the fixed plane, that is, 
the six P's, so that 

Bz=\/l + tan» ^ = sec -|- , 

the angle ^ thus defined is the angle of the rotation. 

It will be suflScient to prove this in a single case. We will, therefore, 
assume b=:cz=/=zg=zh=zO, so that the fixed plane shall be the plane of zw. 
From equation (4) we have, then, for the equation of the rotation, 

a^=r~i — %^ + ^ L % y zf=^z, 
1 + a* 1 + a* ^ ' 

— 2a 1— g^ 

Comparing these with the equation for rotation about the origin in the plane xy, 

x! =^x cos 4> — y sin ^ , 

y = a sin ^ + 2/ ^^ ^ 9 

w^ have ^^^ - 1—a^ . _ — 2a 

cos d> = ^r— r — 8 , sm d> = t— ; — s t 
^ 1 + a* ' ^ 1 + a* 

« 1 — cosd) , - d) 

.•. a' = :i—7 X = tan' -^ . 

1 + cos^) 2 

27 



2^=i + a^^+r+^2/ «^ = t^. 
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6. I have already mentioned that the combination of two rotations with fixed 
planes does not in general give a rotation with a fixed plane. The discussion of 
this question is included in the general theory of the composition of rotation, to 
which I now proceed. In the following I obtain expressions for the quantities 
a, bj c,/^ g, h, ^ of B, resultant rotation in terms of the same quantities for the 
two component rotations. 

If we write the two component rotations in the form 

and suppose the rotations to occur in order as written, we have for the resultant 

where c'^ — e'aCfj -\- c'aCtj + c^ + c'nC^j. (a) 

Turning now to equation (4), we have 

^" {cii + 4^ + c^ + <i) = 1 - 3"' - a"' - b"* - c"' + /"' + g"' + A'" 

+ 1 _ ^"* — a"' + &"• + c"' + /"' — g"' — h"' 
+ 1 — y + a"' + b"' + c"' — /"' + g"' — h"' 
+ 1 _ y + a"' + b"' — c"' — /"' — y"' + 7i"' 
= 4(1 — S"'). 

By the aid of equation (a) we then have at once 

= {l—y — a'*— b'' — d' + /" + g" + 7i"){l - 3» — a»- &»- c»+/» + ^ + A«) 

+ (1 — ^' — a'' + &'• + c'* +/' — f— 7t")(l — ^» — a« + 6« + c»+/» — ^ — U*) 

+ (1 — ^'' + a'' — r + c'' — /'' + f— h''){ 1 — ^« + a» — &« + c»— /» + g*—h*) 

+ ( 1 — 3'' + a'* + b" — c" — /* — ^' + /*'')( l—^'+a*+b* — c»— /» — / + A») 

+ 4 (a' +/3' - b'h' + </g'){- a —/^ -\-cg- bh) 

+ 4{b' + g^' - df + aVi') {-b-cf-g%->rah) 

+ 4 (c' + li^ - ay + Vf<){- c + bf- ag - h^) 

+ 4 (_ a' —f^ -\- cV - b'h'){a +/^ — bh + eg) 

+ 4 {h' + /y + (/^ — a't')(— h+/g—ab — c3) 

+ 4 (— flf' + A'/ — aV — b'^'){g +/7i + i^ — ac) 

+ 4 (- 6' - cy — (Z^' + a'h'){b + g^ — c/+ ah) 

+ 4{—h' +/y — a'6' — </ ^)(7t +/g + c^ — ab) 

+ 4 (/ + j/'A' + a'^ - b'</){-/+ gh -be- a^) 

+ 4 (- c/ + b'f — a'g' - ?i'^'){c + A^ - o«7 + b/) 

+ 4 (flf' + /'A' + i'^ — aV)(- j7 + A/— ac — b^) 

+ 4 (- / + fl^A' -bfc'- a'^'){/ + ^A + a3 - be) . 
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From this we readily obtain by multiplying out and recombining the results, 

- («'/+ «/' + b'g + bgi + </h + ch> -\- ^ + ^)\ 
Hence y' = + ^(a'/-\-a/> -Vg + bg' + &h + ch' + ^ + ^>y 

-^,{l+^^'-aa'-bV-cc'—/f-gg'-hh'y 

+ 1. 

Now, if the component rotations each leave a plane fixed, we have 3=3'=0. 
And if, in addition, these two fixed planes have a line in common, we have also 
a'/ + a/' + Vg + bg' -\- c'h -\- ch' = . But in this case the resultant rotation 
will also leave the line of intersection of the two planes fixed and consequently 
will leave a whole plane fixed. We have therefore for this case 

^(^1 ^ ^^ -aa' -bb' -cd -//' -gg' -hh'y=l, 

. B><- i^ 

" — (\ ^l^^ — aa! — bb' — cd —ff< — g(f — hh!)* 

_ (l+a' + y + c'+/ ' + ( 7' + ^t' + y)(l+a'' + y+c''4- /'+/+A^'+^^') 
~ [\-^%^—axi' — bV — cd —ff — gg^— hh!) 

But since the a, b, c,f, g, 7i are independent variables, only connected in the 
present case by the three equations of condition 

^ = 0, 3' = 0, a'/+ af + b'g + bg' + dh-\- ch' = 0, 

it is clear that we have always 

o„ S^ 

^ —(^l^^^ — aa' — bV — cd—f/' — gg' — hh')* 

and consequently 

_ (qy + af + b'g + bsf + dh + chl + ^ + ^f 
~ (1 + ^^ — aa' — bV — od —//' — ggf — hli'Y' 

S - «/+ <>/' + % + bg' + dh +.ch> + ^ +y , ,,j. 

l+^^' — aa'—bU — cd—ff—gg' — hh'' ^'^^ 

*In the extraction of the square root the plus sign must be taken, as any simple example will show. 
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Again, from equation (4) we have 

^' (4 - c^O = 4 (6" + g" y) , B" (c^ 
^' K — cil) = 4 (c" + h" y) , B" id^ 



-cii) = 



^82) 



4 (/' + a" y) , 

4(sf" + 6"^'). 
4 (A" +c"^"). 



From these, by the aid of the equations (a), we obtain 



BB 



4^(a"+/'n=2(l-r-a"-6"-c" + /" + flr" + r)(a+/^-JA + c^) 



B 



+ 2 
+ 4 
+ 4 

— 2 

— 2 

— 4 

— 4 



4 ^ (/' + a"^") = 4 



B' 



a' + f^ —b'h + c'j7)(l — 0»— a» + 6» + c' + f—g*— h*) 
V + ^^' — 07' + o'A')(— h+fg — ab — cS) 
d + ;i'^' — ay + 6'/)(^ +/A + i^ — ac) 

— a'—f^' + c'^— b'h'){ 1 — ^— o» — 6»— c» + /»+ ^+ A») 
l—^"—a"+h"+</'+/''—g"—h"){—a—/^ + cg — bh) 
h! ^f(/ + d^' — a'&')(-^ h — cf—g^-\- ah) 

— ^ + ^'/' — aV — 6'3')(- c + 6/— asr - A^) , 

— c/ + Vf - ay - A'^)(6 + g^-c/+ ah) 

g' + fh' -\- b'^' - a'd){h ■\-fg + c^-ah) 

— /+ ^^'- 6'c'— a'^')(l— ^'^ «*— i*+ c*— /* + ^— ^*) 
1 _^«^- a" + &"— c"— /" — f— A'')(— /+ ^A— 6c— ad) 

_ J' _ c/ _ j^^ + a'A')(c + A3 — a^ + J/) 

— h'+fs^- a'b' — d^'){- g + 7i/—ac — b&) 
1 - y + a" - 6" + c" -/'• + f—h''){/+ gh-ac- 63) 
/ + ^A' + a'3'— iV)(l— 3» + o» + 6» — c»— /»— ^ + A»). 

Combining these we obtain, after a series of easy reductions, 

(«" +/")(! + ^'0(1 + ^^' — ««' -bb'-cd—ff — hK — g^)* 
= {1 + ^^' — aa' — bb' — cd —//' — gg' — ?ih' + ^ + ^' 

+ a'/+af +b'g + bg' + <^h + ch')(a + a' +/+/>- {/' + a')^-i/+a)^' 
+ JA' — 6'A + c'flr — cgr' + 6c' — 6'c + grA' — g'h) . 

But from equation (/?) 

, , .„ _ l+^^'-aa'-bb'-cd-/f-gg'-m'-\-^+^'+c'/+cf+Vg+bg'+c>h-\-ch ' 
^"♦■^ ~ 1 + 33' — aa' — 66'— cc' — /r— W — AA' 



+ 4 
+ 2 
+ 2 
+ 4 
+ 4 
+ 2 
+ 2 



... a"+/" = 



a + a'+/+/-(a+/)3'-(a'+/')3 

+ 6A' — 6'A + c'g — eg' + 6c' — 6'c + gh' — g'h 

1 + 33' — aa' — bb' — cc' —ff — g^ — hh' 
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Similarly 

a + a' -/-/' + (a' -/') 3 + (a -/) 3' 

„ ,„ + bh' — b'h + c'g - eg' + b'c -he' + g'h — gh' 

<^ —/ — 1 — 3y - oa' — bb' — cc' —//' — gg' - hh' * 

JJ.6I1C6 

,, _ g + a' — f^'-f'^ + &A^ - fe^A + c'g — eg ' 
^ — l + ^^'—oux'-hb'—cc'—ff' — gg' — hh'' 

.„ _ f ^^ f — a'^ — a^' + he' — h'c + g h' — g'h 
^ — i+^^'—aa'—bb'-cc'—ff' — gg^'^Wr 

We can now write down at once all the formulae for the combination of 
two rotations. If we denote the common denominator 1 + ^^' — cut' — ib' — cc' 
— ff — gg' — hh' by D , the formulae are 

Da" = a + a' —f^' —f'^ + bh' — b'h + c'g — eg', 
Db" = b + b' — g^' — g'^ — cf — c'f + a'h — ah', 
Be" ^c-^-c' — h^' — h'^ + ag' — a'g + b'f— bf, 
Df" z=zf-\-f— a^' — a'^ + be' — b'c + gh' — g'h, 
Dg" = g + g' —b^' — b'^ ^ca' — ac'+ f'h —fh', 
JDh" = A + h" — e^ — c'% + ab' — a'b + fg' —f'g, 
D^"= ^ + ^^ +a'/ + af + b'g + bg' + e'h + eh'. 

The formulae may be tested by aid of the equation 

y^-a"f" ^b"g"^'d'h". 

It will be found that this condition is satisfied. 

The condition that the resultant of two simple rotations shall be a simple 
rotation is now clear. We must have simultaneously 3^'= 0, ^=0, ^'=0, 
which require ^'f + af + b'g + bg' + e'h + cA' = . 

That is, the resultant of two simple rotations is itself a simple rotation when and 
only when the fixed plan/es of the component rotations have a line in common. That 
this condition was sufficient was already clear from geometrical considerations. 
It now appears that it is also necessary. 

7. I determine next the resultant of two simple rotations whose fixed planes 
are absolutely perpendicular to each other, the angles of the rotation being ^ and ^ 

respectively, and K and K denoting the tan -^ and tan -^ respectively. If 
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the six direction cosines of the one plane be Pi,, P^, Pu, P^, Pu, Pji, those of 
the other are P^, P„, P^, Pu, Pjn Pu- We have then 

a =KP„, b =KP^, c =KPu, /=KPs„ g = — KPu, h =KP„, 
a' = K'Pst, h'^K'P^, c'^KP^, f' = K'P^, g'^ — K'P,^, h'^KP^^. 

The equations of combination become in this case 

„ a-\-a' ZP„ + ICP^ 

" - l-axi'-hb'-cd-ff- g^—hh> - 1 — 2KK' i^P^^P^ + P^^P^ + P^^P„) 

= ZPu + K'P^, 

h" = KP^^-K'P^, 

c"=KPu+JS7P„, 

f>=KP^+K'P^, ^y^ 

gO^KP^ + KP,,, 

h =KP^ + K'Pu, 

^ =KK'{PU+P\s+P'u+Pl + PU-\-PU) 
= KK>. 

8. If, now, a general rotation, 3" rj: 0, be given, we may decompose this into 
two simple rotations with fixed planes absolutely at right angles to each other 
by the aid of the above formulae (y). 

Squaring and adding the equations {y) we have 

a'^ + 6''' + c'"+/'' + ^"'+A"'= ^(n+ n+ P!4+ n+ n + n) 

+ iKIC {P,,P^ + P^P^ + P,,P,,) 

+ J^\Pl,+ Pls+ Pl,+ Pls+ Pl+ PU) 

From this equation, in combination with the equation ^" z= KIC, we can 
determine ^and K. These equations have four pairs of solutions. Any one 
of these being given, the others are deduced from it, (1), by interchanging the 
values of ^ and K ^ (2) by changing the signs of the values, and (3) by both 
interchanging the values and changing the signs. 

Again, from the equation (y), we obtain at once 

^ — jfiT" KJ^ ^ — K^ Jf ' 

Kh" - Rfg" K g^' — K'h'^ 

Kc'^ — Kh!^ K y^ — W c^^ 
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From these equations it appears that if the signs of K and EJ be changed, 
those of the P^^ are changed at the same time. In other words, such a change 
of signs does not affect the position of the fixed plane, but merely changes the 
point from which it is viewed from one side of the plane to the other. 

Again, an interchange of K and K' converts the P^ of the plane into those 
of the absolutely perpendicular plane. 

Our system of solutions leads therefore to only one pair of fixed planes. 
We have accordingly the following proposition : 

Every rotation of a four-dimensionxil space for tohich ^ d^O can be reduced 
to a succession of ttoo simple rotations tvhose fixed planes are' absolutely perpen- 
dicular to each other. This decomposition can be effected in only one xoay. TJie 
quantity Q is the prodv/ct of the tangents of half tJie angles of the simple rotaiions. 
The quantity 

5=l + a» + 6»+c* + /»+^ + A«+y 

= (1 + JSr» + K^'+ K'ir')=z{i + K^){1 + K^'), 

i. e. it is the product of the squares of the secants of the two angles of tlie two simple 
rotations. 

If we choose as axes of coordinates four lines lying two {x and y) in the 
fixed plane of the one simple component rotation, and two (2 and w) in the fixed 
plane of the other, the equations of the rotation reduce evidently to the form 

x' :=ix cos ^ — ^ sin ^ , 2' = z cos ^' — w sin 4)', ^ ijx 

y' = xsin ^ — ^cos^, t^'=2sin ^' + ^^cos<^^ 

The simple rotations occur when one of the angles ^, 4)' is 0. In con- 
formity with the use of the name simple rotation, the general rotation may 
be called a double rotation. 

9. In closing, it remains to be noted that the orthogonal transformations 
defined by equations (2) and (3) include not only the 00 • rotations of the four- 
dimensional space about the origin, but also an equal number of other trans- 
formations which are most simply described as combinations of the preceding 
rotations with a reflection on any lineoid through the origin. For convenience we 
will call this second class of transformations the conjugate transformations. 

For example, the transformation a;'= — a, yf =zy^ z' = 2, tt/ = te? evidently 
belongs to the orthogonal system, but is no rotation. It is a reflection on the 
lineoid a;= 0. This reflection leaves all points in the planes of ary, xzy and ocw 
fixed, while the planes of zw^ yw^ and yz are reflected on the axis of y . 
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A simple algebraic criterion serves to distinguish between the rotations and 
the conjugate transformations. The square of the determinant 

ttj hi Ci di 
a^ h (^ di 

^8 ^3 ^3 ^ 

a^ h^ C4 c?4 

of any orthogonal transformation is, as is well known, equal to + 1 1 and 
consequently the determinant itself is equal to either + 1 or — 1 . 

Those transformations whose determinant is + 1 are rotations of the four- 
dimensional space about the origin. 

If those transformations whose determinants are — 1 be followed by a 
reflection on any lineoid through the origin, say by the reflection a/ = — a;, 
'if •=,y^ ^ := z, v/ =:w, the determinant of the resultant transformation is 

— aj hi Ci di 

— a^ h^ c^ d^ 

— dz 63 ^3 ^3 

— ^4 ^4 ^4 ^4 

and is therefore + 1. The resultant transformation is accordingly a rotation. 

It appears, therefore, that all orthogonal tr-ansformations of determinant — 1 
are conjugate transformations. 

Since the determinant of the combination of two linear transformations is the 
product of the determinants of the two component transformations, it follows 
that the combination of two rotations, or of two conjugate transformations, is a 
rotation, while the combination of a rotation with a conjugate transformation is 
a conjugate transformation. 

The rotations accordingly form a group, while the conjugate transformations 
do not. 

The conjugate transformations do not in general leave any point except the 
origin fixed. They may, however, leave a plane, and, in the particular case of 
reflections, a lineoid fixed. 

The further treatment of this subject I reserve for another paper on groups 
of rotations in four-dimensional space, to which the present article is intended 
largely as a preface. 

Ann Arbob, Sept., 1889. 



Sur les Equations aux D^riv&es Partielles de la Physique 

Mathematique. 



Par H. Poincar^. 



Quand on envisage les divers probl&mes de Calcul Integral qui se posent 
naturellement lorsqu'on veut approfondir les parties les plus difFerentes de la 
Physique, il est impossible de n'etre pas frappe des analogies que tous ces prob- 
Ifemes presentent entre eux. Qu'il s'agisse de Felectricite statique ou dynamique, 
de la propagation de la chaleur, de Poptique, de r61asticit6, de Fhydrodynamique, 
on est toujours conduit i des equations diflferentielles de meme famille et les 
conditions aux limites, quoique differentes, ne sont pas pourtant sans offrir quel- 
ques resemblances. Nous ne citerons ici que quelques exemples. 

J'imagine d'abord que Ton se propose de trouver la temperature finale d'un 
corps solide conducteur, homogfene et isotrope, lorsque les divers points de la 
surface de ce corps sont maintenus artificiellement S, des temperatures donn6es. 

Ce probl&me traduit dans le langage analytique s'6nonce comme il suit : 

Trouver une fonction V qui dans une portion de Pespace satisfasse a Teq na- 
tion de Laplace, 

^ d^V d?V d?V 

et qui prenne des valeurs donn6es aux divers points de la surface qui limite cet 
espace. 

C'est le prohUme de Dirichlet 

Supposons maintenant que Ton cherche quelle est la distribution de F^lec- 
tricit^ statique a la surface d'un conducteur donn6 ; nous retrouverons le meme 
problfeme analytique. 

II s'agit de trouver une fonction V qui satisfasse k Tequation de Laplace dans 
tout Pespace ext6rieur au conducteur et qui se r6duise kOk Tinfini et ^ 1 ^ la sur- 
face au conducteur. 
28 
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m 

C'est un cas particulier du problfeme de Dirichlet, mais on connait un moyen 
(par les fonctions de Green) de ramener le cas general a ce cas particulier. 

Les deux problfemes, absolument difFerents au point de vue physique, sont 
identiques au point de vue analytique. 

D'autres analogies, quoique moins completes, sont cependant 6videntes. 

Nous citerons d'abord le probl^me suivant ; un liquide est contenu dans un 
vase qu^il remplit compliitement ; divers corps solides mobiles sont plonges dans 
ce liquide ; on connait les mouvements de ces corps et on suppose qu'il y a une 
fonction des vitesses ; on demande quel est le mouvement du liquide. 

C'est la le probl6me des spheres pulsantes de M. Bjerknes (imitation hydro- 
dynamique des phenomfenes 61ectriques). 

Au point de vue analytique, il s'agit de trouver une fonction V qui satis- 
fasse h Tequation de Laplace a I'interieur, d'un certain espace et telle que sur la 

surface qui limite cet espace la derivee -^- ait des valeurs donnees. 

dV 
Je rappelle quel est le sens de cette notation - dont il sera fait un frequent 

an 
usage dans la suite. Soit un element de surface quelconque ; et a, /?, y les trois 
cosinus directeurs de la normale a cet Element ; nous posons : 

dV_ dV dV clV 

dn ^ dx "^ ^ dy "^ '^ dz * 

Ainsi dans le probl5me hydrodynamique, nous retrouvons la meme Equation 
diflferentielle que dans les probl6mes thermique et electrique; les conditions aux 
limites seules different. II en sera encore de meme dans le probl&me de induc- 
tion magnetique. 

Supposons un ou plusieurs aimants permanents mis en presence d'un corps 
magn6tique parfaitement doux M. II s'agit de trouver une fonction V (le 
potentiel magnetique) qui satisfait a I'equation de Laplace dans toute la por- 
tion de Tespace qui n'est pas occupee par des aimants permanents et qui est 
assujettie en outre aux conditions suivantes. Aux divers points oil il y a 
du magnetisme permanent, AF n'est pas nul, mais pent etre regard^ comme 
donne. La fonction V est continue dans tout Tespace ; ses deriv6es sont con- 
tinues ^ rinterieur du corps JIf et a Texterieur de ce corps, mais elles sont 

discontinues a la surface du corps M. Dans le voisinage de cette surface, 

dV 

-J- aura done deux valeurs difFerentes selon qu'on se placera a Tinterieur 
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ou k I'extfirieur du corps M] mais le rapport de ces deux valeurs sera une con- 
stante donnee. 

Ici encore, nous retrouvons la meme 6quation difFerentielle, avec des con- 
ditions aux limites analogues quoique differentes. 

Voici maintenant des cas ou Tequation difFerentielle est leg&rement modifiee. 

Supposons que Ton cherche la loi du refroidissement d'un corps solide isol6 
dans Tespace. II s'agira de trouver une fonction F satisfaisant a ^equation 

dt -f"^^^ 
et qui de plus est donn6e pour < = 0. Enfin a la surface du corps le rapport de 

V k -=- est donnee. 
an 

Dans les probl&mes d'optique, on a trois fonctions inconnues ti, v, w et 

quatre equations : 

d^u , ^ d^v ^ . d^w ^ . du ^ dv , dw 

Lee conditions aux limites varient suivant les probl^mes ; mais dans les questions 
de diflfraction principalement elles ne sont pas sans analogic avec celles que nous 
avons rencontrees jusqu'ici. 

Ce sont encore les memes equations, avec des conditions aux limites ana- 
logues, quoique differentes, que Ton rencontre dans le probl^me de la* viscosity 
des liquides, traite d'apr^s des idees de Navier. Les recents travaux de M. 
Couette ont rappel6 Tattention sur cette question, qui etait tombee dans un 
injuste oubli, malgr6 le beau chapitre que Kirchhoff y avait consacr6 dans sa 
Physique Math6matique. 

La th6orie de Telasticite nous offre des 6quations plus compliqu6es, mais 
qui ne different pas beaucoup des precedentes. 

On a encore trois fonctions inconnues m, i?, w, auxquelles j'adjoindrai la 

fonction auxiliaire 6 = -^ -f -^ — h -j-^^ trois Equations dont la premifere s'ecrit: 

dz ay d/Z 

Au + ;i^ = 0. 

Je n'ecris pas les conditions aux limites tout h fait analogues, mutatis mutandis, 
k celles des probl^mes precedents et je passe immediatement k une question tr^s 
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importante en hydrodynamique et qui consiste a trouver les composantes de la 
vitesse en tons les points d'un liquide quand on connait les composantes du tour- 
billon en tous les points de ce meme liquide. Ce probl^me au point de vue 
analytique s'enonce comme il suit : 

Connaissant trois fonctions a, /3,.y, trouver trois fonctions inconnues 
u^ V, Wf qui satisfont h certaines conditions aux limites et de plus aux Equations 

dw dv ^ du dw dv du du dv dw . . 

dy dz ^ ^ dz dx ^ ' dx dy ^ dx ^ dy "^ dz * ^ ^ 

L'analogie avec les probl&mes precedents ne parait pas d'abord evidente, mais 
elle le devient si on observe que les trois premiferes Equations (1) peuvent (en 
vertu de la quatri^me) etre remplac6es par trois autres dont la premifere s'^crit 

az dy 

et dont des autres peuvent s'6crire par symetrie. 

Je pourrais montrer aussi, si je ne craignais de fatiguer Pattention par de 
trop nombreux exemples, que presque toutes les questions, encore mal 6tudi6es, 
relatives h. Uinduction 61ectrodynamique dans des conducteurs non lineaires se 
ramfenent ^ des problfemes analogues aux precedents et surtout k la demifere 
question d'hydrodynamique que je viens de mentionner. 

Cette revue rapide des diverses parties de la Physique MathSmatique nous 
a convaincus que tous ces probl^mes, malgre Textreme variety des conditions aux 
limites et meme des equations difFeren tie lies, ont, pour ainsi dire, un certain air 
de famille qu'il est impossible de meconnaitre. On doit done s'attendre & leur 
trouver un trfes grand-nombre de propri6tes communes. 

Malheureusement la premiere des proprietes communes a tous ces problfemes, 
e'est leur extreme diflSculte. Non seulement on ne pent le plus souvent les 
r6soudre compl6tement, mais ce n'est qu^au prix des plus grands efforts qu'on 
pent en demontrer rigoureusement la possibilite. 

Cette demonstration est-elle n6cessaire? La plupart des physiciens en 
feraient bon march6. L'experience ne permettant pas de douter, par exemple, 
de la possibilite de I'equilibre 61ectrique, on ne pent douter, non plus semble-t-il, 
de la possibilite des Equations qui expriment cet equilibre. Nous ne saurions 
nous contenter de cette defaite ; Tanalyse doit pouvoir se suflSre a elle-meme et 
d'ailleurs un pareil raisonnement, n'il s'applique peut-etre aux probl&mes que 
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Ton rencontre directement en Physique, ne saurait s'appliquer de meme h une 
foule de problfemes plus simples, qui se posent d'eux memes d^s qu'on cherche 
h resoudre les premiers. En outre toute demonstration rigoureuse de la possi- 
bilite d'un problfeme en est toujours une solution ; dans le cas qui nous occupe, 
cette solution sera generalement grossi^re et tout a fait impropre au calcul 
num6rique; cependant elle nous enseignera toujours quelque chose. 

Maintenant si cette demonstration est n6cessaire, devons-nous pourtant nous 
astreindre h la meme rigueur que dans une question d'analyse pure ? Ce serait 
dans beaucoup de cas un pedantisme bien inutile. Les Equations difFerentielles 
auxquelles ob6issent les phenom^nes physiques n'ont et6 souvent 6tablies que par 
des raisonnements peu rigoureux ; on ne les regarde que comme des approxima- 
tion; les resultats experimentaux, auxquels il s'agit de comparer les conse- 
quences de la theorie, sont eux-memes approximatifs. Dans ces conditions, la 
rigueur absolue est de peu de prix, et il semble souvent qu'il n'y a pas lieu de la 
rechercher si on doit la payer de trops d'efforts. 

Mais alors comment reconnaitra-t-on qu]/rfn raisonnement dont la rigueur 
n'est pas absolue, n'est pas un simple paralogisme ? Quand aura-t-on le droit de 
dire que telle demonstration, insuflfisante pour TAnalyse, est assez rigoureuse 
pour la Physique? La limite est bien diflScile k tracer. J'essayerai pourtant de 
le faire ; je ra'eflForcerai de marquer nettement cette frontifere et d'expliquer 
pourquoi en depa on est encore dans le domaine de la science, et au dela dans 
celui du paralogisme. 

Neanmoins toutes les fois que je le pourrai, je viserai k la rigueur absolue 
et cela pour deux raisons ; en premier lieu, il est toujours dur pour un g6om^tre 
d'aborder un probl^me sans le resoudre complfetement ; en second lieu, les Equa- 
tions que j'etudierai sont susceptibles, non seulement d'applications physiques, 
mais encore d'applications analytiques. C'est sur la possibilite du probl&me de 
Dirichlet que Riemann a fond6 sa magnifique theorie des fonctions ab61ienne/^ . 
Depuis d'autres geomfetres ont fait d'importantes applications de ce meme prin- 
cipe aux parties les plus fondamentales de TAnalyse pure. Est-il encore permis 
de se contenter d'une demi-rigueur ? Et qui nous dit que les autres probl&mes 
de la Physique Mathematique ne seront pas un jour, comme I'a dej^ 6te le plus 
simple d'entre eux appel6s a jouer en Analyse un role considerable ? 
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§1. — Prohlhme de Diricldet 

Le Problfeme de Dirichlet enonce plus haut est toujours possible ; ce prin- 
cipe est connu sous le nom de principe de Dirichlet et la premiere demonstra- 
tion est due k Riemann. Si une fonction Fest assujettie a prendre des valeiirs 
donn^es aux divers points d'une certaine surface, limitant un certain volume ou 
le fonction et ses deriv6es sont continues, rint6grale triple : 

///0+ (f ) + (iO>''*<- 

ne peut s'annuler ; elle admet done un certain minimum et il est aise de verifier 
que ce minimum correspond au cas oii la fonction V satisfait k Tequation de 
Laplace. Cette demonstration, qui est a peu de chose pr^s elle de Riemann 
n'est pas rigoureuse car elle est soumise k toutes les objections relatives a la con- 
tinuity des fonctions definies par le calcul des variations. 

Aussi un trfes grand nombre de geomfetres se sont-ils pr6occup6s d'6tablir 
plus solidement ce principe ; je citerai en premiere ligne les recherches de M. 
Schwarz (dans le programme de TEcole Polytechnique de Zurich 1869 et dans 
les Monatsberichte de T Academic de Berlin 1870) bien qu'elles se rapportent 
plus particuli^rement au cas de deux variables et ne puissent pas toujours 
s'etendre sans modification au cas qui nous occupe. 

M. Neumann a donn6 de son cote une methode generale qui permet de 
resoudre compl^tement le probleme, si la surface ou la fonction V prend des 
valours donn6es est convexe. II r6sout done le probleme de la distribution 
61ectrique dans le cas d'un conducteur convexe. 

La methode de M. Robin ne s'applique 6galement qu'aux conducteurs con- 
vexes. Toutefois il y a un certain nombre de methodes plus ou moins com- 
pliquees connues sous le nom de methodes altemantes et qui permettent d'etendre 
les r^sultats au cas d'un conducteur de forme quelconque ou de plusieurs conduc- 
teurs isol6s. 

Le probleme de Dirichlet se ram&ne a la recherche des fonctions de Green. 

Soit a trouver une fonction V qui a Tinterieur d'une surface S satisfasse k 
r^quation de Laplace et sur cette surface prenne des valeurs donnas. 

Supposons qu'on ait trouve une fonction U qui soit finie, qui satisfasse k 
r6quation A?7= 0, continue a Pinterieur de S sauf au point (a, 6, c) interieur k 
S ou la fonction U sera infinie, de telle fapon que la difierence 

1 



U— 



^^x-ay+{y-bY + {z-c) 
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soit finie. Pour achever de definir la fonction U nous rassujettirons a s'an- 
nuler en tous les points de S. On voit alors que la valeur de V au point a, b, c 
est 6gale k Pintegrale U 

an 



f 



4n 
etendue k tous les Elements cZo de S. 

Done quand on saura trouver les fonctions de Green, on saura resoudre le 
problfeme de Dirichlet. 

D'autre part la recherche des fonctions de Green se ramfene, k Taide de la 
transformation par rayons vecteurs r6ciproques, aii problfeme de la distribution 
61ectrostatique a la surface d'un conducteur. 

Ce problfeme de la distribution 61ectrostatique n'est qu^un cas particulier du 
problfeme de Dirichlet, et cependant nous voyons que le cas g6neral s'y ramfene. 
La m6thode alternante de Murphy permet d'ailleurs de ramener le problfeme de 
la distribution a la surface de plusieurs conducteurs isol6s, au cas d'un conduc- 
teur unique. Nous ne nous occuperons done plus desormais que du cas par- 
ticulier ou Ton cherche la distribution 61ectrostatique a la surface d'un seul 
conducteur, puisque le cas g6n6ral 1^ y ramfene. 

Que devons-nous penser des methodes propos6es jusqu'ici ? Ce sont a la 
fois des methodes de demonstration destinies k etablir la possibilite du probl&me 
et des methodes de calcul destinees k le r6soudre effectivement. Comme 
methodes de demonstration, elles sont assez compliqu^es, mais elles se com- 
pletent mutuellement de fapon k s'appliquer k tous les cas et a satisfaire les juges 
plus sevferes au sujet de la rigueur. 

Comme methodes de calcul, elles ne valent rien ; car personne n'aura 
jamais I'idee de les appliquer; meme les plus simples d'entre elles, celles de 
Neumann ou de Robin, conduisent a des calculs inextri cables dfes la seconde 
approximation. Tout ce qu'on pent esperer en tirer, sans un labeur par trop 
6crasant, ce sont des in6galit6s assez grossi&res auxquelles sera sommise la capacity 
du conducteur. 

Tel est r6tat actuel de la question ; voyons maintenant quel est le but que 
je me suis propos6 ; ce qui eut 6te le plus int^ressant, c'eut 6t6 de remplacer les 
methodes de calcul actuel par d'autres moins defectueuses. Je n'ai pu le faire, 
je me suis born6 k chercher une methode de demonstration plus simple que celles 
qui ont 6te proposees jusqu'ici et directement applicable k tous les cas. 



218 PoiNCAR^: Sar lea Equations aux Derivees 

Je vais commencer par rappeler succinctement les principales propositions 
dont j'aurai k faire usage dans la suite. 

l^ La fonction de Green, J7, relative a une sphere /S et ^ un point P s'obtient 
de la fapon suivante. Soit R le rayon de la sphere. 

Prenons sur la droite OP une longueur 0Q= ITp'^ ^* fonction JJsera le 
potentiel de deux masses Tune egale a 1 et plac6e au point P, I'autre 6gale i 
— *^ 7n> ^* plac6^ ^u point Q. 

rJTT 

V. La valeur de -j- correspondant a un element quelconque de la sphere 

S est en raison inverse du cube de la distance de cet Element au point P. EUe 

est egale k jf^ Qp^ 1 

E MP' 

M designant le centre de gravit6 de Felement considere. 

3°. Si Von considere une sphere S et un point P interieur k cette sphfere, le 

potentiel d'une masse electrique 6gale a 1 et plac6e au point P sera egale a -^^ 

au point M. 

Imaginons ensuite que cette meme masse electrique 6gale a 1 se r6partisse 
sur la surface de la sphere S de telle fapon que la densite sur un element quel- 
conque de cette sphere soit en raison inverse du cube de la distance de cet 
Element au point P. Je dis que le potentiel de cette masse ainsi distribute que 

nous appellerons W sera egale a ^^^ en tout point M exterieur k la sphere et 

plus petit que ^^ si le point M est interieur h, la sphfere. 

En eflFet considerons une fonction qui soit egale a la fonction de Green, J7, 
definie plus haut ^ Finterieur de la sphere et a Text^rieur de la sphere. Cette 
fonction satisfait partout a I'equation de Laplace ; elle est continue sauf au point 
P et sur la surface de la sphere. Au point P la fonction devient infinie et sa 

diflference avec ^tft^ reste finie ; sur la surface de la sphere, la fonction elle-meme 

MP ^ 

reste continue, mais sa deriv6e -^ subit un saut brusque 6gal ^ "T^^ . 
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Nous devons en conclure que cette fonction est 6gale aii potentiel de diverses 
masses 61ectriques distributes comme il suit : 
1**. Une masse 6gale S. 1 au point P. 

ja% OP^ 

T. Une masse de density — . — TTMi^ ^^^ divers points de la surface de S. 

Cette seconde masse n'est autre chose que la masse d6finie plus haut et dont le 

potentiel etait TT, mais changke de signe. 

On a done : 

1 



MP 

a I'exterieur de S et 

1 



— Tr=o 



k I'interieur de S. c. q. f. d. 

4^ Supposons que nous nous proposions de trouver une fonction V qui satis- 
fasse k T^quation de Laplace k Tint^rieur de la sphere S et qui aux diff6rents 
points M de la surface de cette sphere prennent des valeurs donn6es F^ 

La valeur de cette fonction V en un point P interieur k la sphere sera 

I'integrale pj^^ Qpa yo 






^tendue k tons les el6ments do) de la sphjjre. 

5**. Soient ^^? et TF la plus petite et la plus grande valeur que puisse 
prendre Y^ ; ce seront aussi, comme on le sait, la plus petite et la plus grande 
valeur que puisse prendre V. 

Si w est positif, il sera de meme de Y^ et de Y. 

D'ailleurs comme MP est toujours compris entre R — OPet R + OP] on 

aura R+ OP pY^ 

^{R— OPyJ AnR 

et y R— O P pY^ 

^ (ii! + OPfJ 4nR • 

6**. J'arrive au theor&me de Harnack dont je ferai un frequent usage et qui 
peut s'6noncer comme il suit : 
Si une s^rie 

29 
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est convergente en un point int^rieur k sphere S, que tons ses termes soient 
positifs h I'interieur de cette sphere et satisfassent tons k Tequation de Laplace, 
cette serie sera uniformement convergente h I'interieur de toute sphere int^rieure 
elle-meme h S. 

Soit en effet F? la valeur de F, en un point quelconque de la surface de S; 
d'apr^ I'hypoth^e F? sera essentiellement positif de sorte qu'on pourra 6crire : 

V <f R+ OP rY!^^ V ^ R— OP rY!^ 

' ^ (i2 — OPyJ 47iB ' *^*^(E+ OPfJ 4nM ' 

Si main tenant nous appelons F/ la valeur de F, au point 0, centre de la sphere, 
on aura _ ^y^ 

^* ~J 4nl? ' 

d'oil: y, R{B + OP) ^ ^^ B{R-OP)y, 

* {B— opy ■> '''^ (B+ OPf " 

ou si le point P est interieur h. une sphere a , concentrique ^ aS et de rayon r<C.B, 

(iJ _ ry ^i>^^> ~(R + rf *• 
Si done le point Pest interieur k s, chacun des termes positif de la s6rie 

rj + ^2 "T • • • • + Jfi "T • • • • 

sera plus petit que le terme de la serie convergente 

multipli^ par le facteur constant 

B{B + r) 
{B-rf ' 

Si done la serie converge au point 0, elle convergera en tons les points int^rieurs 
h Sj et la convergence sera uniforme h I'int^rieur de s. 

II suflBt d'ailleurs que la serie converge en un point P quelconque pour 
qu'elle converge au point 0; on a en eflFet : 

y^y {R + opy 

*^ *R{R—OP)' 

Ainsi si la serie converge en un point quelconque int6rieur k S, elle convergera 
encore en tons les autres points interieurs a S, et la convergence sera uniforme 
dans toute sphere interieure a S. 
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Ce n'est pas tout ; non seulement la serie : 

r 1 + Kg +....+ K„ + ... . 

converge uniformement a Tinterieur de s ; mais il en est de meme des s6ries 

dx '^ dx "^ '^ dx "*" ' 

d<x? ^ da? "*" '^ d^ "*" ' 

La demonstration est la meme ; et en efTet la fonction F< 6tant exprim6e sous la 
forme d'une int6grale d6finie, une d6rivee quelconque de F< s'obtiendra sous la 

meme forme par le proc6de de la diff6rentiation sous le signe / ; et on en d6duira 

comme plus haut deux inegalit6s auxquelles cette deriv6e devra satisfaire. 
On en conclut qu'^ I'int^rieur de la sphere S, la somme de la s6rie 

est une fonction finie et continue ainsi que toutes ses d6rivees et que cette fonc- 
tion satisfait a l'6quation de Laplace. 

Le th^orfeme d^montre pour une sphere, s'etend ais6ment k une region R de 
Tespace. 

Si dans la region R les fonctions 

sont positives et satisfont a l'6quation de Laplace. 
Si en un point de cette region la s6rie 

converge, elle convergera dans toute la region et la somme sera une fonction 
finie et continue qui satisfera a Tequation de Laplace. 

Ces pr61iminaires poses, je puis aborder le probl&me que j'ai en vue. II 
s'agit de d6montrer la possibility de I'^quilibre 61ectrostatique a la surface d'un 
conducteur isol6. 

Je supposerai qu'en chaque point de la surface de ce conducteur il y a un 
plan tangent d6termin6 et deux rayons de courbure principaux d6termin6s. Ces 
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conditions restrictives ne sont pas toutes indispensables. Je pr6ffere pourtant 
me les imposer d'abord et rechercher ensuite, par une courte discussion, quelles 
sont celles dont je puis me debarrasser. 

On pent 6videmment toujours trouver une sphere S telle que le conducteur 
soit contenu tout entier a Tinterieur de cette sphere. 

On pent ensuite trouver un syst^me de spheres en nombre infini 

jouissant des deux propriet6s suivantes : 1**. Chacune de ces spheres sera tout 
enti&re ext6rieure au conducteur. 2^ Tout point de I'espace exterieur au con- 
ducteur appartiens au moins a une des sph&res du systfeme. 

Cette proposition paraitra presque evidente a qui voudra se donner la peine 
d'y r6fl6chir. 

Nous croyons neanmoins devoir la d6montrer en quelques mots. 

II s'agit de d6montrer que Ton pent trouver a Texterieur du conducteur une 
infinite de points 

tels que pour tout point M ext6rieur au conducteur, il y ait uxk point Oi plus 
rapproch6 du point jJf que de la surface du conducteur. Et en eflfet s'il en est 
ainsi et que du point (7< comme centre on decrive une sphere Si ayant pour rayon 
la plus courte distance de Cf k la surface du conducteur, la sphere St sera tout 
entifere exterieure au conducteur et le point jJf sera interieur k la sphere S^ 

Cherchons done k 6tablir ^existence des points (7|. 

Considerons d'abord une region finie R situ6e a une distance finie de la sur- 
face du conducteur et soit 5 la plus courte distance de la region R k cette surface. 
Cela pos6 considerons le triple syst&me de plans : 

parallMes aux trois plans de coordonn6es. Les trois quantites mi , w,, m, sont 
des nombres entiers positifs ou negatifs. Ces plans partageront Pespace en une 
infinite de cubes 6gaux dont la diagonale est 6gale h 8. 

Ceux de ces cubes qui appartiendront en totality ou en partie k la region R 
seront en nombre fini. Soient 
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ces cubes. L'interieur de chacun d'eux j'envisagerai un point appartenant a la 
region JB; j'obtiendrai ainsi n points 

Gj, G}, . . . . , G,|, 

le point Gi appartenant h la fois au cube JT^ et a la region R. 

Si nous consid6ron8 maintenant un point M quelconque de la r6gion JB, ce 
point appartiendra k I'un de nos cubes, par exemple au cube -ffi. La distance 
du point M au point (7< sera plus petite que 8 diagonale du cube ; la distance 
du point Ci a la surface du conducteur est elle-meme plus grande que 8 , puisque 
Ci appartient a R. 

Done tout point de R est plus rapproch6 de Tun des n points Gi, Ci, .... G^ 
que celui-ci ne Test du conducteur, 

Je partage maintenant Tespace ext^rieur au conducteur en une infinite de 
regions 

Chacune de ces r6gions est ainsi representee par la lettre R affect6e d'un 
indice qui pent varier depuis — oo jusqu'sb + «>• La region JS< se compose des 
points dont la plus courte distance a la surface du conducteur est comprise entre 
Q^ et Q*'^\ Dans chacune de ces regions je d^finirai les points G^ 0^, . . . , (7„ 
comme je I'ai dit plus haut. J'obtiendrai ainsi une infinite de points G. 11 est 
clair alors que tout point ext6rieur au conducteur sera toujours plus prfes de I'un 
de ces points que celui-ci ne Test lui-meme de la surface du conducteur. 

c. Q. F. D. 

L^existence des sphhres Si est done Hahlie. 

II est clair qu'on pourrait construire ces spheres Si d'une infinite d'autres 
mani^res et que celle que je viens d'exposer en detail dans le seul but de fixer 
les idees n'a ete choisie d'une fapon tout sb fait arbitraire. La seule chose essen- 
tielle c'est que les spheres /Si, quoique en nombre infini, puissent etre rangees 
en une serie lineaire : 

^1» ^2> . . . . , 0,|, • • . . , 

oii chacune d'elles ait un indice entier positif parfaitement determine, c'est-^-dire 
pour parler le langage de M. Cantor, que Tensemble des spheres Si soit de la 
1*'® puissance. 

L'ordre dans lequel ces spheres seront rangees dans la serie lineaire 

est d'ailleurs indifferent. 
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II s'agit maintenant d'etablir qu'il existe une fonction V finie et continue 
ainsi que toutes ses derivees a I'exterieur du conducteur et satisfaisant h Texte- 
rieur du conducteur a Tequation de Laplace ; et de plus que cette fonction tend 
vers quand le point (x , y , z) s'61oigne indefiniment et vers 1 quand le point 
(x, y, z) se rapproche indefiniment de la surface du conducteur. 

Soit le centre et R le rayon de la sphere 2; imaginons une certaine quan- 
tite d'electricite positive distribuee uniformement h la surface de cette sphere 

avec une density -— ^ . J'appelle Vq le potentiel du a cette 61ectricit6. Nous 
aurons F= 1 

^ rinterieur de la sphere 2 et en particulier a Tinterieur du conducteiur et 

R 



n = 



OM 



lorsque le point if (x, y, z) est exterieur a 2. On a dans tons les cas 

0<Fo<l 

et Vq tend vers quand le point if s'eloigne indefiniment. 

Nous allons faire maintenant une serie d'op6rations que je vais d6finir. 

Nous avons vu plus haut que si une masse electrique P se trouve h, I'int^- 
rieur d'une sphere S, on pent la remplacer par une masse egale distribuee a la 
surface de la sphere de fapon que la density en chaque point de cette surface soit 
en rayon inverse du cube de la distance de ce point au point P. Le potentiel 
par rapport a un point exterieur a S n'est pas chang6, le potentiel par rapport k 
un point int6rieur est diminue. 

On pent appeler cette couche electrique r6pandue a la surface de S la couche 
6quivalente h la masse unique P . 

Cela pose, supposons qu'on remplace toutes les masses ^lectriques qui 
peuvent exister a Fint^rieur d'une sphere Si par la couche equivalente repandue 
k la surface de cette sphere. Le potentiel en un point ext6rieur a Si ne changera 
pas, le potentiel en un point interieur a Si diminuera. Cette operation pourra 
s'appeler: **balayer la sphere /Sj." 

Nous partons de la masse electrique repandue sur 2 et dont le potentiel est 
Vq. Chacun des points de 2 appartenant a Tune des spheres Si, quelques-unes 
de ces spheres contiendront de Telectricite ; soit Si une de celles qui en contien- 
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nent; '^balayons" cette sphere; balayons ensuite la sphere S^ si cette sphere 
contient de TelectricitS et ainsi de suite. 

II faut diriger les operations de fapon que chaque sphere soit balayee une 
infinite de fois. On pent par exemple balayer les spheres dans Tordre suivant : 

II est ais6 de constater que de cette fapon chaque sphere est balayee une infinite 
de fois. 

Soit ensuite Vi ce que devient le potentiel Vq aprfes la premiere operation, 
T, ce que devient Vi aprfes la seconde operation ; soit enfin V^ ce qui devient le 
potentiel aprfes n operations. 

Supposons que la n® operation consiste k balayer le sphere Sk» On aura : 

V^ = Fn-i a Fext^rieur de St, 
F^ < F^_i h Finterieur de S^* 

On aura done dans tons les cas : 

Cette in6galit6 montre qu'en un point quelconque de Tespace V^ est toujours 
d^croissant (ou du moins toujours non-croissant) quand on fait croitre Pindice n. 

II importe de remarquer qu'il n'y a aucun moment et en aucun point de 
masse 61ectrique negative. Au debut nous avons sur la sphere 2 une couche 
61ectrique uniforme et positive. Aucune des operations subs6quentes ne pent 
introduire de masses negatives. En eflfet le balayage d'une sphere quelconque 
consiste h reraplacer les masses 61ectriques positives situees a I'int^rieur de cette 
sphere par des couches 6quivalentes positives repandues a la surface de cette 
sphere. 

On a done K > • 

Ainsi en un point quelconque de Tespace F^ est toujours positif et d6crois- 
sant. Done quand n croit ind6finiment, V^ tend vers une limite finie et d6ter- 
min6e que j'appelle V. J'ai done d6montre Texistence d'une fonction Fd6finie 
en tons les points de Tespace. II reste a etudier les propri6tes de cette fonction. 

Considerons une quelconque des spheres Si. Par hypoth&se cette sphere 
sera balayee une infinite de fois. Supposons qu'elle le soit k la af operation, k 
la af , . . . . ^ la a® , . . . . Apr&s chacune de ces operations, il n'y aura plus 
d'electricit6 a I'interieur de Si de sorte qu'on aura : 

AF. = (a,- = tti, a,, as, . . . . a„, . . . .). 
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Quand a^ croit indefiniment, F«^ tend vers V de sorte que la s^rie : 

K, + {V^-VJ + (K.-FJ + . . . . + (K.-K,-x) + . . . . 

converge et a pour somme V. Chacun de ces termes satisfait k I'^quation de 
Laplace ; de plus chacun d'eux est negatif (sauf le premier) car on a : 

F«,<C Fe,_i si comme on le suppose a„ >«»-!• 

Done en vertu du theorfeme de Harnack la convergence est uniforrae et les series 
d6duites de la pr6c6dente par dififerentiation convergent aussi uniform6ment. 
Done k rint6rieur de Si la fonction V est continue aussi que toutes ses deriv6es 
et satisfait a Tequation de Laplace. 

Mais par hypothfese tout point de Pespace 6xterieur au conducteur appar- 
tient au moins a Pune des spheres /Si. 

Done en tout point exterieur au conducteur, V et ses deriv6es sont con- 
tinues et Ton a : AV= 0. 

Je dis que F tend vers quand le point jJf s'61oigne indefiniment. En eflfet on a : 

Fo>F>0. 

Or Fq tend vers quand if s'eloigne ind6finiment, done il en est de meme de F. 

II reste a demontrer que Ftend vers 1 quand le point if se rapproche inde- 
finiment de la surface du conducteur. 

Soit done ifo un point de la surface du conducteur et suppose que le point 
if se rapproche indefiniment de Mq. Par hypothec il y a au point ifo un plan 
tangent d6termin6 et deux rayons de courbure principaux determines. On pent 
done construire une sphere a tangente k la surface du conducteur en Mq et dont 
le rayon r est assez petit pour que cette sphere soit tout entifere contenue k 
Finterieur du conducteur. 

Soit G le centre de cette sphere. La fonction 

MoG_ r 



MG- MG' 



regardee comme fonction des coordonn6es x^y^z du point M satisfait k I'Squa- 
tion de Laplace et si reduit a 1 a la surface de la sphere a . 

D autre part la fonction F^ est un potentiel du k des masses 61ectriques qui 
sont toutes positives. II en resulte que cette fonction F„ pent avoir des maxima, 
mais ne peut avoir de minimum. 
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De plus Vn est 6gal a 1 en tous les points int^rieurs au conducteur et en 
particulier sur toute la surface de a. En effet cela est vrai de F©, mais, en 
balayant I'une des spheres Si, on ne change pas le potentiel k I'ext^rieur de cette 
sphere, ni par consequent k rint6rieur du conducteur qui est tout entier ext6rieur, 
par hypoth&se, k toutes les spheres S^ On a done a rint6rieur du conducteur 

La diflf6rence TT— V ^ 



MG 



est un potentiel du aux masses 61ectriques qui engendrent F„ et qui toutes sont 
positives et ext6rieures a a, et a une masse — r concentric au point G et par 
consequent int6rieure a a. Toutes celles de ces masses qui sont ext6rieures h a 
sont positives. Done a rext^rieur de a, la fonction U ne pent avoir que des 
maxima et pas de minima. A la surface de a ^ U est nul, car 



A rinfini, U est encore nul, car 



V - ^ -1 
^^~ MG 



^^ MG 



Done k l'ext6rieur de cr, Une peut etre que positif, en sorte que I'on a: 

""^^ MG' 
Nous avons done la double in6galit6 

T 

^>^^>~MG' 
qui a la limite devient : 

T T 



= ' = MG = T + MM^' 

II est done clair que quand la distance MM^ tend vers , V tend vers 1 . 

c. Q. p. D. 
La fonction V satisfait done bien aux conditions que nous nous etions 
impos6es et le jprincijpe de Dirichlet est etahli. 

Voyons maintenant si on peut se debarrasser des conditions restrictives que 
nous nous sommes imposees, a savoir que le plan tangent et les rayons de cour- 
bure principaux sont determines. Nous ne nous sommes servis de ces condi- 
30 
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tions que pour 6tablir Fexistence de la sphere cr, tangente au conducteur et 
toute enti&re int6rieure k ce conducteiur. Cette sphere a n'existera 6videminent 
que si le plan tangent est d6termin6 ; mais elle pourra exister encore en un 
point singulier oil les rayons de courbure ne varieraient pas suivant les lois 
habituelles ; nous n'aurions alors rien h changer k notre demonstration. 

Nous n'avons done qu'a examiner les points singuliers pour lesquels la sphere 
a n'existerait pas. S'il y a sur la surface du conducteur de pareils points singu- 
liers, nous ne pouvons pas encore aflfirmer que la fonction V tende vers 1 quand 
le point jJf se rapproche de Van de ces points singuliers; remarquons toutefois 
que Pexistence de ces points singuliers n'empeche pas V de tendre vers 1 quand 
M se rapproche d'un point non singulier de la surface. 

Mais on pent aller plus loin ; supposons que le principe de Dirichlet soit 
demontre pour un certain conducteur (7. Supposons ensuite que le conducteur 
donn6 (7presente un point singulier Mq, et que Ton puisse construire un con- 
ducteur C', semblable a (7, dont la surface passe par Mq et qui soit tout entier 
int6rieur a C. Je dis que quand le point jJf se rapprochera de Mq, Ftendra 
vers 1. 

En eflfet le principe de Dirichlet 6tabli pour (7 Vest aussi pour (7' ; il existe 
done une fonction V satisfaisant a Pequation de Laplace k Texterieur de (7' et 
se r6duisant k k Tinfini et a 1 ^ la surface de C7'. Nous aliens faire jouer alors 
au conducteur C" le meme role qu'a la sphere a dans le cas pr6cedemment 
examine. On verrait comme plus haut que : 

et par consequent que : 1 >► F >• F". 

Or quand M tend vers Mq : lim V" =• 1 . 

Done lim F = 1 . c. Q. p. D. 

Parmi ces points singuliers les plus int6ressants sont les points coniques 
que nous aliens etudier de plus prfes. 

Je suppose qu'une partie de la surface du conducteur G soit une portion de 
cone de revolution. Soit Mq le sommet de ce cone. Je dis que Ftendra vers 1 
quand le point if se rapprochera indefiniment de Mq. 

Mais pour cela il est necessaire de demontrer le lemme suivant : 

Soit S une sphere fixe, C un cercle fixe sur cette sphere, P un point fixe 
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en dehors de la sphere. Soit maintenant E un ellipsoide de revolution variable 
assujetti a restes tangent a la sphere S tout le long du cercle G. Soit V une 
fonction satisfaisant k Tequation AF= k Texterieur de E et se reduisant a 
k rinfini et a 1 a la surface de E. Soit Vq la valeur de V au point P. 

Je dis que Vq tendra vers 1 quand le grand axe de E croitra indefiniraent. 

D^signons en effet par p et Vp* — 6* les axes de I'ellipsoide E, par p + A 
et >v/(p + Iif — b^ les axes de I'ellipsoide E', homofocal k E et passant par P. 
On aura : 

A la limite les ellipsoides E et E' se r6duisent a deux paraboloides homofocaux 
Pi et P/ faciles a construire. 

Alors h tend vers une limite finie qui n'est autre que la distance des sommets 
des deux paraboloides ; p — 6 tend vers une limite finie qui est le demiparamfetre 
de Pi. On voit aussi que i(p — b) et Z(p + A — b) tendent vers des limites 

finies, que i ( 1 H — Zirh) » *^^^ ^^^® ^ ^* V^^ -^ (p + ^) ^^o^* indefiniment. Par 

consequent Vq tend vers 1 . c. q. f. d. 

Revenons maintenant k notre conducteur G dont une partie de la surface 
appartiendra k un cone de r6volution de sommet Mq. Par le point Jfo, et en 
dehors du cone faisons passer une droite MqP et supposons que le point M se 
rapproche de Mq en suivant cette droite ; je dis que F tendra vers 1 . 

En eflfet du point M je mfene une normale au cone et par le pied de cette 
normale je fais passer un parall&le du cone de revolution. Je construis ensuite 
un ellipsoide de revolution E qui soit tangent au cone tout le long de ce parallMe. 
Je ferai varier cet ellipsoide de telle fapon qu^l reste constamment tout entier 
^ rint6rieur du conducteur G et son grand axe reste fini quand le point if se 
rapproche indefiniment de Mq. Cela est manifestement toujours possible. 

Je construis ensuite un potentiel W qui se r6duise a 1 a la surface de E. 
Soit Wq la valeur de W au point M, on aura : 

l>F>TFo. 

Construisons maintenant une figure homothetique de la pr6c6dente en prenant 
pour centre d'homoth6tie le point Mq, le cone de revolution sera son propre 
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homothetique ; rhomothetique de Pellipsoide E sera un ellipsoide E' tangent au 
cone tout le long d'un parallfele ; Thomothetique du point M sera un point M' 
de la droite MqP. Nous choisirons le rapport d'homoth6tie de fapon que ibf' soit 
fixe ; alors Tellipsoide de revolution E sera tangent au cone tout le long d'un 
parallele fixe. 

Soit maintenant un potentiel TT' qui se r^duise a 1 a la surface de E'. Soit 
Wi la valeur de W^ au point if' ; on aura : 

Wo=Fo'. 

Lorsque le point if se rapprochera de Mq, le rapport d'homoth6tie et par conse- 
quent le grand axe de E^ croitront indefiniment. Done d'apr&s le lemme TF© 
tendra vers 1 . Done Wq et par consequent V tendront aussi vers 1 . 

c. Q. F. D. 

Cela pose considerons maintenant un conducteur G quelconque, et un point 
singulier Mq de ce conducteur ; je supposerai qu'en ce point Mq le plan tangent 
est determine, ou que ce point Mq est un point conique ordinaire. Je pourrai 
alors construire un conducteur C" forme par exemple d'une sphere et d'un cone 
de revolution circonscrit, ayant pour sommet Mq ; je pourrai choisir Tangle du 
sommet du cone et le rayon de la sphere assez petits pour que (7" soit tout entier 
interieur a G. 

Le principe de Dirichlet est demontr6 pour C"; (7" est interieur h G] nous 
devons en conclure, com me nous Tavons vu plus haut que V tend vers 1, quand 
if tend vers ifo. 

Nous pouvons resumer cette discussion en disant que le principe de Dirichlet 
est etahli pour tout conducteur dont la surface est telle que Ic plan tangent en chaque 
point est determine sauf en un nomhre limite de points coniques ordinaires. 

Comme methode de demonstration, celle que je viens d'exposer ne laisse 
rien a desirer comme methode de calcul ; elle ne vaut pas mieux que celles qu'on 
a proposees jusqu'ici et meme si le conducteur est convexe, elle est inf^rieure a 
celles de Neumann et de Robin. Mais meme a ce point de vue, je ne regrette 
pas de Tavoir publiee ; en effet, ainsi que nous I'avons vu, il ne faut gufere 
compter que sur la premiere approximation si Von veut pousser plus loin, meme 
avec le procede de Neumann, on serait conduit a des calculs trop rebutants. 
Chaque methode donnera done seulement quelques inegalites, il n'est done pas 
inutile de multiplier les methodes ; dans chaque cas particulier, un analyste 
habile saura choisir celle qui convient le mieux, ou mieux encore les combiner 
toutes d'une manifere convenable. 
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A ce point de vue, la m6thode que j 'expose ici ofirira&cette analyste habile 
d'assez grandes ressources a cause de son 61asticite (si j'ose m'exprimer ainsi). 
Le choix des spheres Si, S^j . . . . S^ reste arbitraire dans une trfes large mesure ; 
d'ailleurs on peut sans rien changer k la m6thode remplacer la sphere 2 par 
d'autres surfaces, ou meme prendre pour Vq une fonction potentielle quelconque, 
pourvu qu'elle se reduise S, 1 S. rint6rieur du conducteur et que les masses 61ec- 
triques qui Tengendrent soient toutes positives. 

On pourra encore remplacer les spheres Si par d'autres surfaces, pourvu que 
Ton sache construire sur cette surface la couche 6quivalente a une masse 61ec- 
trique donnee int6rieure a la surface. On conpoit qu'on pourra profiter de toutes 
ces facility pour adapter le mieux possible la methode h. chaque cas particulier. 

Parmi ces perfectionnements dont la m6thode est susceptible, il en est un 
qui me parait fort important. Nous avons construit les spheres Si de fapon que 
tout point exterieur au conducteur soit interieur au moins k Pune de ces spheres. 

Imaginons qu'on construisa seulement assez de spheres Si tout entiferes exte- 
rieures au conducteur, pour que tout point exterieur au conducteur et interieur h 
2 soit interieur au moins a Tune de ces spheres. Les spheres Si dont le rayon 
doit etre fini dfes qu'on est a une distance finie du conducteur, empeiteront 
d'ailleurs sur la region ext6rieure a 2 . 

Dans ces conditions tout point de Fespace est ou bien interieur au conduc- 
teur (7, ou interieur a Tune des spheres aSI, ou exterieur a 2. 

• II ne peut etre a la fois interieur a (7 et interieur k Si, ou bien interieur k 
C et ext6rieur a 2; mais il peut etre a la fois interieur k deux ou plusieurs des 
spheres Si, ou interieur k Tune ou plusieurs de ces spheres et ext6rieur a 2. 
Nous avons vu plus haut comment on pouvait remplacer une masse electrique P 
interieure d'une sphere 2 , c'est-a-dire par une couche electrique repandue a la 
surface de la sphere et dont le potentiel soit egal k celui de la masse P k Text^- 
rieur de 2 et plus petit a I'int^rieur. 

Je dis maintenant qu'on peut 6galement remplacer une masse Electrique Q 
exterieure a la sphere 2 par une couche equivalente, c'est-5.-dire par une couche 
Electrique repandue a la surface de 2, et dont le potentiel soit 6gal a celui de la 
masse Q a rintSrieur de 2 et plus petit k FextErieur. 

En effet soit le centre de 2 et R son rayon ; soient P et Q deux points 
situ6s sur un meme rayon vecteur OP et tels que : 

OP. 06 = 721 

Supposons que P soit interieur kX] Q sera exterieur k 2. 
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Con8id6ron8 deux masses Pune 6gale S, 1 et plac6e en P, I'autre 6gale k 

— \/ 7JP 6t placee en Q. Nous avons vu que le potentiel du k ces deux masses 

6tait une fonction Z7, nuUe a la surface de 2 , positive a Tint^rieur de 2 et n6ga- 
tive k Texterieur. 

Soit W le potentiel de la couche 6quivalente a la masse P repandue a la 
surface de 2. D'apr^s ce que nous avons vu, nous aurons : 

k rext6rieur deX: jlp — W=0 j^ <^^ MQ 

a rinterieur de 2 : mP~^~MP~ ^0? MQ^^' 

La lettre if designe toujours le point de coordonnees courantes x, y^ z. 
Ces egalites montre que Ton a : 

k Texterieur de 2 : W< \/-^ ^ ^ 



OP MQ' 

a rinterieur de 2 : Tr= n/tjp TfQ • 

Par consequent la couche 6quivalente k la masse int6rieure 1 situee en P est 

aussi equivalente a la masse ext6rieure \/ jyp situee en Q . 

II importe de remarquer une difference essentielle entre les deux cas ; nous 
savons que la masse totale de la couche equivalente a la masse 1 situee en P est 

6gale ^ 1 et par consequent plus petite que \/ jjp , c'est-ardire que la masse 

exterieure situ6e en Q. 

Ainsi la couche Equivalente a une masse interieure a une masse totale Sgah 
a cette masse ; la couche Equivalente k une masse exterieure a ime masse totale 
plus petite que cette masse. 

A c6t6 operations dont il a 6te question plus haut et qui consistent k 
**balayer'' Pinterieur des spheres Si, nous pourrons introduire une operation 
nouvelle que nous pourrons appeler le balayage de I'extErieur de 2. 

Cette op6ration consistera a remplacer toutes les masses extErieures a 2 par 
la couche Equivalente rEpandue a la surface de cette sphere. 
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Cela pos6 on fera une serie de balayages successifs en partant de la fonction 
Vq et en ayant soin de diriger les op6rations de telle fapon que Tinterieur de 
chacune des spheres Si, ainsi que rext6rieur de 2, soient balayes une infinite de 
fois. 

Les raisonnements que nous avons fails plus haut sont encore applicables et 
on obtiendra une serie de fonctions 

V V V 

qui convergeront de la fonction cherch6e F. 

Seulement I'approximation sera plus rapide, parce que chaque balayage de 
Text^rieur de 2, pent remplacer le balayage d'une infinite de spheres St qui 
devraient, dans la m6thode primitive, remplir I'espace infini exterieur a 2 . 

De plus, nous devons observer que dans la methode primitive, chaque 
balayage laissait subsister la meme quantite totale d'61ectricit6 dans I'espace ; au 
contraire, dans la m6thode nouvelle, cette quantit6 totale diminue aprfes chaque 
balayage de Text^rieur de 2. 

La m6thode nouvelle se prete par consequent mieux que la premi&re au 
calcul des capacit6s. 

Nous avons vu que le probl^me g6n6ral de Dirichlet se ram^ne au cas que 
nous venons de traiter. Nous pourrions done nous dispenser d^6tudier directe- 
ment ce cas g6n6ral. Cependant je vais montrer que la m6thode expos6e ci-dessus 
y est directement applicable. 

Soit done G une surface partageant I'espace en deux regions Pune ext6rieure 
k la surface, Pautre interieure. Soit U une fonction quelconque, bien d6termin6e 
en tons les points de O. 

Nous nous proposons de trouver une fonction V: 

V. Qui est finie et continue ainsi que ses d6riv6es tant k Texterieur de O 
qu'i l'int6rieur, mais qui peut devenir discontinue sur la surface C elle-meme. 

2°. Qui satisfasse a Inequation de Laplace tant h Pexterieur de C qu'a Tint^- 
rieur, mais qui peut cesser d'y satisfaire sur la surface G elle-meme. 

3^ Qui tende vers quand le point M de coordonn6es courantes x, y, z 
s'eloigne ind6finiment. 

4°. Qui tende vers U quand le point M se rapproche ind6finiment d'un point 
de (7, soit par Tinterieur, soit par Texterieur. 

1®' cas. Supposons qu'on puisse trouver une fonction Vq finie et continue 
dans tout Fespace ainsi que ses derivees des deux 1*^" ordres ; qui soit 6gale kO k 
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rinfini et h Z7 S. la surface de G et qui soit telle que AVq soit constamment 
n6gatif. 

Une pareille fonction pourra etre regardee comme un potentiel dii h. de 

AV 

Telectricit^ repandue dans tout Tespace et dont la density — -r— ^ sera partont 

positive. 

Nous n'avons done encore ici que des masses 61ectriques positives. 

Construirons maintenant une infinite de spheres /Si, aS^j, . . . . , aS^, de telle 
fapon que chacune de ces spheres soit tout entifere exterieure k la surface C et 
que tout point de Tespace, exterieur a (7, soit int^rieur au moins a Pune des 
spheres St. 

Balayons ensuite, comme il a 6t6 dit plus haut, ces diverses spheres Si en 
dirigeant les operations de telle sorte que chacune d'elles soit balay6e une infinite 
de fois. 

Soit V^ ce que devient Vq aprfes la n® operation ; on aura encore, puisque 
toutes les masses 61ectriques sont positives : 

Vn+i<V^ et F„>0 

ce qui montre que quand n croit ind6finiment V^ tend vers une limite finie et 
determinee que j'appelle V. Pour un point int6rieur h. G on a, F,i= Vq. 

On verrait, comme plus haut, qu'a Fint^rieur de chacune des spheres aS^, et 
par cons6quent pour tout point exterieur a C7, la fonction V est finie et continue 
ainsi que ses d6riv6es et satisfait a l'6quation de Laplace. 

On verrait egalement que F tend vers quand le point Jf s'61oigne indefini- 
ment. II me reste a montrer que V tend vers U quand le point M se rapproche 
de la surface G. 

Nous suppose rons pour fixer les idees que le point M se rapproche ind6fini- 
ment d'un point Mq de la surface G en restant exterieur a cette surface. 

Nous construirons une sphere <t tangente a la surface (7 en i<i et de rayon 
assez petit pour etre tout enti^re int6rieure a G. 

Le principe de Dirichlet etant demontr6 pour une sphere, nous pourrons 
construire une fonction W qui a Texterieur de la sphere satisfasse k I'equation 
ATF = 0, qui se reduise a a I'infini, et a T^ a la surface de la sphere. 

Quand le point if tendra vers Mq^ la fonction W tendra vers Vq et par con- 
sequent vers U. 

Comparons les fouctions V^ et W. 
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A la surface de (T , on a : 

A rinfini, on a : F„ = = TT. 

Maintenant V^ et W sont deux potentiels; le premier est engendr6 par des 
masses 61ectriques toutes positives et dont quelques unes sont ext6rieures ^ a ; 
le second par des masses qui sont toutes int6rieures ^ a . 

Done S, Textfirieur de a la diflf6rence V^ — W pent avoir des maxima, mais 
pas de minima ; et comme elle est nuUe ^ la surface de a elle sera toujours posi- 
tive. On a done : 

Fq > F^ > TF et par consequent ^ la limite Fi > F> W. 

Quand if tend vers Jfo, T^ et IF tendent tons deux vers U. Done Ftend aussi 
vers U. c. q. p. d. 

Le principe de Dirichlet est ainsi 6tabli pour la r6gion ext^rieure 5, G] on 
le d6montrerait absolument de la meme manifere pour la region int6rieure. 

2® cas. Supposons maintenant qu'on puisse trouver une fonction Fq qui 
soit finie et continue ainsi que ses d6riv6es des deux premiers ordres, qui se 
r6duise a S, Tinfini et ^ J7 a la surface de G. (Nous ne supposons done plus 
que AFi est toujours n6gatif.) On pourra trouver une fonction T^fSatisfaisant h, 
ces conditions toutes les fois que la fonction U sera elle-meme finie et continue ainsi 
que ses dSrivies des deux premiers ordres. 

La fonction Vq pourra etre regard^e comme un potentiel engendr6 par des 

AV 
masses 61ectriques r6pandues dans tout I'espace avec une density j-^ . Seule- 

ment comme A Vq n'est pas toujours n6gatif, les masses ne seront pas toutes posi- 
tives. Nous pourrons alors 6crire : 

^0=^ Vq — rj , 

Vq 6tant le potentiel du aux masses positives seulement, et Vq le potentiel du 
8eulement aux masses negatives chang6es de signe. 

Soient U' et U'^ les valeurs de Vq et Fq ' k la surface de (7, on aura : 

U= U' — U". 

Vq et Vq n^6tant engendr6s que par des masses positives, on pourra, comme nous 
venons de le voir, construire des fonctions F' et F'' qui satisferont k T^quation 
31 
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de Laplace k rext6rieur de C et qui se r6duiront respectivemfent k V etk W k 
la surface de C. 

La diflf6rence V= V — F' 

satisfera k r^quation AF= et se reduira k Uklo, surface de O. 

Le principe de Dirichlet est done encore ici 6tabli. 

3® cas. II nous reste k examiner le cas oii la fonction U n^est plus con- 
tinue ainsi que ses deriv^es des deux premiers ordres. 

Bien des m6thodes s'offrent k nous pour g6n6raliser les r6sultats obtenus 
dans les deux premiers cas. 

Je ferai d'abord observer que si la fonction U est elle-meme continue et si 
ses d6riv6es du 1®' ordre ne pr6sentent de discontinuites que le long de certaines 
courbes analytiques trac6es sur la surface (7, les d6monstrations dont j'ai fait 
usage dans les deux premiers cas pen vent se rep6ter sans qu'on ait rien k y 
changer. 

Fassons au cas general ; nous pourrons trouver deux series ind^finies de fonc- 

tions TT TT TT ' TT' TT' TT' 

qui k la surface de C'jouissent des propriet^s suivantes: 

1^ EUes sont finies et continues ainsi que leurs d6riv6es des deux premiers 
ordres. 

5P>. Ona: U^+i>U^. UUiKU!,, U^^U^. 

3^ On a : lim J7„ = lim UJi=^ U pour n infini. 

(Cela n'aura lieu que pour les points de C dans le voisinage desquels U est 
continue.) 

Nous pourrons alors construire deux series de fonctions 

V V V ' V^ V^ F' 

tellesque AV^ = AVJi = 

k rext6rieur de ^ et F^ = U^ VJi = UJi 

k la surface de G. On aura alors : 

Nous conclurons de 1^ que V^ tend vers une limite finie et d6termin6e F. 
Le th6or&me de Hamack montre que Ton a : 

A F= . D'ailleurs VJ,::>V::>V^. 
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II reste h montrer que Ftend vers U quand le point M se rapproche ind^fini- 
ment d'un point Mq de la surface de O. Pour cela, il faut que dans le voisinage 
de Mq la fonction U soit continue, sans quoi la proposition qu'il s'agit de d^mon- 
trer serait fausse et n'aurait meme pas de sens. 

Nous voulons d^montrer que Ton pent prendre M assez voisin de Mq pour que 

U—6<V<U+6 

quelque petit que soit e. 

Comme au point Mq, U est continu, U^ et Ui, tendent vers une limite com- 
mune U quand n croit ind6finiment. Nous pourrons done prendre n assez grand 

pour que: V:-U,<I^ 

d'oii a fortiori 



Nous regardons n comme d6sormais d6termin6, nous pourrons prendre M assez 
voisin de M^ pour que : 

On a alors: y^ F„> P, - -1- > Z7-£ 

®* y<yi<u;, + -~<u+B. c.q.f.d. 

§2. — Probl^me de Fourier. 

Le problfeme de Fourier a pour objet r6tude du refroidissement d'un corps 
solide rayonnant. J'ai donn6 de ce problfeme, dans une note ins6r6e aux Comptes 
Rendus, une solution plus rigoureuse et plus complete que celles qui ont 6t6 pro- 
posees jusqu'ici. Bien qu'elle ne soit pas encore enti^rement satisfaisante, je 
crois quHl ne sera pas inutile de la rappeler et de la d6velopper ici ; car elle va 
nous servir de point de depart naturel pour ce qui va suivre. 

Consid6rons un corps solide homogene et isotrope, isol6 dans un milieu ind6- 
fini a travers lequel la chaleur se propage par rayonnement. Soit Fla tempera- 
ture d'un point du corps; ce sera une fonction de x, y, z et t] soit la 
temperature ext6rieure. On aura, S. rint6rieur du corps : 

dV 

^ = a'AV (1) 
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et ^ la surface du corps dV ^ ^ ^ ^ ,. 

c? est un coefficient constant qui depend de la conductibilit6 du corps et de sa 
chaleur sp6cifique. Quant a h c'est un coefficient positif et constant qui depend 
du pouvoir 6missif du corps. 

Le premier point est d'etablir Texistence d'une infinite de fonctions auxili- 
aires TL Uo U 

ne d6pendant que de x, y, z et satisfaisant aux equations suivantes: 
On aura ^ Tinterieur du corps : 

et a la surface : dUn , . ^r r. 

Les quantit6s Ai, A^, . . . . , A;„, . . . . 

sont des coefficients constants que je supposerai rang6s par ordre de grandeur 
croisante et que je d6terminerai plus complfetement dans la suite. 

Enfin pour achever de d6finir la function U^j nous ajouterons que Fint^grale 



A 



fu^dr 

6tendue k tons les 61ements de volume dr du corps solide doit etre egale k 1 . 
Nous allons pour demontrer Pexistence des fonctions Un employer une demon- 
stration analogue k celle par laquelle Riemann etablit le principe de Dirichlet. 
Soit F ime fonction quelconque et posons : 

=fF^dr , 

L'integrale A ainsi que la seconde des integrales de Texpression B sont 6tendues 

k tons les elements d/t du volume du solide et Pintegrale / F^d(d k tons les Elements 

c2a) de sa surface. 

Supposons que la fonction F soit assujettie k la condition 

^=1. 
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Les deux int6grales de ^expression B ont tous leurs 616ments positifs. B ne 
peut done devenir n6gatif. B ne pent non plus devenir nul ; en eflFet il ne pour- 
rait s'annuler que si tous les 616ments des deux int6grales dtaient nuls ^ la fois, 
c'est-Si-dire si Ton avait : J^= 

^ la surface du corps et 

dF_dF_dF_ 

dx dy dz 

S, rint^rieur du corps. II faudrait done que F fut encore nul S, Tint^rieur du 
corps, ce qui est impossible ^ cause de la condition : 

A—CF^dn:—\. 

B admettra done un minimum absolu. Soit TJ^ la valeur de F qui correspond S, 
ce minimum. Le calcul des variations nous donne : 

^hA—Jv^hV^dft = ^, 

Or le th6or^me de Green nous donne : 

de sorte qu'il vient : 

-1 SB =f(h Ui +^') 5 tT,d<o —fA U^S Uidr = o. 

SB doit s'annuler toutes les fois que SA s'annule. On doit done d'apr&s Pune 
des regies du calcul des variations, pouvoir trouver une constante ki telle que 

SB — J^SA 
soit nuUe quel que soit SUi. On doit done avoir identiquement: 

ce qui exige que tous les 616ments des deux intfigrales soient nuls ou que Ton 
ait ^ la surface du corps 
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et a rinterieur : A CTi + A^ ?7i = . 

On a d'ailleurs par hypothfese : 

V existence de la fonction Ui est dcmc dSmontr^e. 
On trouve : 

^=*/^<"'+/[(^)*+(f)"+('<i^)> 

ou en vertu du th^orfeme de Green : 

ou en vertu des Equations qui d6fininent Ui : 

Ainsi ki n'est autre chose que la valeur du rapport --^ pour F= Ui. Comme 

ce rapport atteint son minimum pour F= Ui, nous devons conclure que ki est 
le minimum du rapport -j- . 

Prenons pour F une valeur quelconque, nous obtiendrons une certaine 
valeur de —^ qui sera plus grande que ki. C'est done un moyen de trouver une 

JO. 

limite sup6rieure de A^. 

Faisons par exemple F= 1. 

vien : A=: J ch;^= volume du corps solide, 

B = hj d(d=:hx surface du corps solide. 

Le rapport -^ est done toujours plus petit que le rapport de la surface du solide 

h son volume. 

Cherchons encore une autre in6galit6. 

Appelons W le volume du corps solide et S sa surface. 

Prenons pour origine des coordonnees le centre de gravity du volume du 
corps. 
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Appelons / Tint^grale 



/ Q(?ck 



c'est-Srdire le moment dUnertie du volume par rapport au plan des yz . 
Appelons JB' Pintegrale /% 

/ Ql?dci} 

c'est-a-dire le moment d'inertie de la surface par rapport au plan des yz. Soit 
Xq la distance du centre de gravity de la surface au plan des yz • Posons : 

Jf = XqS^=J xdci. 
Faisons maintenant : jP= ota; + 1 , 

a 6tant une ind6termin6e ; il viendra : 



B = hfiax + If da + /*a*<*r = a' {hH-\- W) + ^Mh + 

d'oft : , ^ g* {hH+ W) + 2aMh + Sh 

^< a*I+V • 



Sh 



II faut maintenant choisir a de telle sorte que le second membre de cette in6galit6 
soit minimum. Ce second membre admet un maximum et un minimum qui sont 
les racines de I'^quation en A : 

3Ph* ={hH+W— 2,I)(Sh — 7iW) 
ou 7i*IV— X {ISh + F» + WHh) + SHh* — M*h* + WSh = 0. 

On a done : 



^ ISh + W' + WHh */(ISh + WEh + W*)* — SHh' + M*h* — WSh 
*i < 2IW 2IW 

cette limite est infl^rieure h la pr6c^dente. 

Occupons nous maintenant de d^montrer I'existence de la fonction Ug ; soit 
une fonction quelconque F assujettie aux deux conditions suivantes : 

^ = 1 , G=fFUick = 0. 

On pourra choisir cette fonction de fapon que B soit minimum ; soit U» la 
fonction qu'il faut choisir pour F afin de rendre B minimum. On devra avoir : 

\hB=f(hU,-\-^)hU,do-fAU^U^t=0 
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toutes les fois que : 

On pourra done trouver deux constantes ^ et i^ telles que : 
quelque soit S Z7i . On a done identiquement : 

de sorte qu'on aura a la surfaee du corps 

dn 

et k rint6rieur : 

Calculous ^ et A^ji . Nous trou vons d'abord : 

fu^AU^ck + hfUiU^dr + Xifu^ck = 0. 

on aura done : ^ i Prr a tt^ r. 

Xi + / UiAU%ck = 0. 

Or le th6orfeme de Green donne : 

Mais dUi , j^ dUi J rr 

II reste done simplement : 

J UiA U^r =J* UtA Ujck . 

Mais A?7i= — hiUi. 

Done Jli est nul. 

II vient done : AU% + Jc^Uf=^0 
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Or 



ou: 



Done: 

t 
t 

Jc^ = hfu^do +fx (^^dr — B. 

Ainsi h^ n'est autre chose que la valeur de B qui correspond a jP= CT^. A-^ 6tait 
la valeur de B qui correspond a jP= C^i et au minimum de B. 
Par consequent on a : 

et d'ailleurs : dU^ , ,^ ^v ^ i i? j 

-1 — |- A C^ = a la surface du corps, 

A?7i + A:iCr, = S, rint^rieur, 

L'existence de la fonction J7^ est done d6montr6e. 
Soit maintenant U^ une fonction telle que 

A=fuick=l, C=fUsUi€k = 0, D=fu^U^d/t:=Q 

et choisie d'ailleurs de telle sorte que B soit aussi petit que possible. 

On devra avoir : 5-8=0 

toutes les fois que 

5-4 = 0, 50^=0, 5jD = 0. 

On pourra done trouver trois constantes ^, A, et A% telles que Ton ait identique- 
^e^t = hB-h^A—7ul,^hG— 2^8D = O. 

Un raisonnement analogue k celui qui pr6c6de montrerait que Ton doit 

avoir k la surface du corps d^s ij^jj a 

dn ^ 

et a rint6rieur ^U^ + h^^z + ^Ui + X,?7,= 0. 

On demontrerait ensuite comme on I'a fait plus haut que ^ et X, sont nuls et que 
h^ est la valeur de B qui correspond i^ F^=^ U^. 
32 
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D'apr^s la definition de Z7i, A^ est done la plus petite valeur que puisse 
prendre Fexpression B quand la fonction F est assujettie aux conditions : 

fF^d/t—\] fFUidr=0] fFU^ck=0. 

D'autre part Jc^ 6tait la plus petite valeur que pouvait prendre B quand i^6tait 
assujettie aux deux premieres de ces conditions seulement. Done : 

'^3 ^ ^'l8 • 

La fonction Uq est ainsi definie par les conditions : 



dn 



La loi est manifeste ; il est inutile de pousser plus loin ce raisonnement. 
On voit que Ton a demontr6 Texistence d'une infinite de fonctions : 

telles que Ton a a la surface du corps 

et ^ Tinterieur : A C^ + A-p ?7j, = . 

Les coefficients hj, sont des constantes positives et telles que : 

Enfinona: Ctttt^^ n > 

/ UpU^drt^^O pourjj^g 

Ce raisonnement est sujet aux memes objections que celui par lequel Riemann 
6tablit le principe de Dirichlet. Nous nous en contenterons toutefois pour lo 
moment, nous chercherons dans la suite a le rendre plus rigoureux. 

Ces fonctions Uj, ont 6t6 enti&rement construites par Lam6 dans certains ca8 
particuliers, par exemple dans celui de la sphere et celui du parall61ipipfede. 

Dans celui du parallelipip^de rectangle dont les trois dimensions parallMes 
aux trois axes sont 2a, 26 et 2c, Texpression des fonctions Up et des coefficients 
kp est particuli^rement simple. 
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Nous devons avoir en effet a I'interieur du corps : 

et en outre : 

pour a;=:a -^ — 1-^£' = 0, pour^= — a -^ hU=Oj 

poury = 6 -^ [-AC^=0, poury=: — b ^ A £7=0, 

pour 2 = c -z — |-^l/=0, pourz = — c ^ hU=0. 

Posons : 

JJ= sin {\x + /t^i) sin {Xffc + (I2) sin (^ x + f^s)- 

Les constantes Xi et (ii nous seront donnees par les deux 6q nations : 

Xi cos (^a + /t^i) + h sin (^a + ^j) = , 
^ cos (Xia — f^i) + A sin {XiU — ^j) = , 

d'ou : tg (Xia + ;t^i) = tg (Xja — /i^^) , 

XTt 

X 6tant un entier ; il suflBra de prendre x = d'ou : 

sin (XiX + (ii) = sin XxX 
et ac = 1 d'oili : sin {'kix + /t^j) = cos ^^x. 

On aura alors pour 



^j=0 ou-|- Xi + A tg(Xia + ^i) = 0. 



De meme /t^2> i^8> '^ ^t Xs seront donn6es par les Equations: 

^= ou -^ ^ + htg{7^ + (it) = 0. 

Enfin on a : A; = ;ij + ;i| + X|. 

Consid6rons en particulier le cas de A = ; ce qui correspond au cas oili la 
surface du corps est impermeable k la chaleur ; il vient 

XiU + f^i = -«- + x7t X 6tant entier : 
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ou k cause de /t^^ = ou -^ . 



On a alors : 



^ = ^1^ mi 6tant en tier. 



oili nil, 971,, 97}s sont des entiers. On aura done: 

Jci = 0, ^=4^ 

si 2a est la plus grande des trois dimensions du parall61ipip^de, e'est-^dire si 

On trouve ainsi A^^ =: o , ?7i = const. 

et Tc' 

A^ = j-j- , ZJg = const, sin XiX. 

Supposons maintenant A = <», ce qui correspond au cas oili la surface du corps est 
maintenue artificiellement h la temperature ; on a alors : 

tg (M + f^i) = 

d'oili Xia + ^1 = x7«, X 6tant entier, 



71 

OU puisque (ii=:0 ou^. 



\a = wij -^ , mi 6tant entier. 



Nous trouvons done encore : 

97ii , 971a et 9718 6tant entiers. 

Mais toutes les solutions ne sont pas acceptables. On doit avoir en effet 

h la surface du corps ; d'oili : 

sin (^a + fii) = sin {2^b + fiz) — sin (X^ + f^) = 0, 

ce qui exige que 97?i, 97ia et 97i, soient au moins 6gaux S, 1; il viendra done: 
Laissons maintenant de cdt6 le cas du parallelipip^de rectangle et revenons au 
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cas g6n6ral ; il est clair que, pour un meme corps, A^, A^i, Jcn sont des fonc- 

tions du pouvoir emissif A. Je dis que ces fonctions sont toujours croissantes. 
Soient en effet N et A" deux valeurs du pouvoir 6missif ; soient pour un corps 
donn6, k^ et Jci/ les valeurs correspondantes de h^, et Un et Ul' les fonctions Un 
correspondantes. On aura : 
h la surface du corps 

et k I'int^rieur du corps : 

AUi + Ku: = AUi' + K'Ui' = 0. (4) 

Le th6or^me de Green nous donne : 

dU^ dU" 
Dans cette identity remplapons AUl, AU^, "rf"^' ^ "* par leurs valeurs tir6es 

des Equations (2) et (4), il viendra : 

(A' - h'')f tTiui^cu, = {K - K)fmu;:&t . 

Supposons que A' et A" difffere trfes peu de telle sorte que 

h!f — y = dh, K' — K — dK, 

Ul = Un i des infiniments petits prfes, il vient : 

dhf U'ndo — dKf U^dt . (5) 

Dans l'6quation (6), les deux int6grales sont essentiellement positives ; il 



reste done : dk 



-^0 



dh 

ce qui signifie que k^ est une fonction croissante de h. c. Q. f. d. 

Pour A = ; on a 6videmment : 

A^ = , Ui = const. = — ™ ( W 6tant le volume du corps) . 

En efiet, ces quantit^s satisfont aux Equations 

AU, = AU^ + k^U^=0, ^ = 0. 

an 
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L'equation (6) devient alors 

dh~ W 

S designant la surface du corps et W son volume. Done si h est tr^ petit, ki 

est sensiblement egal a s 

h 



Nous venons de trouver : 

fjnid.=j'u:dr=i. 

Nous avons d'autre part : 

*.=*/^'^+/[(f-)'+(f")+©"]* 



d'oii: 






^^ K_ dh 



h dkn 

et dkn ^ dh 

k 

Cette inegalite montre que le rapport -— ^^ toujours en d6croissant. 

II importe de remarquer, avant d'aller plus loin que quand h est positif, k^ 

est essentiellement positif. Sans doute, cela r6sulte de la fapon dont les fonc- 

tions Un ont 6te d6finies plus haut j raais on pourrait imaginer qu'il existe des 

fonctions U autres que celles que nous venons de definir et pour lesquelles on 

aurait: dU r 

^ + A?7=0, •ACr+;fcZ7=0, JTPdft-X, k<0. 

Je dis que cela est impossible et il me suflSt pour P^tablir de montrer que Ton a : 

*=*/^*+/[(f)'+(f)+(f)>. 

ce qui se d6montrerait par le merae calcul que plus haut. 

Si au contraire h etait negatif, k^ pourrait aussi devenir negatif. 

II pent arriver quand on fait varier h, que deux des nombres Ar^ et A;^+i 
viennent k se confondre. Qu'arrivera-t-il alors en g6n6ral ? 

Soient kf et A/' deux valeurs de k, U' et CT" les fonctions tT correspondantes. 
Imaginons que A/, A/', W et U" soient des fonctions continues de h. Quand 
^<[^j on aura par ezemple k! <^kl^] pour A = Aoi on aura A/ = ^^'; pour hy^h^^ 



Partielles de la Physique Mathematique. 249 

on aura A/ > Td'. D'apr^ ce que nous venons de d^montrer, Td et A" sont deux 
fonctions croissantes de h. 

Maintenant, supposons qu'il y ait w — 1 nombres h inferieurs a la fois ^ A/ et 
^ TdK Nous devrons, d'apr^s nos conventions, appeler h^ la plus petite et h^^i 
la plus grande des deux quantites Td et Td'. Nous aurons done : 

Td =Tc^ Td'^=:kn + i pourA<CA0 

et A/' = A;» A/ = A:n+i pourA>Ao* 

Les fonctions Td et Td' etant continues et croissantes, les fonctions Tc^ et Tc^+i 
definies comme nous venons de le faire seront aussi continues et croissantes. 

En resume, dans tous les cas possibles, Tc^ est une fonction croissante de Ti] 
Tc^ atteint done sa plus petite valeur pour A= 0. 

Nous allons done 6tudier la valeur de Tc^ pour A = 0. 

Decomposons le volume de notre corps solide, d'une manifere quelconque, 
en p volumes partiels. Considerons chacun de ces volumes partiels comme un 
corps solide de meme conductibilit6 que le solide donne et dont la surface est 
impermeable ^ la chaleur. Soient : 



les fonctions U relatives a ces p solides. 

ooienr i ^n ? ^^^is i * * * * > ^in > • • • • , 

<81 > "^ 1 • • • • , f^^n » • • • • J 

les nombres A; correspondants. 

Comme pour chacun des p solides partiels on a A = 0, on aura : 

AJjj •-— /Cgi ^— • • • » — — • A/«i -^ U 

et les p fonctions Un, CT^i , . . . . , U^\ seront des constantes. 

Je conserverai la notation Un et Tc^ pour les fonctions relatives au solide 
total. Posons maintenant : 

F= ai ?7i + ttj 17, + ....+«• CT^ I 

les a 6tant des coefficients ind^termin^s. 
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Nous avons k la surface du corps, puisque h est suppos6 nul : 

— = 
dn 

et par consequent en vertu du th6orfeme de Green : 

Le second membre pent s'ecrire (en vertu de Tequation AUi + kiUi=^ 0) : 
J (aiC'i +(hU% + + oi^nt^nXoLih^i + (hh%^% + + aA ^n) ^ 

ou encore Ten vertu des relations / U^d/t =1, J ^i ^^^ = o} • 

D'autre part on a : 

fv^dn;=:f{aiUi + a^U^+ + a»f7n)*c?^ = aj + ai+ + al, 

d'oii 

Nous pouvons disposer de nos n coeflBcients arbitraires aj, o^, . . . . , a^ de fapon 
k satisfaire an — 1 conditions. Voici comment nous choisirons ces conditions. 
Nous annulerons d'abord les Xi integrales 

6tendues au premier solide partiel. 

Nous annulerons ensuite les ^ int6grales 

fvUnd^,...., fvU^d^ 
6tendues au second solide partiel. 

Nous annulerons enfin les 2,p integrales 
6tendues au dernier solide partiel. 
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Nous devrons avoir d'ailleurs : 

\ + ^+ . . . .+\ — n—l. (7) 

Rappelons quelle est la d6finition de hi^j^^^i. Ce coeflScient est le minimum du 
rapport des deux int^grales : 

quand la fonction arbitraire V est assujettie aux ^li conditions : 

f VUiick =f VUrfk = =fvUi^ch=0. 

Toutes les int6grales sont suppos^es 6tendues au premier solide partiel. Done 
le rapport des deux int6grales B et A 6tendues a ce premier solide est plus 
grand que A^. ;,,+!. 

On verrait de meme que le rapport de ces deux int6grales 6tendues au 
second solide est plus grand que A2.x,+i» ^tc; que le rapport de ces deux int6- 
grales 6tendues au^® solide partiel est plus grand que ^^.Ap+i- 

Done le rapport des deux int6grales B et A 6tendues au solide total, sera 
plus grand que la plus petite des p quantit^s : 

Ms^is rin6galit6 (6) exprime que ce meme rapport est plus petit que k^. 

Done k^ est plus grand que la plus petite des quantit^s (8) pourvu que la 
relation (7) soit satisfaite. 

Ce r6sultat pent s'6noncer comme il suit : 

Rangeons les quantit6s 

/Cn , rCi2 »••••» f^n > • • • • 

/mjj ,••••• ••, "^tn ) • • • • 



"^pl » > "^pni • • • • 

par ordre de grandeur croissante. (II va sans dire que dans la s6rie ainsi obtenue, 
plusieurs termes pourront etre 6gaux ; c'est ainsi que les p premiers termes qui 
sont kii, k^i, . . . . , kj,i sont tons 6gaux ^0.) 

Chacun des termes de la s6rie ainsi obtenue sera plus petit que le terme 
correspondant de la s6rie : 

33 
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Cela pose, supposons que notre solide soit un poly&dre limite par des faces 
qui soient toutes parallfeles a Tun des trois plans de coordonn6es. 

Nous pourrons decomposer notre polyfedre en n — 1 parallelipipMes rect- 
angles. Soient h h Jr (^\ 

les valeurs de k^ correspondant h ces n — 1 parall61ipip^des ; d'aprfes ce que nous 
venons de voir, la valeur de k^ correspondant au polyfedre total, sera plus grande 
que la plus petite des quantites (9). 

Si les trois dimensions d'un parall61ipipMe sont 2a, 26, 2c de telle sorte que 
a'^b^c] nous avons vu qu'on a, pour ce parall61ipipfede : 

Si done aucune des trois dimensions d'aucun de nos n — 1 parallelipip^des par- 
tiels n'exc^de a, on aura pour le polyMre total 

4a^ 

Quand n croit ind6finiment, on pent faire tendre a vers 0; done k^ croit indefini- 
ment. 

Cela est vrai pour un poly^dre forme comme je viens de le dire ; et comme 
on pent construire de pareils polyfedres qui diflf^rent aussi pen qu'on le veut d'un 
solide quelconque, on pourrait dire que cela doit etre vrai aussi d'un solide quel- 
conque. Mais un semblable raisonnement ne saurait nous contenter. 

Pour demontrer le thSor^me pour un solide quelconque, je dois d'abord 
chercher une limite inferieure de k^ pour un solide convexe quelconque. Par 
solide convexe, j'entends un corps tel que le segment de droite JOf, qui joint 
deux points M et M' interieurs au corps, soit toujours tout entier int6rieur au 
corps ; ou ce qui revient au meme tel qu'aucune droite ne rencontre la surface 
du corps en plus de deux points. 

Rappelons d'abord la d6finition de k^] k^ est le minimum du rapport 



*«> x^a 



/[a7+(f)'+(^)"]- 



/ 



V*ck 
quand la fonction F et assujettie k la condition : 

JVd/t=0. (10) 
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On peut transformer la definition de fapon a faire disparaitre cette dernifere 
condition. 

Envisageons Tintegrale 

f{V—VJd/vdfc'. 

Dans cette integrale, dr et cfe' sont deux elements de volume quelconques 
du solide donne ; a:, y, z, et a/, y, 2/ sont les coordonn6es du centre de gravite de 
chacun de ces deux elements ; F et P sont les valeurs de la fonction V aux 
points a:, y, z et a/, y, 2/; enfin Tintegrale est 6tendue a toutes les combinaisons 
de deux Elements de volume dr et d't'. (Chaque combinaison sera repet6e deux 
fois de la fapon suivante ; une premiere fois le premier Element jouera le role de 
d/t et le second celui de dr' et la seconde fois ce sera le contraire.) 

On trouve aisement en se servant de la relation (10) et en appelant TTle 
volume total du corps 

f{V—ryd^dr^ = 2wfv^dr 
de sorte que k^ sera le minimum de Fexpression 



^^AmH^)'^m> 



/< 



d^ V^/J . (11) 



(^V—V'ydn;dr'. 

Mais alors la condition (10) devient inutile ; si en effet on ajoute a V une con- 
stante quelconque, la condition (10) cesse d'etre satisfaite et ^expression (11) ne 
change pas. 

Nous pouvons done dire finalement que k^ est le minimum de I'expression 
(11), la fonction V etant tout a fait quelconque et n'etant assujettie a aucune 
condition. 

C'est de la transformation de cette expression (11) que nous allons main- 
tenant nous occuper. 

Posons a cet effet : 

X = ^ + p cos ^ sin d, a/ = ^ -f p' cos ^ sin d, 

y = >7 + p sin ^ sin d, ^ = >7 + p' sin ^ sin $, (12) 

z = pcosd , 2/ = p'C08d. 

La th6orie de la transformation des int6grales multiples nous donne : 
f{V— rydrdr'=f{V—rydxdydzd3^di/dz! 

=f{ V— F')'(p — p')' sin e cos Od^dridpdffddd^. 
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II va sans dire que, bien que je n'emploie qu'un seul signe / , il s'agit ici d-int6- 
grales sextuples. 

Parlons maintenant des limites d'lnt^gration ; supposons que ^ , >? , 6 et ^ 
soient consid6r6s un instant comme des constantes ; quand on fera varier p, le 
point a, y, 2 decrira une droite ; comme le corps est convexe, cette droite rencon- 
trera la surface du corps en deux points. Soient po et pi les valeurs de p qui 
correspondent & ces deux points d'intersection. 

Pour obtenir alors tons les points (x, y, z), (a/, yf, d) int^rieurs au corps il 

faudra faire varier p et p' de p© S. pi, d de i -^ , ^ de i 2^, et donner S. ^ et 

a Yi toutes les valeurs telles que p^ et px soient r6els. 

Cela pos6, cherchons ^ transformer le num6rateur de Fexpression (11). 
Nous avons d'abord, en vertu des Equations (12): 

— — = cos d) sm d -^ h sm d> sm d — i — |- cos -^- 

dp ^ dx ^ dy dz 

d'oii: 

dF\> 

y-) sin QdJdd^ 

r /•/ dV dV dV\^ 

= / / r COS ^ sin 6 -^ — I- sin ^ sin 6 -z — h cos 6 -r— j sin Oddd^. 

Calculous cette int6grale double en integrant entre les limites et 2n pour ^ et 
entre les limites et -s- pour 0. Le coefficient de (-r- ) sera : 



//( 



Jjcoa^^ Bin^ddddp 



2n 
"3"' 



dFV 



-J- j a la meme valeur. 



Le coefficient de ( --=— j sera : 



rrco8^d8mdddd^ = 



2n 



^ . ^ ^dV dV 
Le coeflBcient de 2 —^ — -j— sera : 

dx dy 



J J oos^ sin q> sin^Odd d^= 0. 
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Ceux de 



^ dV dV ^ , ^dV dV 

2 -1 r— et de 2 -z =— seront : 

ax dz ay az 

/ / cos^ Bin^O coBdddd^=J J sin^ sin^fl C08dddd^=^ 0. 



II reste done simplement : 

//( -y.. .<«^ = - [(-)•+ (^)V (^)'] . 

Soit if une fonction quelconque de a:, y etj\ la theorie de la transformation des 
integrales multiples donne : 

/ Mck = / Mdxdydz = / M cos 6 dj^dyj dp. 
II vient done : 

Posons maintenant pour abr6ger : 

Texpression (11) deviendra: 

^Pj^ I Bsind cosOd^dy^ddd^ 
^ J Asind cosOd^d/lddd^ 

Les quantit^s sous les deux signes / sont essentiellement positives puisque 6 

varie entre et -^. Pour trouver une limite inf^rieure de Pexpression (11), 

S 

il nous suflBra de connaitre une limite infSrieure du rapport -j- . C'est de quoi 

nous allons maintenant nous occuper. 

Si la fonction V est choisie de telle fapon que -4=1, il est clair que rint6- 
grale B ne pourra pas s'annuler ; elle admettra done un certain minimum. Cher- 
chons k determiner ce minimum par le calcul des variations. 
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Nous trouvons : 

1 sn- r"^^ '^^^ -n 

Y 5^ =//( V- V'){8 V- B 7')(p - pO* dpdf' = . 
Transformons ces deux expressions, nous trouvons, par Fintegration par parties, 

D^autre part, si dans I'integrale double 

on permute p et p', llntegrale ne doit pas changer il vient ainsi : 

-^ =//( V'-y)^ V' (?' - P)* dpdp', 

^* j=ff{v-v'){p-p'ysvdfdf'=o. 

Cela peut s'ecrire : 

J =f''Hh Fdp = 

en po^ant : ^^ ^£.(^ _ ^^ ,^ _£■ y, ^^ _ ^,^ ^ 

Posons done pour abr6ger : 

II viendra : 

^=T^[p*(pi-po)-p(p!-p?) + ^^']-ap»+2i3p-y. 

Pour que B soit minimum, il faut d'apr^s les regies du calcul des variations que 
hB s'annule toutes les fois que J est nul et pour cela il faut que Ton ait : 

K 6tant une constante qu'il reste ^ determiner. 
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Voyons comment le probl^me pourra etre traite. 
Posons d'abord 

p=:X + (J, X=Pi-+P?, pi = X + (To, po = X — (To, 

nos equations deviendront : 

n= F[2a»(To + -^] — a'^' + 2/?'(j — /, 

^^' a'=fvdxr, ^^-fvada, y^^fva^da, 

les int6grales 6tant prises entre les limites — (Tq et + ^^^o* 

Posons maintenant . a = (Tq^ , 

/M-i /M-i /»+i 

a"=y 7ci^, i3"=J Ffci^, f=J Vfdt. (13) 

L'6quation devient : 

1 d?V 



K' de 



+ 2V\e + 4"] ~ ^"^ "^ 2/3'7 — /' = 0. iT' = iTcrg 



L'6quation (14) contient encore quatre ind6termin6es, a", j3", y" et ^. Si nous 
rint6grons nous trouverons : 

F=a"Fi + ^"F, + fV, + a"F, + e"F5, 

^i» 1^2 » ^3» ^4 ^t F5 etant des fonctions entiferement connues de t et de K' pen- 
dant que 5" et e" sont deux constantes d'integration. 

Pour achever de connaitre Fil nous restera a determiner les six constantes 
a"» ^"^ Y"^ ^"1 f'^ et K. Pour cela nous avons six Equations ; a savoir, les trois 
equations (13), T^quation -4 = 1 et les deux relations 

dV dV 

= pour p =: po, -z— = pour p = pi. 



dp ^ — ^ ^"' dp 

Ces six Equations ne suffisent pas toutefois pour determiner compl&tement ces 
six constantes et en particulier JB7. On trouve pour K' une infinite de valeurs 
positives. Nous prendrons la plus petite de ces valeurs que j'appellerai Kq. 

Je n'ai pas besoin pour mon objet de calculer effectivement Kq ; il me suffit 
de faire observer que c'est une constarUe numerique. 

II vient alors : rp^ K^ 4^o 



K=^ = 



^ {Pi—P^f ' 
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II nous reste a chercher le minimum de -j- correspondant k cette valeur de K. 
Nous trouvons : 

= Kffv{ V- F)(p - p'Y dpdp'. 

Or rintegrale du second membre ne doit pas changer quand on permute p et p' ; 
on a done aussi 

B = -Kffr'{v-v')ip-p'ydpdf/, 

^'^^"^ B = ^ff{ V- nip -i^ydpdff=^A. 

Ainsi le minimum de -j- est egal h 

K 2K, 



•2 ~{pi-rof' 

Pour une fonction V quelconque on aura done : 

Soit X la plus grande distance de deux points de la surface du corps solide envi- 
sage on aura b 2K0 

II est k remarquer que si je n'avais pas voulu indiquer sommairement la mani^re 
de calculer la constante num6rique Kq, j'aurais pu arriver h. la formule (15) en 
quelques lignes par de simples considerations d'homog6n6it6. 

II suit de la que Pexpression (11) est toujours plus grande que 

6K0W 

Par consequent pou/r un solide convexe quelconque on a : 

6K0W 



h> 



liX 



6 f 



9 

Kq dhignant wfw constante numerique, W le volume du corps, et X la plus grande 
distance de deux points de la su/r/ace du corps. 
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Cela pos6 passons a un solide quelconque ; on peut le decomposer en n — 1 

solides partiels convexes. On calculera pour chacun de ces solides le rapport 

W W 

—^ ; imaginons que pour tons ces solides -^ soit plus grand que a ; on aura pour 

le solide total eJSTA 

Or nous pouvons prendre n assez grand et choisir nos n — 1 solides partiels 
de telle sorte que la quantity que nous venons d'appeler a soit aussi grande que 
Ton veut. 

Done k^ sera egalement aussi grand que Von voudra. 

Done poiLT un solide quelconque k^ croU indSJiniment avec n. 

Nous avons d6montr6 ce th6orfeme dans le cas oii A = 0; cela doit suflBre; 
car kn est croissant avec h ; le theorfeme peut done etre regard^ comme d6montre 
pour toutes les valeurs positives de h. 

Je ne veux pas quitter ce sujet sans avoir indique un moyen de calculer une 
limite sup6rieure de A;^ . 

Posons F = aiFi + a^F^ + + a«J^n» 

Fi, F2, . . . . J F^ 6tant des fonctions donn^es et oi, o^, . . . . , a^ des coeflBcients 
indetermin6s. 

Les deux integrales : 

^=*/^'<^+/[(S"+(f)"+(S)>. -=/^*. 

seront des formes quadratiques dependant des n param^tres ai, 02, . . . . , an. 
Formons la forme quadratique : 

B — 7iA 

oil X est un nouveau coeflBcient ind6termin6. 

Ecrivons que le discriminant de la forme B — ^A est nul ; nous obtiendrons 
une Equation alg6brique d'ordre n en X] il est ais6 d'6tablir que cette Equation 
a toutes ces racines r6elles (parce que les deux formes jS et ^ sont d6finies posi- 
tives ; il suffirait d'ailleurs que I'une d'elles le fut. Mais de ce que les deux 
formes sont toutes deux d6finies positives, il r6sulte que les racines sont non- 
seulement r6eUes, mais positives). 

ooient) A][ ) Aj ,..••} An 
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ces n racines rangfies par ordre de grandeur croissante ; je dis qu'on aura : 

'n^^lj '^^^1 ^^^> • • • • t ^n^^n* 

En effet la plus petite valeur que puisse prendre le rapport -j- quand on fait 

varier les a doit etre plus grande que ki. Or cette plus petite valeur est ^; on 
a done Xi>A;i. 

En vertu de la th6orie des formes quadratiques, la forme A pent etre d6compo86e 

en n carr6s et s'6crire : 

^ = i3! + i3J + ....+^., 

/?!, /Sjj • • • • » i^n 6tant des fonctions lin6aires de ai, 02, . . . . , a„. 
De plus cette decomposition pent etre faite de telle sorte que 

Introduisons maintenant les conditions : 

frUidn; =fFUiCk = =fFUpCk= 0. (16) 

Le minimum de -j-, en tenant compte des conditions (16), devra etre plus grand 

que Ajp + i. 

Cherchons ce minimum. Les conditions (16) sont lin6aires par rapport aux 
/3 de sorte qu'on pent les 6crire : 

t^n^l + l^l%^2 + + t^ln^n = 0, 

f^l/^l + ^S^« + + Ihnl^n =0, /jg i^j X 

l^l^l + h^2 + + Ihn/^n = 0. 

Soit X le minimum cherch6 du rapport —r- . On voit par des calculs qu'il est 

inutile de reproduire ici que ce minimum qui nous est donn6 par F^quation 
suivante, dont je vais expliquer la signification : 

2J?ni(X — X<) = 0. (17) 

n (X — ^<) sera le produit de n — p binomes tels que X — >l|. Supprimons dans 
les equations (16 bis) to us les (3t qui ont meme indice que les X^ qui entrent dans 
le produit 11 (^ — X|) ; nous appellerons H le determinant des Equations lin6aires 
ainsi obtenues. Enfin la sommation indiqu6e par le^signe S est 6tendue k toutes 
les combinaisons des n quantitfis Xi prises n — pkn — p. 
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On voit qu'en substituant dans T^quation (17) successivement 

— », ^1, >tj, . . . . , >^«, + ^ 

on obtient au moins p changements de signe. Par consequent la plus petite 
racine de I'^quation (17) sera au plus 6gale ^ ^p+i. On a done: 

Atp ^ I ^ ^p + 1 • C. Q. F. D. 

Je termine ce paragraphe en donnant une nouvelle mani^re de calculer une 
limite sup6rieure de k^ pour A = . 

Soient/, g^ h trois fonctions quelconques assujetties i la condition suivante : 
A la surface du corps on aura : 

a/+i3fl^ + y^=0, (18) 

a , /? , y d6signant les trois cosinus directeurs de la normale a cette surface. 
De plus nous assujettirons nos trois fonctions ^ la condition 

A=f{/' + g'+h')(h;=l. (19) 

aura 6videmment un minimum. Cherchons ce minimum. Posons : 

0= -^ + -^ + — 

dx dy dz * 

Nous trouverons, par le calcul des variations : 

a5/+ P^g'\'Y^^ =0 (Jt la surface du corps) (18 bis) 
\-U=f{/hf+ghg'\-hhh)dft = 0, 

L'int6gration par parties donne : 
ou en vertu (18 bis) 



et 

2 
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Pour que SB soit nul toutes les fois que SA est nul, il faut done que Ton ait : 

¥+^ = 0. h + ^ = 0. M + f = 0, (20) 

Jc 6tant une constante qu'il reste a determiner. 

Des equations (20) on tire par differentiation et addition : 

Ae + ke = o 

et r6quation (18) devient : d^ _ ^ 

dn 

Cela montre que 6 est Pune des fonctions U que nous avons d6finies plus haut ; 
ce ne pent etre que ?72 ; on a A; = Ajj, et pour 6 ^^U^ on trouve : 



Pour des fonctions/, gr, h quelconques on aura done 

d'ou la rfegle suivante. 

On prend trois fonctions quelconques f^g^h assujetties a la condition (18). 

(La condition (19) devient inutile d&s qu'on consid&re le rapport -i-)- Le 

f{f + 9' + h')€h 
est plus grand que k^ . 

§3. — Lois d/u Re/roidissement 

Soit V la temperature d'un point du corps solide ; V sera une fonction de 
Xj y, z et de t. Cette temp6rature devra satisfaire aux deux equations suivantes : 



dV 
A rinterieur du corps: (1) —=- =a*AF. 

dV 
A la surface du corps : (2) —z — |- A F= . 
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La temp6rature est doiinee arbitrairement a Fepoque initiale t = 0. II peut 
done se faire qu'a eette epoque < = 0, Tequation (2) ne soit pas satisfaite ; mais 
elle devra Fetre pour toute 6poque posterieure <>0. O^est la une premiere 
anomalie qui vaut la peine d'etre remarquee. 

En voici une seconde : V ne peut pas en gen6ral etre developp6e suivant 
les puissances croissantes de t. Supposons en efFet que cela soit possible; 
qu'arrivera-t-il ? Soit Vq la valeur de Fpour t= 0. On aura pour < = 0: 

ou 



^_L _ ^4 A» V 



en convenant de poser : 
On aura ainsi en general : 



A'^F=A(A'*-^7). 
— — /7** A** F • 



dt' 
de sorte que si le developpement 6tait possible, il viendrait : 

7= 7o + a»«AFo + ^A»Fo-l- j^ A'Fo+ . . . . 

II resulterait de la que la temperature en un point donn6 et a un instant donn6 
ne dependrait plus que de la valeur de Vq et de ses deriv6es en ce point. La 
forme du corps solide nHnterviendrait en aucurte fagon. Oela est absurde. 

Pour mieux faire comprendre ces anomalies, nous allons envisager un cas 
particulier. Imaginons que le solide devienne un mur ind6fini compris entre les 
deux plans x=±n. 

Supposons que les deux plans a; = =fc n qui limitent le mur soient imperm6- 
ables a la chaleur ce qui revient ^ supposer A = . 

Supposons de plus qu'a Fepoque < = 0; la temp6rature initiale Fq ne d6pende 
que de x et ne change pas quand on change a; en — x. 

Ces propri6t6s subsisteront 6videmment h, une 6poque quelconque. Fsera 
fonction de a; et de < seulement et ne changera pas quand on changera a en — x. 

Dans ces conditions on peut poser : 

F= 2^,^ {t) cos mx. 
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Nous aurons alors ^ tt ^^ v^2^ /^\^^ 

AV= -rj = — Stw^^w {t) cos mx , 

dV 

= 2<jt)m (0 COS mx . 



ctt 



Si dans P^quation dV 2 a tt 

dt 

nous faisons a^ = 1 pour simplifier il vient : 

et enfin F= 2-4,^e"""*'^ cos mx. 

Donnons-nous la temperature Vq a Finstant initial <=0. T^ pourra toujours 
etre d6velopp6e par la s6rie de Fourier sous la forme : 

Vq = XA^ COS mx . 

La serie du 2^ membre 2-4.^ cos mx est toujours convergente, mais la conver- 
gence pent n'etre pas absolue. 

En vertu d'un th6orfeme d'Abel, si Ton prend 

V=XA^e-'^'' coBmx (3) 

on aura quand t tendra vers 

lim V= Vo. 

L'6quation (3) nous fournit done la solution du problfeme. 

II semble que la condition A= n'ait jou6 aucun role dans ce calcul; ce 
n'est la qu'une apparence a la quelle il ne faut pas se tromper. 

Nous pouvons, il est vrai, dans tons les cas possibles, developper V par la 

s6rie de Fourier, et 6crire : 

F= X^m (0 cos mx. 

Mais pour que nous ayons le droit d'en conclure 

d^V 



d^ 



= — Xm^^^ {t) cos mx 



il faut que la s6rie (et d'ailleurs il suflSt) 

Xm^^^ {t) cos mx 
soit convergente. 
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Pour cela il suflSt que Ton puisse trouver un nombre K tel que 

\^^m<^- (4) 

D'apr&s un th6or&me que j'ai demontr6 dans le Tome III du Bulletin Astro- 
nomique (Sur un moyen d'augmenter la convergence des series trigonom^triques) 
la condition (4) equivaut a la suivante ; la fonction representee par la s6rie 

f{x) = 2<^« cos mx 

devra etre continue ainsi que ses trois premieres d^rivees. Or cette fonction est 
6gale a Fentre les limites — 7t et + 7t; si on est en dehors de ces limites on a : 

/(«)= F(a;+2p7t), 

p 6tant un entier positif ou n6gatif choisi de telle sorte que x + 2p7t soit compris 
entre — 7t et + 7t . 

Oomme Fest continue ainsi que toutes ses d6rivees, il ne pent y avoir de 
discontinuity qu'aux deux limites cc==fc:7t. Si done nous designons pour un 
instant par F', F", etc. les d6rivees successives de F par rapport a a, on devra 
avoir: y {n)=V (-7t), (5) 

F (7t)= F (— 7t), (6) 

F' (7t)= F' (-7t), (7) 

F"(7t)= F"(— 7t). • (8) 

La fonction F 6tant paire les conditions (5) et (7) sont remplies d'elles-memes. 
D 'autre part F' et F"' sont des fonctions irapaires de sorte qu'on doit avoir : 

F (7t) = — F (— 7t), T" (7t) = — V"' (— n) 

et que les conditions (6) et (8) peuvent s'6crire : 

T{n)= F"(7t) = 0, 

c'estA-dire que pour cc = n on devra avoir : 

dV JfV 

Si A = , on doit avoir pour a; = 7t : 

dV _dV _ 
dn dx 
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Oette condition ayant lieu, quel que soit t on aura : 

didx da? 

Les conditions (9) sont done remplies, et notre calcul est legitime, mais seulement 
dans le cos de h=: 0. 

Cela pos6 consid6rons la s6rie 

Vq=^XA^ cosmx. 

En g6n6ral la s6rie : Xm^A^ cos mx 

ne sera pas convergente de sorte qu'on ne pourra pas 6crire : 

da? 



A Fq = -j-^ = — Xm^A^ cos mx . 



II en r6sulte qu'on n'aura pas en general : 

lim A F= A Vq quand t tend vers 

et qu'on n'aura pas non plus : 

dV 
lim — = A Fo quand t tend vers 0. 

C^est ce qui explique pourquoi le developpement suivant les puissances de t 
est g6n6ralement impossible. 

Eevenons maintenant au cas g6n6ral : 

On a pour ty>0 dV ^ y_ 

dn 

ou en difiSrentiant par rapport a t: 

^ dV _^ 

dtdn'^'' dt ~^ 

^4^ + hAV=0. 
dn 

En difF6rentiant p fois on trouverait de meme 

dA^'F 



dn 



+ hA^V=0. 



Pour que le d6veloppement suivant les puissances de t poit possible, il faut 
6videmment que Ton ait : 

^ + AFo=0, '?^ + AA^Fo=0. (^) = 1, 2, , ad inf.) 
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Ces conditions, en nombre infini, sont n^cessaires ; j 'ignore si elles sont suflSsantes 
quoique cela puisse sembler probable. Je n'insiste d'ailleurs sur tous ces points 
que pour mieux montrer avec quelles precautions il faut toucher aux Equations 
aux d6riv6es partielles. 

Passons maintenant a I'expos^ des lois g6n6rales du refroidissement. 

Considerons d'abord I'integrale suivante : 



A 



=fv^d^. 



Je dis que cette int^grale ira toujours en diminuant ; nous trouvons en effet : 



dA 
di 

II vient ensuite : 



\- = 2fv^ &t = 2a^fvAV&t. 



ou en vertu de l'6quation (2) 

et par consequent : ^ = -2a^B<0. c. Q. f. d. 

Je dis maintenant que si h n'est pas nul, / F*c?t tend vers quand t croit 
ind6finimeiit. On a en effet B 



A 
d'oii dA 



<— 2a%, 



Adt 
ou en appelant A^ la valeur de A pour t = tQ, 

A < A^-^ *'^ 

Si h n'est pas nul, ki n'est pas nul non plus, et I'on a : 

lim J. = pour < = oo c. Q. f. d. 

Je dis maintenant que le rapport — j- va constamment en diminuant : 



II vient en effet : J_ /B_\ _ AdB—BdA 

dt \aJ~ A'di 

35 
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de sorte qull s'agit de demcmtrer ITnegilife suiT&nie : 

Nous deTODS done d'abord calcoler -^ , il viendra : 

L'6quation (1) nous permet done d'ecrire : 

1<2£ 



ifdL 



= — y ( A T7<fT — y rA» Tdt 



Or si F et CT sont deux fonctions satisfaisant a la surface du corps a Fequatiaa 
(2) le theor^me de Green nous apprend que 

y*(FAir— CrAF)<fo'=0. 
Mais Fet AFsatisfont ^ I'equation (2). On a done 

y* FA» Ydx =y ( A F)» rfr 
et par consequent : ^—_^ A^ y^^ 

ce qui montre dej^ que B est decroissant. 

Nous pouvons ^rire (en appelant dn^ un element de volume du corps autre 
que dre et designant par F la valeur de F au centre de I'element (2r') 

^ = 2a»y* F'A F'cfo' ; ^ = " 20'/ ( A F)»<fo' 

et par consequent : 

4^ — 5^ = — 2a»[y V*drf{A VJdt' —f FA Fdry* FA Fdi'] 



ou 



dB ^dA 



A^ — B^=i— 2a*fri{ FA Vy — FF'A FA F] drdt*. 



Comme rien ne distingue (2t de di', nous pouvons 6crire ^galement : 

A^-B^ = — 2a'ff[{ V'A F)» - FFA FAF] drdr'. 
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d^oii ajoutant les deux valeurs de A ~j B -^ et divisant par 2, 



. dB ^dA 



di dt 



= — a^ffl V'AV— VA Vy drch' 



d'oii . dB r,dA ^ ^ 

A -3- B -r- < 0. c. Q. F. D. 

dt dt 

Nous avons vu plus haut que Ton a : 

A < A^'^''^' 

cette in6galite peut dans certains cas etre remplac6e par une autre. Supposons 

que Ton ait: /» /% /% 

J VUid^=J VU^dft= =J F?7,_icfe= 

nous aurons d'aprfes definition meme des quantit^s h^ et ?7^: 

B 



A 
il viendra done : dA 



>K. 



^, = — 2a«5 < 2a%„il 
at 

et ^ < Jo^««'*"'. 

Etudions maiDtenant les variations de I'int^grale : 



Jn=rVUnck. 



AVdfr. 



II vient : <W« . /• „. 

Le th6or&me de Green donne : 

En vertu des 6galit6s 

le premier membre est nul ; on a done : 

dt — ^««««'« 
et J, = J^e-'"^', 

Jl repr6sentant la valeur de I'int^grale J^ pour t = . 
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Etudions encore les variations de Pintegrale 

oil Vi represente la temperature a Tinstant t et F, la temperature k Tinstant 
h — t. II vient: 

or en vertu du theor&me de Green et des equations 

le second membre est nul. Done JTest une constante qui ne depend que de h. 
Si nous faisons . , . J^ 



il vient : Fj = T^ 

et 



H=rV^d^^O. 



Si done Vi et V^ representent les temperatures a deux instants quelconques, 
I'integrale j.^^^^^^ 

sera toujours positive. 

Nous avons vu plus haut que Tint^grale 

fv^dn: 

consider6e comme fonction du temps va toujours en decroissant. 
Done H qui si Ton fait « = -^ se r6duit k 

sera une fonction d6croissante de A. 



Or nous trouvons : SH 



= a*rVAV^<0. 



dh 
Nous trouvons de meme 

r F,A Vjck =r FjA V^ < . 
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Si done Fi et V^ representent les temperatures a deux instants quelconques, 

^''"'^^'•"^' /f,afa 

sera toujours negative. 

Arrivons maintenant au problfeme principal; 6tant donn6e la temperature 
au temps < = 0, trouver la temperature a un instant quelconque. 

Soit Fq la temperature a Tinstant < = . 

La solution classique consisterait en ceci : 

Developper Vq en une serie de la forme suivante : 

Fo = ^1^1 + ^i72 + + ^?7^ + , 

les A etant des constantes. 

On aura ensuite ^ un instant quelconque : 

F= ^i6~«"«'£ri + A^-^'^'U^^- + ^.e— '^-^CT, + 

Oette solution est subordonnee a la possibility du developpement, et c'est cette 
possibilit6 que nous ne sommes pas encore en mesure de d^montrer d'une 
manifere gen6rale. 

Voici toutefois ce que nous pouvons dire. 

Soient -4^, J.^* • • • • » -^« des coeflScients quelconques; posons: 

Fo= 4iZ7i + ^f7i+ . . . . + ^,Z7« + i2o 

et proposons-nous de determiner les coeflScients A de telle fapon que Terreur 
moyenne commise soit minimum. 

Nous prendrons, h. Texemple de M. TchebicheflF, pour mesure de Terreur 
moyenne commise I'integrale suivante : 



/Sq^ / JBJcfr. 



Cherchons done le minimum de Tintegrale 



f(Vo — A^Ui — A^U^— — A^UJck. 



Cette int6grale sera minimum quand on aura : 



fu^{V,-A^U^)dr = 
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ou (puisque nous avons par definition 

quand on aura : Ap=zJ^. 

Nous sommes done eonduits a eerire : 

Fo = j;U, + JSU,+ .... + JlUn + Bo. 

II resulte de la que Terreur moyenne commise Sq va en diminuant quand n 
augmente, mais non que cette erreur moyenne tende vers quand n croit au 
dela de toute limite. D'ailleurs Sq pourrait tendre vers sans que jBq tendit 
vers 0. 

Remplapons toutefois V^ par sa valeur approch6e 

Nous en d6duirons ^^ --^ 

nous rappelons que nous avons pos6 

fvU^ = Jp = J^e-^'^. 
Posons done : F= JiUi +JfiUi +.... + J^Un + B, 

et prenons pour mesure de Terreur moyenne commise : 



S^fs^ck, 



je me propose de d6montrer que Ton pent prendre n assez grand pour que 
I'erreur moyenne S commise sur la temperature k un instant donn6 soit aussi 
petite qu'on le veut. 

En efiet B satisfait aux Equations 

at an 

Si done la temperature initiale 6tait Bq, la temperature k un instant ult6rieur 
serait representee par B. 



Partielles de la Physique MatMmaiique. 273 

De plus on a, comme il est ais6 de le verifier : 

fBUidr =fRJI^d/t = =fRl7^dr = 0. 

Done d'apr&s un lemme que nous avons d6montr6 plus haut, on aura : 

Or quand n croit au del^ de toute limite, So decroit (sans que nous sachions 
s'il tend vers 0), k^^i croit au deli de toute limite et I'exponentielle a*""'*"*'^ tend 
vers . Done S tend vers . c. Q. f. d. 

Nous avons done demontr6 que Terreur moyenne S tend vers , mais non 
que R tend vers 0. Cela pent toutefois nous suflSre poiu* le moment. En effet 
comment pourrait-il arriver que S tendit vers sans qu'il en fut de meme de iZ? 
II faudrait pour cela que la valeur de R subit des oscillations d'autant plus rapides 
que n serait plus grand, de telle fapon que pour n tr^s grand, R prendrait en des 
points trfes rapproch^s des valeurs tr&s difFerentes. Aucun physicien ne doutera 
que si un pareil 6tat de choses existait k Pinstant initial, il ne saurait subsister. 
C'est ce qui m'engage k me contenter pour le moment des considerations qui 
precedent. 

Je terminerai ce paragraphe par la remarque suivante : 

Si Vq est partout positif, V sera aussi positif pour toutes les valeurs de t et 
pour tons les points du corps. Or quand t croit indefiniment, le rapport : 



tend vers Tunite. 

Done Ui doit etre une fonction qui est positive en tons les points du corps. 

L'6galit6 fu,U^d^ = (n>l) 

montre que la fonction Ui est la seule des fonctions U^ qui jouisse de cette pro- 
priete. 

§4. — PropriMes des Fonctions TJ^. 
Reprenons la fonction TJ^ definie par les Equations : 
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Ou en supprimant les indices qui nous sont in utiles pour le moment : 

Soit T une fonction satisfaisant comme U k r6quation : 

Si T est finie et continue ainsi que ses deriv6es a I'int^rieur du corps, on aura 



/( 



an an / 

les int6grales 6tant 6tendues h la surface du corps. 

Supposons maintenant que la fonction T ne soit plus finie k Pint^rieur du 
corps qu'elle devienne infinie au point (ccq, j/oj 2©) situe a Pinterieur du corps; 

mais de telle fapon que la difference T (ou r designe la distance des deux 

points X, y, z et Xqj j/oj Zq) reste finie ainsi que ses deriv6es. 

On aura alors : f(^jj^_T^)do=:- AnU\ 

TP designant la valeur de U au point Xq) yo> ^q. O'est ce que j'ai deja expos^ k 
propos de la Difiraction dans ma Th6orie Mathematique de la Lumifere. 

In vient done : fu(^^ + hT) rfo = - AnlP. 

Soit maintenant : a = \/A; 

et T* "— ^ 

T 

T designant encore la distance du point mobile x, y, z au point fixe a;o» yo> 2^* 
On aura alors : fu(^^ + At) <&. = ou - ^nU\ 

selon que le point «o> yo> 2© est exterieur ou interieur au corps. 
On a d'ailleurs dans ce cas : 

dT , e'"-/- 1 N 
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1^ 6taiit Pangle de la normale k la surface du corps au point x, y, z avec la droite 

qui joint ce point au point fixe Xq, y^, Zq. 

Nous poserons pour abreger 

dT 

an 

et nous regarderons ff soit comme fonction de r et de 

r cos 1^ = ^ 

soit comme fonction de x, y , z et de xq^ y^, Zq. 
On aura alors : 

rco8'4^ = ^{xo — x) +f^(yo — y) + ^(2o — 2), 

Xj (jL, V d6signant les trois cosinus directeurs de la normale k la surface du corps. 
On en d6duit : dH_dH x^ — x dH 

dxQ dr r dc ' 

On a ensuite si le point qcq, y^, ZoeBt intSrieur au corps : 

^ \n^ ' dxQ ^nJ dx^ 

Cela va nous permettre de trouver une limite sup6rieure de Uq et de ses derivees. 
Soit en effet A la plus grande valeur que puisse prendre \U\ a la surface 
du corps, on aura 6videmment : 

iw<^/i^K.. |f-|<A/|^|^. 

Les deux int6grales qui entrent dans ces deux in6galit6s 



f\E\d..if\^\do 



se calculent ais6ment quand on connait la forme de la surface du corps et le 
nombre positif A;. EUes ne d6pendent que de x^y yo> 2\>. 

Quant au coeflScient A , nous n'avons jusqu'Ji. present aucun moyen de le 
d6termin6r. 

Commenpons par 6tudier les variations de la premifere int6grale / | JTIdb. 

Cette int6grale est ^videmment finie tant que le point x^, y^j z^ reste int4- 
rieur au corps. On a en eflFet : 
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de sorte qull viendra : 



/lffK.<<^ + i + A), 



S dSsignant la surface totale du corps et p la plus courte distance du point 

^o> yo» 2^) i cette surface. Je dis maintenant que notre integrale tendra encore 

vers une limite finie quand le point Xq, y^^ Zq se rapprochera indefiniment de cette 

surface. 

Posons en effet : tt ^ cos il/ , tt 

i/= — -^ + B^. 

Hi sera une fonction qui ne deviendra pas infinie meme quand r s'annulera. 
Nous trouvons en effet : 



ff.= 55iip 



tare 



tor 



«*•'+!] + y(e'"'-l), 



e*"" 1 

r 


2 


ar 
sin 2 


-<a; 




r 



tare*"'' — e»'*^ + 1 
? 



<4a* 



et enfin : 
d'oii: 



|fii|<Aa + 4a^ 



r\H\do<haS+4a'S+hf^+f^\coa^\. 



surface du corps, les integrales / L — zA et T integrale / ^^ tendent vers des 



II est ais6 de voir que quand le point Xq, yoj Zq se rapproche indefiniment de la 

^ — '-^ ei 1 mxegraie I 

limites finies. 

Si d'abord le corps est convexe, de telle fapon qu'une droite ne puisse couper 
sa surface en plus de deux points ; cos 4^ est positif et Ton a : 



/l^rf«=/^(«a> = 4n. 



r* 



Si le corps n'cst pas convexe, et qu'une droite puisse rencontrer sa surface en n 
points on aura : /• | qqs 4' I 



/ 



cZ6)< 4(n— l)n 



car rint6grale s'obtient en d^crivant du point Xq, y^, Zq comme centre une sphere 
de rayon 1 et en faisant la perspective de la surface du corps sur la surface de 
cette sphere, le centre de la dite sphere etant pris comme centre de la perspective. 
Un point de la sphere sera alors au plus la perspective de n — 1 points de la 
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surface du corps ; de sorte que la somme arithm^Hque des aires des perspectives 
des divers 616ments de cette surface sera au plus 6gale k n — 1 fois la surface de 

la sphere. Or cette somme arithm6tique est precis6ment Tint^grale, / 1^^^' do. 

La somme alg6brique serait Tintegrale i ^ do . 

/I cos 'W I 
J — 3 — L do tend vers une limite finie ; il reste ^ demontrer qu'il en 



est de meme de pdo 

r 



/ do 
r 



Or cette int^grale repr6sente le potentiel d'une couche uniforme de mati&re 
repandue k la surface du corps, et Ton sait que ce potentiel est fini. 
Si nous passons maintenant a rin6galit6 : 



dm ^ . r\dH 



<4\ 



dxn J dXi 



do, 



elle nous permet de demontrer qu'S, I'interieur du corps les d^rivees premieres (et 
on le demontrerait de la meme fapon pour les d^rivees d'ordre ftup6rieure) de la 
fonction Uq restent finies ; mais elle ne nous permet pas de voir si ces deriv6es 
tendent vers une limite finie quand le point Xq, j/q, z^ se rapproche indefiniment 
de la surface du corps. 

Nous allons maintenant chercher k obtenir une limite sup6rieure du coeffi- 
cient A • 

Pour cela il nous faut demontrer que 17 est une fonction continue. 

Cela est evident pour les points situ6s k Pint^rieur du corps puisque nous 
venons de voir qu'en ces points on pent trouver une limite sup6rieure des d6riv6es 
de U. 

II reste k demontrer que U est encore une fonction continue sur la surface 
du corps, et pour cela il nous faut une expression de Uq quand le point Xq, j/q, Zq 
est sur cette surface. 

Nous avons trouve plus haut 



fuHdo = ou —47tUo 



selon que le point x©, yo» ^o est ext6rieur ou int^rieur du corps. 
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d'ou: 



En vertu des memes principes, on aura 

fuffdo> = —2nUo 

si le point a^, j/q, Zq est sur la surface meme du corps. 

Si Xq, yo, Zo est un autre point situe egalement sur la surface du corps et si 
JET et Co sont deux fonctions formees avec le point Xq, yl^ Zq comme J^et Uole 
sont avec le point Xo, yo, Zq] il viendra : 

fu{H—W)d(o = 2n{U;,— Uo) 

m—Uo\<Af\H-H'\cUo. 
II nous reste a etablir que : P i n- m i ; 

tend vers quand le point Xq, yl, Zq se rapproche indefiniment du point Xq, y^, Zq. 
Remarquons d'abord que nous pouvons poser : 

ffi a meme signification que plus haut; H^ est forme avec le point Xq, yl„ zl, 
comme Hi avec le point a-o, y©. ^oj r' designe la distance du point Xo, t/o, zl, au 
point X, y, z et I'angle 4'' est defini avec le point x'q, yl, Zq comme I'angle 4* avec 

le point a-o, yo, «o- 
On a done : 



f\H—H<\dui<hf 



/ 



d.^f\'^-'-S^\d.+f\Hi-Ei\d.. 



II suffit done de demontrer que les trois integrales 

tendent vers quand les deux points se rapprochent ind6finiraent. Cela est 
evident pour la troisi^me; car H^ est une fonction continue et finie de a^, y^^i z^* 

Demontrons-le maintenant pour la premiere. 

Decomposons la surface S du corps en deux r6gions cr et </ ; et supposons 
que les deux points ctq* yo» ^ ®t x^, y^, zl^ appartiennent a la region a. 



Partielles de la Physique MatMmadqne. 



279 



Je dis que je pourrai prendre ces deux points assez rapproch6s pour que 



Js I /• fjfJ Ja y 7^ ^^ Ja* I /• 7^ 



rf6)<C €. 



Tout d'abord nous savons que les deux integrales 

sont finies et determinees. II en r6sulte que nous pourrons prendre la region a 
assez petite pour que : 



J^ T ^ ^ ^ •/<r 






quelle que soit la position du point scq, yoi ^ ^^.ns cette region a d'oii : 



JfT I ^ 



do<i - 



2b 



La region a doit desormais etre regardee comme entiferement determinee, 
mais nous pouvons encore faire varier dans cette region le point Xq, yo> 25© • 

Si maintenant / designe la distance du point scq, yi? ^Jq a un point a, y, 2 

quelconque de la region a'; —j- sera une fonction finie et continue de ccq, yo» ^o ®t 

cette fonction tendra uniform6ment vers — quand a:i, y©? ^0 tendrofit vers a:o, yoi ^^o- 

Cela sera vrai tant que le point x, y, 2 restera sur la region a', puisque les points 
^o» yoi 2Jo et iCo? I/ot ^0 n'appartiennent pas k cette region. 

On pourra done prendre le point Xq, y^, Zq assez voisin du point a:©, y^, z^ 
pour que 

et par consequent : 






d(^< 



d(j}<C s. 



C. Q. F. D. 



On etablirait de la meme manifere que 

T f I vvro w cos 'J/' 

On a done : 



i. /•|cos4' 



r'' 



]xmf\H- 



H'\do=iO 






ce qui sigoifie que la fonction U est continue a la surface du corps. 
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Oette demonstration ne montre toutefois qu'une chose, c'est que U^ tend 
vers ?7i, quand le point Xq, yoi ^ appartient a la surface du corps et que le point 
^1 yoi Zq s'en rapproche en restant lui-meme sur la surface du corps. Bile ne 
nous apprend rien sur ce qui arrive quand le point a:©, yo, z© ^st interieur au 
corps et se rapproche de Xq, yo> ^ so^* normalement, soit obliquement k la surface 
du corps. On pourrait observer toutefois que 

cm 

6tant fini, C© doit tendre vers Uq quand la droite qui joint les deux points est 
normale a la surface et il serait aise d'en conclure, par un petit raisonnement 
tr^ simple, qu'il en est encore de meme quand cette droite est oblique. 

Mais cela ne saurait nous sufBre, parce que nous avons besoin pour notre 
objet d'assigner une limite superieure de | Ui — Uo\. 

Si comme nous le supposons le point Xq, yo» ^o ©st sur la surface du corps et 
le point Xqj t/of zl^k Tint^rieur, on aura : 

fnUdui — 2nUo= — 4nUo, 

fwU(k> = — 4nUi 

^'^^ , f{E—W)UdG>—27tUo=—4n(Uo-U^). 

Nous avons done : 



4n{U,-U^) = hf(±.--l-) 



Udw 



+fi^H, - Hi) Ud<. +/(^' - ^) Udo - 2nU,. 

II nous faut demontrer que les trois integrales du 2* membre tendent respective- 
ment vers 0, et 2nUo quand le point Xq, y'^, Zq se rapproche indefiniment du 

point xo, yo» 2o- 

Or on a : I 



f{H,-H^)U(k> <Af\H, — H{ 



dij 



et on verrait comme plus haut que 



\imf\H^ — H(\d(j = 0. 
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II n'y aurait rien ^ changer S, la demonstration que nous avons donn6e dans le 
cas qui pr6c&de. 

De meme on a : 



i/(i_^)^*i<v|i-^ 



e&) 



^* lim 



imj -J- cZg)=0. 



Ici encore il n'y a rien ^ changer.^ la demonstration que nous avons donn6e dans 
le cas pr6c6dent. 

II reste ^ 6tablir que : 

D6composons la surface S du corps en deux regions a et a' et supposons encore 
que le point Xq, j/qj Zq soit situ6 dans la region <y ; il viendra : 

Je dis que je puis prendre le point aro> yo> ^i assez voisin de Xq, yo» ^Jq pour que la 
diflference de 27«t7iet du premier membre de I'identite (2) soit plus petite en 
valeur absolue que c. 

En premier lieu, la fonction TJ 6tant continue S. la surface du corps, nous 
pourrons prendre la r6gion <y assez petite pour que sur cette region on ait : 

W-TJ,\<1^, 

f etant une quantity aussi petite que Ton veut. II vient alors : 



|/(5^-^)(J^- TOrf^k?/!^-?^ 



cZg) 



Or nous venons de trouver 

cos 'J/ 



/ 



do) < 4 (n — 1) 7«, 



n 6tant le nombre maximum des intersections d'une droite avec la surface du 
corps. 
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II vient done : 



\f.{^-^y-u)^ 



<Hn-l)-^<±-. 



Car, f 6tant aussi petit que je veux, je puis toujours prendre 



^< 



24(n— l)7t' 



La region a doit etre regardee maintenant cornice enti^rement detennin^e, mais 
je puis encore faire varier le point xq, yl, Zq. 

Nous voyons d'abord que le point a^oi yo» ^Jq ne faisant pas par tie de la region 

a', on a : ,. /* I cos ol/ cos 'J/ 



u-XI^- 



dci = 0, 



de sorte qu'on peut prendre le point x!,, y^, ss{, aasez voisin du point Xq, y^, z^ pour 



que: 



/•|co8-4/ 

J<r' I lJ* ~ 



COS'4' 



dii< 



SA 



et par consequent pour que : 



|X(^-^)<^ 



< 



D 'autre part l'int6grale 



Jfcos^' 



do 



r^pr^sente Tangle solide sous lequel on voit le contour de la region o du point 
«o. 2/0. 2o. et rint6grale 



f. 



COS 'J/ 



du 



r6pr6sente Tangle solide sous lequel on voit le meme contour du point «o, y^, Zq. 
II en r^sulte que : 



On peut done prendre le point Xq, yi, Zq assez voisin de Oq? yoi ^^o pour que 



|/( 



cos 



t^' 



r» y 



< 



3J[ 
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ou: 



II vient alors 






^ 3 



<C C . C. Q. P. D. 



Voici le r^sum^ de cette longue discussion. 

Soient a;,, y^, z^', Xq, //q, Zq deux points situ6s soit k l'int6rieur du corps, soit 
h sa surface. Soient Uo et Ui les valeurs de U en ces deux points ; on aura : 

A etant la plus grande valeur de | ?7| ^ la surface du corps ; quant a ce sera 
une fonction de Xq, yo, Zq, Xq, y^, Zq que Ton pourra d6terminer compl^tement k 
I'aide des considerations qui pr6c6dent quand on connaitra la forme du corps. 
Ces considerations nous fournissent en effet une limite sup6rieure de \Uq — Uo\ 
puisqu'elles nous montrent comment on doit choisir les deux points Xq, yo» ^i 
Xq, yo, zL pour que | Uq — Uo\ soit plus petit que e. 

Je n'attirerai I'attention que sur deux des proprietes de la fonction 6. EUe 
est essentiellement positive et elle tend uniform6ment vers quand le point 
^oy yd} 25o se rapproche indefiniment du point Xq^ y^^ z^. 

Regardons d'abord le point Xq, yo» ^ comme fixe et situe sur la surface du 
corps et faisons varier le point Xo, yoi 25©. Nous pourrons diviser le volume du 
corps en deux regions que nous appellerons R et R et que nous d6finirons 
comme il suit : 

Quand le point Xq, yd, Zq sera dans la region R on aura : 

e<i. 

Quand ce point sera dans la region R! on aura : 

e>l. 

La region R existe certainement et son volume ne pent etre nul, puisque 6 est 
trfes voisin de quand le point Xq, ydi zd est trhs voisin de Xq, yo» ^' 

Si nous supposons en particulier que le point Xq, yo, Zq soit celui des points 
de la surface du corps oii | U\ atteint sa valeur maximum A] on aura : 

\ui\>A(i-e) 

tant que le point Xq, ^oi ^4 restera h I'intSrieur de la region B. 
37 
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Soit dnf Tel^ment de volume du corps dont le centre de gravity est ^qj ^oi ^ 
On aura : 



fu,^M = i, 



rint6grale 6tant 6tendue au corps tout entier ; et par consequent 



y>'w<i, 



rint6grale 6tant 6tendue seulement a la region R. On en d6duit : 



A*f^{i-ey<h'<i. 



Cette in6galit6 est vraie pourvu que Ton ait choisi pour le point aj© i yo » ^o celui 
des points de la surfece du corps pour lequel 

U\=A. 



Malheureusement nous ne savons pas quel est celui des points de la sur£|ce pour 
lequel cela a lieu. Mais nous pouvons tourner la difficult6 de la fapon suivante. 



L'int6grale , ,^ 



£i'-^y 



pent etre calculSe dhs que Ton connait la forme du corps et le point Xq, yo, z^. 
C'est done une fonction de Xq, y^, z^. Cette fonction ne peut jamais s'annuler. 
EUe aura done un minimum M que Ton pourra determiner d^s qu'on connaitra 
la forme du corps. II vient ainsi 

A^M< 1 
d'o(i ^^ 1 



Vif* 



Ainsi nous pouvons determiner une limite superieure du coefficient A et par 
consequent une limite superieure des derivees d'ordre quelconque de U en un 
point quelconque de Tinterieur du corps. 

§5. — Retour h VHypotTi^e moUculaire. 

Dans les raisonnements qui remplissent les trois paragraphes precedents, il 
y a un point faible que j'ai dej^ signaie plus haut. 

Apr^s avoir montre qu'une certaine integrale ne pouvait pas s'annuler, nous 
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en avoDS conclu que cette int6grale devait avoir un minimum, et nous avons 
determine la fonction U qui correspond k ce minimum par le calcul des varia- 
tions. Or cette application n'eiit 6t6 legitime que si nous avions d6montr6 
d'avance la continuity de cette fonction U. C'est d'ailleurs la meme objection 
qui empeche de regarder comme rigoureuse la demonstration du principe de 
Dirichlet par Riemann. 

II est vrai que dans le § pr6cedent, nous avons trouv6 une limite sup^rieure 
de la deriv6e de cette fonction J7; mais, si Ton voulait s'en servir pour justifier 
Temploi du calcul des variations, on commettrait une petition de principe ; tout 
au plus ce r6sultat peut-il mettre sur la voie dans la recherche d'une demonstra- 
tion satisfaisante. 

II faudrait done, pour obtenir une th6orie analytiquement rigoureuse, 
employer des precedes analogues a ceux qui permettent d'etablir le principe de 
Dirichlet et pent etre des precedes plus compliqu6s encore. 

Je ne I'ai pas fait; mais j'ai pens6 qu'il 6tait possible d'obtenir une demon- 
stration rigoureuse au point de vue physique de la fapon suivante. Au lieu de 
consid6rer P^quation difFerentielle de Fourier en elle-meme, rappelons-nous 
quelle est sa signification physique et comment on I'a obtenue. 

On considfere un corps solide form6 d'un tr&s grand nombre de mol6cules. 

Soient ifi, Jf„ , Jf, 

ces molecules, n est un trfes grand nombre. Soient 

les temperatures de ces molecules. 

La mol6cule Mi enverra & la molecule M^ une quantity de chaleur 6gale k 

Cii, 6tant un coefficient ind6pendant des temperatures, ne dependant que de la 
distance des deux molecules ; ce coefficient est tr^ petit d^ que cette distance 
devient sensible. 

En outre, cette molecule M^ rayonnera au dehors une quantity de chaleur 

6gale^: dV^, 

Ci ^tant im coefficient qui n'est sensible que pour les molecules superficielles. 
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Si nous choisissons Tunit^ de chaleur de fapon que chacune de nos molecules, 
que nous supposons toutes pareilles entre elles ait pour chaleur sp6cifique Funit^, 
nous pourrons 6crire : 

k = n 

^ + X^^.*(^i-n) + <7,F; = o (1) 

et nous aurons n Equations pareilles en faisant i = 1, 2, . . . . , n. 

C'est en transformant le systfeme (1) que Fourier est arriv6 aux Equations 
qui nous ont occupes dans les §§ precedents. Pour cela il passe h la limite, de fapon 
a passer des Equations aux differences finies aux Equations difiSrentielles et en 
tenant corapte de Tisotropie du corps. Mais si r6tude de ces Equations diff6ren- 
tielles nous conduit k une de ces difBcult6s qui tiennent h la consideration de 
rinfini, nous ne devons pas oublier que cette difficult^ est factice, puisque au 
point de vue purement physique, ces Equations differentielles ne sont Ik que 
pour remplacer des Equations aux differences finies qui en different tr^s peu et 
pour lesquelles cette difficult^ n'existe pas. II y a done int6ret k 6tudier le 
systfeme (l) en lui-meme. 

Cette 6tude ne pr6sente aucune difficulte puisqu'il s'agit d'un syst^me 
d 'equations lin6aires k coeflScients constants. 



r-ai 



Posons done : Vi = U^ 

les Ui et a 6tant des constantes ; les equations (1) deviendront : 

aU, = XtG,,{U,- Uu)+ C,U,. (2) 

En 61iminant les n constantes Ui entre ces n Equations (2), on arrive k une Equa- 
tion de degr6 n en a que j'ecrirai : 

F{a) = 0. (3) 

Soient ai, 02, ....,«» les n racines de Pequation (3); consid6rons une de ces 
racines que j'appelle dp. Quand dans les Equations (2) on fera a = ap, ces 
Equations deviendront compatibles et on en tirera : 
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L'int^grale g6n6rale des equations (1) sera alors : 

F, = ^e— ''Cri,+ A^-'*'U^+ . . . . + A^e-'^Unt, 



nn } 



J.X, -ig) • • • • > ^n 6tant n constantes arbitraires d'integration. 

On voit dejS. par 1^ que la veritable solution est bien de la forme S. laquelle 
nous avions 6t6 conduits dans les §§2 et 3. Mais la forme sym6trique des Equa- 
tions (2) va nous en apprendre d'a vantage. La quantite de chaleur envoyee par 
Mik Mk doit etre 6gale k celle que repoit Mj, de i/^, on a done : 

Envisageons done la forme quadratique positive : 
les Equations (2) pourront s'6crire : 

Si nous regardons Ui, 17^, . . . . , Un comme les coordonn6es d'un point dans 

Tespace a n dimensions, l'6quation 

4)=1 

represente un ellipsoide puisque la forme 4) est positive. 

Comment devrait-on proc6der pour trouver les axes de cet ellipsoide. II 
faudrait pr6cis6ment r6soudre les Equations (2 bis), Eliminer les tTJ entre ces 
Equations, ce qui donnerait TEquation (3). 

II rEsulte de \k que I'Equation (3) a toutes ses racines rEelles et positives. 
Ce rEsultat est connue de tous sous cette forme pour les ellipsoides dans Tespace 
ordinaire k 3 dimensions. II est vrai encore dans le cas qui nous occupe, comme 
nous Tapprend la thEorie des formes quadratiques. 

En effet la forme <|> pent etre dEcomposEe en une somme de n carrEs et nous 
Ecrirons cette dEcomposition sous la forme suivante : 

^1) C^, etc. Etant des constantes. 
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Soit maintenant : 

0= C7?+ ui+ — + m. 

La theorie des formes quadratiques nous apprend que I'on peut choisir la decom- 
position de <!> de telle sorte que : 

ce qui entraine les conditions : 

U^i +U^ +....+ U^n =1, (4) 

U^iU,i + U^,U^ +....+ U^nU^=0. {p>q) (5) 

Si done on 6crit les n Equations simultaaees : 

4>P = 1, ^7 = (p>q) (6) 

ces Equations admettront pour solution : 

^i=^pi, U,= Up,,....U^=U^^. (7) 

Or ces Equations (6) entrainent les suivantes : 

JL ^ — ^ A ^ — „ ^. n — Jl^—^^2. — ^ 

d'oii: 1 ^ _ TT 

2 dU, -^p^*- 

Nous retrouvons les Equations (2 bis) . Les valeurs (7) des U%i la valeur Op de a 
nous repr6sentent done une solution de ces Equations (2 bis). 

Quelle est maintenant la signification de ces nombres oi, gcjs, . . . • , a«. Sup- 
posons que ces nombres qui sont tons r6e]s et positifs soient ranges par ordre de 
grandeur croissante. 

II est clair que ai sera le minimum du rapport : 






Si maintenant on suppose que les n variables U ne soient plus arbitraires, 
mais soient liSes par la reflation 

<?>i = (8) 



Partiellea de la Physique MatMmatiqve. 289 



on verra que 02 sera le minimum du rapport : 

4>| +....+ <?>i 



Si les U sont Ii6e8 par les deux relations 

<?>i = <?>2 = 0, (8 bis) 

as sera le minimum du rapport : 

et ainsi de suite. 

L'analogie avec Tanalyse du §2 est 6vidente ; il suffit pour retrouver cette 
analyse de passer h, la limite comme I'a fait Fourier. 

Les equations (1) sont analogues aux Equations de Fourier : 

Les Equations (2) et (2 bis) sont analogues aux Equations qui d^finissent les 
fonctions U et qui s'6crivent : 

Les nombres a sont analogues aux nombres h. 

La forme est analogue ^ l'int6grale que nous avons appel6e B dans le §2 
et la forme & Tintfigrale que nous avons appel6e A . 

L'6q nation (4) est analogue h» I'^quation : 

et I'6quation (5) (qui ezprime que les axes de notre ellipsoide sont rectangulaires) 
U'^quation: fu^U,dT = 0. (n^p) 

II est inutile de pousser plus loin cette comparaison, on comprend suffisamment 
la parfaite identity des raisonnements, bien que ceux-ci soient parfaitement 
rigoureux dans le cas du present paragraphe, oii I'infini n'intervient pas, et qu'ils 
soient au contraire sujets h de graves objections dans le cas du §2. 
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Ce n'est pas seulement dans Tetude du problfeme de Fourier qu'on est con- 
duit a ces considerations ; on obtiendrait des r^sultats tout a fait analogues en 
envisageant au meme point de vue les autres problfemes de Physique Math6- 
matique. 

Dans tous ces probl^mes on a a integrer des Equations lin6aires aux d6riv6es 
partielles. Ces equations ont partout la meme origine. Les lois du phenomfene 
veritable sont exprim^es par des equations lineaires aux diff^rentielles ordinaires, 
ou la seule variable independante est le temps et ou les inconnues sont en tr^s 
grand-no mb re; chacune de ces inconnues en effet, representela valeur d'une certaine 
quantity relative a Tune des molecules du corps. Le nombre de ces inconnues est 
done Jen, n etant le nombre des molecules du corps, et h le nombre des quantit6s 
relatives a chaque molecule. C'est par un veritable passage de la limite qu'on 
passe ensuite de I'hypothfese mol6culaire ^ celle de la mati^re continue et des 
Equations differentielles ordinaires aux Equations aux d6riv6es partielles. 

Si done on revient momentan6ment a Thypothfese moleculaire, on n'a plus 
affaire qu'a des Equations lineaires ordinaires a coefficients constants, et la seule 
difficult^ provient du trfes grand nombre de ces Equations. Mais il y a plus ; ces 
Equations presenteront presque toujours la sym^trie que nous avons observ6e 
dans les equations (1) et on sera encore conduit ^ envisager une forme quad- 
ratique et tout sera ramen6 S. la decomposition de cette forme en carr6s. 

Je n'en donnerai qu'un exemple ; j'envisagerai les Equations de l'elasticit6. 
Soient a?, y, z les coordonnees d'une molecule quelconque, dans Tetat d'6quilibre 
lorsque les forces exterieures appliquees au corps sont nuUes; soient a + w, 
y + v, 2 + t£; les coordonnees de cette meme molecule lorsque le corps 61astique 
est deform6 sous Taction de forces exterieures ; soit <I> la fonction des forces rela- 
tive aOx forces 61astiques ; soient X, Y, Z les trois composantes de la force 
exterieure appliqu6e ^ la molecule consider6e. Les equations d'6quilibre s'^cri- 

ront alors : ^ _ ^ ^ = F — = ^. (9) 

da ' ^ dv ' dw * ^ 

Comme u, Vj w sont trfes-petits, nous pouvons d6velopper suivant les puis- 
sances de ces quantites et n6gliger les puissances d'ordre superieure sb 2. Les 
termes du 1®' degre doivent etre nuls, puisque I'^quilibre normal est atteint pour : 

t^ ^ t? = t£? =: . 

Je puis supposer que le terme tout connu est egalement nul ; puisque <I> n'est 
determine qu'Ji une constante pr^s. 
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En resum6 <E> sera une forme quadratique par rapport aux w, t?, tu, et cette 
forme sera positive parce que Pequilibre normal doit etre stable. 

Les Equations (9) seront done lineaires en w, t?, w?. Le nombre de ces Equa- 
tions est le meme que celui des inconnues w, t;, w?; il est egal ^ n, si le nombre 

des molecules est -^ . Afin de reprendre les memes notations que tout a Theure, 

# 
nous appellerons les n variables, £7i, U2, . . . . , U^] alors si les trois coordonnees 

d'une molecule que nous appelions tout a Theure u, Vy w, s'appellent main- 
tenant Up, Up^i, Up ^2 J ^ous appellerons de meme Xp, -^4.1 et JTp^., les com- 
posantes de la force exterieure appliqu6e k cette molecule, composantes que nous 
appelions tout k Theure JT, F, Z et les Equations (9) deviendront : 

d^ 

^^ = Xp. (2> = 1 , 2, . . . • , n) (9 bis) 

Nous dEcomposerons la forme <I> en carrEs comme nous I'avons fait tout k Pheure 
et nous retrouverons les formules : 

^p= UpiU, + Up,U, +....+ Up^Un, 

e=u! + ui + — + u^. 



Les Equations (9 bis) deviennent alors : 

2^(^k^kUup = Xp (^=1,2, , n) 



(9 ter) 



fc=i 



Multiplions la premiere de ces Equations par Un, la seconde par Cr<2, . . . . , la 
n® par Ui„ et ajoutons. En tenant compte des Equations (4) et (5) il viendra: 

a.4>i= UaXi+ Ui^X^^ + U^X^, (t= 1,2, , n) (10) 

Multiplions maintenant la premiere des Equations (10) par — ^ , la seconde par 

— ^ . . . • , la 71® par — ^ ; en vertu des Equations d'orthogonalitE (4) et (5) ou 
plutot des Equations 
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ufp +uip +.... + uip =1, 

UipU,, + U,pU^ +.... + U^pUn, = 0, 



292 PoiNCAR^: Sur lea Equations aux DSriv^ 

qui comme on le salt leur sont 6quivalentes ; il viendra : 

oii Ton a pos6 pour abr6ger: 

Les Equations (9) sont done ainsi r6solues. 

II est clair qu'une pareille solution ne peut etre que th^orique, comme 
P6tait d6ja la solution du probl^me de Fourier par Tint^gration des Equations (1). 
Le nombre immense des equations (1) comme celui des Equations (9) s'opposerait 
absolument aux calculs. Mais cette solution purement theorique peut mettre 
sur la voie de la solution veritable. 

Passons a la limite et abandonnons Thypothfese moleculaire pour celle de 
la mati^re continue. Nos equations (l) ou (9) deviendront des Equations aux 
d6riv6es partielles ; nos formes quadratiques <!> et deviendront des integrates 
analogues & celles que nous avons appelees A et B dans le §2. 

Notre proc6d6 pourra s'appliquer sans autre changement ; au lieu de decom- 
poser les formes <!> et en carres, nous aurons h, chercher les minima successifs 
de leur rapport ou plutot ceux du rapport des int^grales A et B qui les rempla- 
cent. On passera ainsi d'une analyse analogue k celle de ce paragraphe a une 
analyse tout h fait semblable a celle du §2. 

§6, — Existence des Fonctions U^. 

L'existence des fonctions Un peut etre maintenant regard^e comme d6mon- 
tr6e au moins au point de vue physique. La fonction C/i sera une fonction qui 
devra prendre les valeurs 

^U» ^Ui • • • • f Uin 

aux diff6rents points occup^s par les molecules 

La fonction 17% devra prendre en ces memes points les valeurs 

.c/21, 6^, . . . . , t/g,i 
et ainsi de suite. 
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Nous Savons de plus que les valeurs de la fonction C/i par exemple devront 
satisfaire aux Equations (2 bis) du § pr6c6dent que j^ecrirai 

^ 51^ = ^1^*- (^^ 

La fonction Ui n'est d6finie ainsi, il est vrai que pour n points de I'espace, 
h savoir les n points occupes par nos n molecules ; mais comme ces molecules 
sont tr^s nombreuses et tr^s rapproch^es les unes des autres, on pourra calculer 
par interpolation la fonction C/i pour tous les autres points int6rieurs au corps. 

On pourra & la v6rit6 trouver ainsi deux valeurs diflF6rentes pour la fonction 
Ui si I'on adopte deux regies d'interpolation differentes ; mais les differences 
seront du meme ordre de grandeur que la distance qui s6pare deux molecules et 
par consequent negligeables au point de vue physique. 

La fonction Ui ainsi definie satisfera approximativement aux Equations de 

Fourier: ^77 

AUi + k,U^=0, ^ + hUi=0 (2) 

an 

que I'on obtient en partant des Equations (2 bis) et en passant a la limite, 
L'erreur commise en remplapant les Equations (1) par les equations (2) sera du 
meme ordre de grandeur que la distance qui s6pare deux molecules. 

II y a S. cela toutefois une condition, c'est que les d6riv6es de la fonction C/i 
soient finies; on n'aurait plus le droit de passer des equations (l) aux Equations 
(2) 6taient du meme ordre de grandeur que Tin verse de la distance qui s^pare 
deux molecules. 

II nous resterait done k 6tablir que ces d^rivees sont bien finies; c'est-Srdire : 

l^ Que la diflF6rence Uu — Un est du meme ordre de grandeur que la 
distance des molecules if^ et Jf«. 

2^. Plus g6n6ralement, soit Jf. une molecule quelconque de coordonn^es 
aj, y, z, soient Jf^, Jf^, • • • . , Mj, un certain nombre de molecules tr^s voisines 
de Jf. et dont les coordonn6es soient respectivement, 

Soit P(^, >7, ^) un polyndme quelconque de degr6 inf6rieur km en ^, ri, ^. 
Soient enfin a, j9, /,...., ^ un certain nombre de coefficients relatifs aux 
diverses molecules M^, M^, . . . . , Mf,; et supposons que ces coefficients satisfas- 
sent k la condition suivante : 
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et cela quel que soit le polynome P pourvu que son degre soit inferieur a m 
(j'^cris par symetrie P{^ai >7«> ?a) au lieu de P(0,0,0)). 

Si ces conditions sont remplies, nous aurions a etablir que : 

est du meme ordre de grandeur que les puissances m^ des quantit6s ^, rj, f . 

Cela ne serait sans doute pas impossible ; je n'aurais en effet pour 6tablir ces 
divers points qu'^ traduire dans le langage de Phypoth&se mol6culaire I'analyse 
du§4. 

C'est ce que je me reserve de faire dans im m6moire ult6rieur qui pourra 
etre regarde comme la suite de celui-ci. 

Je pourrai dire alors que les conclusions des §§2, 3 et 4 sont d6montrees d'une 
fapon rigoureuse au point de vue physique. Pent etre meme est-il permis 
d'esperer que, par une sorte de passage k la limite, on pourra fonder sur ces 
principes une demonstration rigoureuse meme au point de vue analytique. 

Paris, le 19 Mars, 1889. 



Singular Solutions of Ordinary Differential Equations. 



By Henry B. Fine. 



The method best suited to a general investigation of the conditions of 
occurrence of singular solutions of diflFerential equations and of the properties of 
these solutions would seem to be that introduced by Briot and Bouquet in their 
study of ordinary solutions, and developed very beautifully in their memoir, 
Proprietes dee Fonctions dSJinies par dee Eqiuztums Differ entielles.^ 

By this method the theory of singular solutions may be based immediately 
on the diflFerential equation, and any use, direct or indirect, of the notion of the 
complete primitive be avoided ; it is not required to restrict the variables or 
coefficients of the equation to real values, and account may be taken of the 
region, not only of points which are ordinary points for the equation, but of such 
as are its singular points f as well. 

There are obvious objections to the use of the notion of a complete primitive 
in any investigation of singular solutions which seeks to be general or rigorous. 
In the first place it is an inversion of the natural order of investigation, since what 
is. sought is the conditions which a diflFerential equation /(x, y,p) = (or one 
of higher order) must fulfil in order that a curve not properly contained in the 
system which it defines may satisfy it ; not the characteristics of a system of 
curves defined by some equation ^(aj, y, a) =0 between a, y, and a param- 
eter a. 

But in the second place, while the curve system ^ (aj, y, a)= generally has 
an envelope, and therefore the diflFerential equation F{xj y, p) =^0 by which 

* Journal de PEoole Polytechnique, Cah. 86. 

t Polncar6 has giren this name to points at which ^ is indeterminate ; in the case of the equation 
^ = X 1 for instance, to the pcdnts of intersection of Jr=4>« TziO. 
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it may also be defined, a singular solution — the. general differential equation 

/(^» y>i^) = h^s no singular solution — the curve system which it defines, no 

envelope. If the equation be of the n*^ degree, there will pass through any 

ordinary point otq, yf^n curves which satisfy it ; but all that it gives to define each 

of these curves is a development of y in positive powers of x. The coefficients 

in any of these developments are, it is true, rational functions of x^^ y^ and of 

one or other of the roots, jpo> ^^ /(^i yo» i>) = » ^.nd therefore algebraic functions 

of a single parameter. But an envelope is not to be had by variation of 

this parameter; for, at the points of Di8Ctp/(a, y, p) = 0, the curve which, if 

any, is the envelope of the system defined by /(x, y, jj) = 0, the development 

generally becomes divergent and so ceases altogether to represent a solution of 

tlie equation.* 

Briot and Bouquet have shown that all ordinary solutions of the equation 

f{p^ y» x) = which pass through a given point aro, yo» ^.nd have there p^^-p^m 

common, may by suitable transformations be reduced to the form y = Vvx"^ ; where 

F is a determinate function of v and x, and v is connected with x by a differential 

d/o 
equation of the form -j-a: = ^(i;, x). In the first of the following sections it is 

proven that if/(/>, y , x) = have a singular solution and stq, y© li® ^^ it> among 
the functions V determined by the Briot-Bouquet method will be one which 
corresponds to the singular solution — but that the differential equation between v 
and X which corresponds to this value of V degenerates into the form 



X 



= *Mx(-.-). 



dv 

dx*" '4' (v » a^) 



generally satisfied by o^ (t? , a:) = only. This result brings out clearly the exact 
relation in which the singular solution stands to the differential equation itself. In 
the strict sense it is not contained in the equation any more than any arbitrary 

(111 d) (3* ?y I i_ 

function ^(x, y)== is contained in the equation ^ = ^z ' \ '^^^ V)' ^^* 

* Darboux was apparentij the first to call attention to and explain the paradox involved in the old 
(Lagrange) theory of singular solutions, according to which, since every differential equation of the first 
ord^r is to be regarded as having a complete primitive of the form ^ (a; , 2^, a) =0, and ^ (a;, y , a) =0 
as generally having an envelope, the differential equation should generally have a singular solution. 
Vid. Gomptes rendus, t. 70 and 71, and M6moires de llnstitut, t. XXVII. 
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it takes the place of one of the two solutions ordinarily occurring for values 
3^o» yo» JPo of X, y, p, which satisfy the two equations/= 0,^=0. 

In the second and principal section of the paper, the theory developed in 
the first is extended to equations of higher orders. 

Section 3 contains a discussion of the singular solutions of those differ- 
ential equations of the n^ order whose general solution is obtainable in the 
form ^(a:,y,a,j3,y,.,..i') = 0, with special reference to the geometrical 
interpretation of the equation which, algebraically speaking, contains the sin- 
gular solution. This section is added in deference to a usage which has 
become almost classical, of regarding singular solutions from the double stand- 
point of the difiFerential equation itself and its complete primitive. The objec- 
tion to basing the general theory of singular solutions on that of systems 
of curves defined by equations of the form ^(x,y,a,j3,y,....r)=0 has 
already been stated ; the curve system and the difiFerential equation which repre- 
sents it may nevertheless be of suflBcient interest on their own account to merit 
the space given them. ^, it should be added, is supposed to be a one-valued 
function of ac, y within the region in which it is studied, and a rational function 
of n parameters a, j3, . . . . i', or, more generally, of m parameters connected 
by 7?i — n algebraic equations. 

§1. 

Let /(a?, y, jp) be any rational integral function of x, y and p, irreducible 
with respect to p and containing no mere x, y factor: though the discussion 
which is to follow applies as well to any function of the form/|p"'+/i^"'"'^+ . . ./^, 
if yi , /i , • . . . be holomorphic functions of x and y with a common region of 
convergence and x, y throughout the discussion be restricted to that region. 

The difiFerential equation 

Ax,y,p) = (1) 

defines a system of curves, m of which, speaking generally, pass through any 
point oTo, yoi ^.nd for each of these m curves a development y — y© = ^(a — Xq) is 
to be had by the following method, first given by Briot and Bouquet. 

It is for the sake of convenience and definiteness of statement only that we 
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call 5Po7 yo ^ point, for complex as well as real values of x and y are taken account 
of in the discussion. 

Let it be assumed that the coeflBcient of the highest power of jp in /does not 
vanish for x = scq? ^ = ^o • the values of p corresponding to x^^ and given by the 
algebraic equation /(a*o» yo» i^) = 0, are then all finite ; call any one of them p^. 

(A method for dealing with the case when the coeflBcient of the highest power 
of p vanishes (which Briot and Bouquet do not consider) is given in my paper 
" On Functions defined by DiflFerential Equations, etc.," * and is also stated in 
§2 of the present paper.) 

First of all make in /= the substitutions 

aj = a\) + a/ 

y = y^+Ptpi + }/ (2) 

and develop by Taylor's theorem. We then have 

o=F(y,j^,y)=(|+p|)/ + (|)^y + (|)^,' + .... (8) 

where pi as well as }/ vanishes with a/ . 

1. Suppose (^ j and (^ + p-^j to be both diflferent from zero. 

Equation (3) then gives for jp' a single development in integral powers of 
a/, y', call it ^ (a/, y) ; and the equation ^ = <^ (a/, t/) defines y' as a holo- 

morphic function of x',f which is the only solution of (3) vanishing with a/ in 
this the case of usual occurrence. 

In this case p^ is a repeated root of the equation /(xq, yo» JP) = 0. To have 
the general case of repeated roots before us, let the multiplicity of the root j?© ^® 

supposed to be r; then (^) = (^p) = . , . . = (g^) = 0, but (g^,)^^: 0. 

* Amer. Journal XI, 4. 

t By Canchy^s theorem. VO* Briot and Bouquet in Joum. de I'EcoIe Pol. Cah. 86, and in Th6orie 
des Fonc EUipt. p. 825. 
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The terms of lowest degree in (3) are then (^ + ^ j d and — Tg^r) p'""* 

Let od = a/'*'. Then (3) gives r developments for p' in integral powers of a/' 
and y , the first term in each development being one of the values of 

r! dpi 

Each of these developments on being substituted for pi in the equation 

diJ '•-1 

-^ = ra/' p\ gives y' as a holomorphic function of »",* developable, therefore, 

in integral powers of a/*'. 

There are then in this case r solutions connected cyclicly, the lowest power 

of a/ in each development for yf being a/ •• . Of the n distinct curves defined 
by /(», y, jp) = for the region of an ordinary point aro, yo> ^ h^y^ been 
replaced by the cyclicly connected branches of a single curve on which a:©, yo is a 
singular point of the cusp species. 

It follows immediately that 

Disctp /(xj y, p)=: is in the general case a locus of cusps on the curves 
defined hy the equation f{x^ y, p) = 0. 

The possession of cusps is thus shown to be characteristic of the curves 
defined by the general differential equation of the first order when its degree is 
higher than 1. 

It is obvious that when the coefficients of/ are real, the curve Disctp /= 

may be used to separate between the regions of real and imaginary solutions of 

/= 0; for as the point a:©, y^ crosses Disctp/= 0, two of the corresponding values 

of Pq commonly pass from real to conjugate imaginary values, or vice versa. 

Thus for the equation 

i>* + a:* + y'— 1 = 

the circle a:* + y' — 1 = divides the a;, y plane into two regions, in one of 
which the solutions are always real, in the other always imaginary. 

*By Cauchy's theorem. Vid. foot-note on p. 398. 
39 
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^•^^*(|)o=''^"<ax + |-p)o='- 



There is generally a finite number only of such points, called by Poincar6 
the ** singular points " * of the equation /= 0. 

Again to have the general case before us, suppose any additional coeflScients 
of F to vanish. 

Now since a/, y\ p' vanish together, any solution of equation (3) may 
evidently be thrown into the form 

y'=pfQdv, (4) 

where t; is a function of a/ which takes a finite value Vq, difiFerent from zero 
when a/== 0. 

On substituting this value of y' in (3), that equation goes over into an 
equation in p\ od with coeflBcients which are functions of v . 

To get the terms of lowest degree in this y, t! equation follow the Puiseux 
method or any other method applicable to algebraic equations in two variables. 

There may be a number of groups of terms of the same degree in the 
equation, each of which gives for fi (the degree of pf in respect to x) a value 

such that the terms of the group are the lowest in the equation. 

r 

Consider any one such group, for which [i=^ —. 

s 

Make the substitutions 

x' = x'", p' = Fx'^ v = Vo + v'. (5) 

Fhas a finite value different from zero when xJ' = 0] and Vq, the initial value of 

S -T 

v, is equal to ^p-, as may readily be seen by comparing the equations jp' = Fx'' 

and 2/' = p^x'v for x' = . 

The transformed equation — call it^(x", v\ F) = — then gives for Fone or 
more developments in integral powers of v' and a". It is assumed that the 
equation ^(0,0, F) = has no multiple roots. 

Let V=^a-{- hx" + cv' + .... be one of these series. 



*Ftd. Poincar^ in Journal de Math, pure et appliquees, III, 7, 8 ; IV, 1. These singular points will 
not be confounded with the singular points of Fuchs and other writers on linear differential equations^ 
the points of discontinuity of coefficients of the equation. 
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The equation connecting t?' and x" is then obtained by making the substi- 
tutions (5) in the equation y' = p^x^v. It is 

m 



'^- ''+(47 + ''^'-^ 



or, replacing Y by the series obtained for it, 

„§^^_ (r + «)'« ^_ !* ^,. 

(fo;'' (r + «) a + «c {j-\-s^a'\' sc ~ • • • • 

Now this is the form to which the solutions of the equation of the first degree, 

^= -=, can be reduced at points where X= F=0, the ** singular points" of 

(r + sf a 
this equation. And by the theory of these solutions,* when — ( \ \ \ — is 

I / "y" O ) a "i sc 

not a positive integer, equation (6) admits always of a monodrome integral 
vanishing with a/' — there being besides an infinite number of non-monodrome 
integrals when the real part of this coefficient is positive, no other when it is 
negative. 

When, on the other hand, — / \ n — is a positive integer, (6) can be 

transformed into an equation of the form ^-37 = t^ + &< + . . . . which has an 

infinite number of monodrome integrals when 6 = 0, and no monodrome but an 
infinite number of non-monodrome integrals when bd^O. 
Finally, if (r + s) a + 5c = , (6) is of the form 

„ dv^ g^t/ + &2^^ + . . . . 

^^^~ait/ + M' + 

which in general has no monodrome integral vanishing with a/'. This case, it 
should be added, presents itself when g^ + ^i^ vanishes for two or any finite 
number of consecutive points of Disctp/= ; that is to say, when singular points 

* Vid. Briot and Bouquet in earlier sections of the memoir already referred to, and Poincar^, 
Journal de Math., m, 7. 
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of the equation /= fall together. The corresponding curve-elements of 
Disctp/= satisfy the equation /= 0, but the elements which lie to either side 
of this do not satisfy this equation {vid, 4 inf.) 

To every solution of (6) there of course corresponds one solution of (3) which 

may be obtained by substituting for vf its value in the equation i/ = Vvxf ' ' 

If, on the other hand, Vq is a multiple root of <^ (0 , , F) = , the corre- 
sponding series for F obtained from <^ (x", v\ F) = may involve fractional 
powers of a/' and t/, and, to render these powers integral, substitutions of the 
form »" = a/"', t/ = i/'* are necessary. Equation (6) is replaced by a similar 
equation between t/' and a/", viz. 



dv 



"^ d^= ^..-, . / . . .A aF ' ^^^ 



Singular Solutions. 

4. Let g^ + g^p = at every point of Disctp/= 0, or if this curve be 

reducible, at every point of at least one of its branches through a\), yo- 

This case is altogether exceptional ; it requires the coeflBcients of/ to be so 

taken that the eliminant of/= 0,^ = 0, ^ + ^jp=0 with respect to any 
two of the variables x, y^ p shall vanish identically. But if it occur, 

Di8ctpf:=' satisfies the equation f :=- 0. 

First suppose that the surface which the equation /(x, y , ^) = defines, when 
Xj y ^p are regarded as the coordinates of a point in space, has no singularity at 
the point oTo, i^o»i>o- 

Since T^ j = 0, the equation of the tangent plane to the surface at this 
point is 

This plane cuts the xy plane in the tangent line to the projection of the 
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intersection of the surfaces /= and ^ = . The slope- of this tangent line is 

therefore — x^^ , that is to say, p^y since (^ -(- ^p j z= o, 

Wo 
Thus at each of its points Disctp/= — which is the projection of the inter- 

section of /= , -^ = — touches a curve of the /nsystem, and therefore satisfies 

the equation / = . 

Second, suppose otq, yo» 2^o t^ ^^ ^ singular point of the surface /(a, y , ^) = 0. 

The substitutions (2) which transformed /into ^also transform -J- into g-7 and 

s/ . a/ . , ai^^ai^ , ^ ^ 

Again, by virtue of the substitutions (4) and (5) we have the identity 

i?'(x',y',y) = j:4>(«",t/, F), 

where X is an irrelevant factor of the form x"*'i>'7*. 

Diflferent-iating with respect to v, Fand sd' we obtain 

. \ a^ -rr i,'^+#-i , a^ ^ ,,r-i a^ ,,#-1 ^ra* , ax 

(r + «)gpFt^' +'-2^^«^' +«a^'*" =^a^ + a^*; 

whence 9^ X" ^ d^ _. 94> \ . ._, 

ay ~ F»"' vaF '^ ~ a© V" ^ . 



ay 



V 



(7) 



where Xj and X^ are terms of the form M^ and therefore vanish with <^ • 

When, therefore, F^ ^ and 5ij + g^JP' vanish together, and that not 
merely at the point a/ = y =^ = 0, but all along a common curve through 
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that point, then along this same curve 

<p =0, 



dV dv 



V = 0, 



« 

In this case, among the roots, F= a + bxf'+ ct/+ . . . , of ^(x", t/ , F)= — 
each of which ordinarily leads, when substituted in (6), to a solution of the 
equation F=0 (see 3) — is one which gives rise to the same development for t/ 

in powers of a/', whether substituted in ^^ V — ^p v = 0, or in 

Call this development t/ = o^ (a/'). It is, by the method of its derivation 
ffrom <^ = and ^X V ^ v= o\ the development which defines a branch 

of the curve Disctp/= passing through the point x/ zzzy' z=zpl =z 0. 
But it also satisfies, in the algebraic sense, the equation (6). 
For since ^ = , 

whence 3F _ ^^ j 9^_ 3t? 

a?' -~'^ ^""^ w- "5* 

dv dv 

So that equation (6) may be thrown into the form : 

= .(,-.)(!* 7_|*„) + .(^,=^' + ,^(.-.)-r|*F). (8) 

For the root F of ^ = under consideration, therefore — the root which 
gives rise to the development t/ = '^'(x") — the equation (6) is satisfied; not, how- 
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ever, as a differential equation, but through the vanishing of factors algebraic in 
a/', t/, V which appear in all its terms. 

Equation (8) brings out very clearly the relation in which the discriminant 
curve stands to the differential equation, when it satisfies this equation. It is no 
more a part of the solution of the equation, strictly speaking, than the arbitrary 

function x ^s of the equation J^ ;f = <I);f . Yet it takes the place of one of the 

/-curves through aJo» ^o to which the method of 3 generally leads. For to it there 
corresponds a root.(F) of <^ = 0, though all the. roots of this equation usually 
yield proper solutions of/= 0, and the equation (6) to which this root leads has 
no other solution vanishing with a/' than t/ = '^{x'^). 

The discriminant curve may at particular points have contact of an order 
higher than the first with curves of the system /= 0. The corresponding F© is 
then a multiple root of ^ (0 , 0, F) = 0, and one is led to equations (6') between 
t/' and a/" instead of equations (6) between t/ and x". A mere repetition of the 
argument of the present section shows, however, that the t/' belonging to the 
discriminant curve satisfies its equation again in the algebraic sense only. 

It is of course possible for the discriminant curve to be at the same time a 
curve of the system /= 0. F© is then again a multiple root of <^ (0 , 0, F) = ; 
and there will be two developments for F which, with their corresponding equa- 

tions (6') and j/ = Fra/ • , define the same curve — once as the discriminant 
curve and again as a curve of the system /= . 

To suppose of a differential equation that it is satisfied by the discriminant 
curve, or a branch of this curve, is the same thing, algebraically speaking, as to 
suppose that it has an infinite number of singular points. As was noticed at the 
end of 3, when two or more consecutive points of Disctp/= are singular points 
of/=0, the corresponding element of Disctp/=: satisfies /= 0, but that 
element only; if then all points of a branch of Di8ctp/=: are singular points 
of/= 0, this branch must itself satisfy the equation. 

§2. 

There is no essential diflSculty in extending the preceding theory to equations 
of higher orders. 

Consider the equation 

/=/ay: +/iy:-^+ .... +A= 0, (1) 
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where /i, /i, . • - ./m^are holomorphic functions of a, y, yi, . . . . y„_i within 
common regions of convergence. 

This equation defines an n-ply infinite system of curves of which there are, 
generally speaking, m for each set of values aro, yo» yi» • • • • yi-i of ^j y > yi» • • • • 
y»-ii within the common regions of convergence of /o, /i, ...•/,; i. e. m which 
pass through the point x^, y^ and there have with one another contact of the 
{n — 1)*^ order of which the elements are y?, ^, . . . . yn-i« 

The value of y„ belonging to each of these m curves is ordinarily to be 

obtained directly by solving (1) which is algebraic in y^, and a development for 

the curve itself — of y in powers of x — is then to be had by first making in (1) the 

substitutions, 

X ^^ Xq -|- ar, 

a/' a'* V (i) 

y = yo+y;x' + yS2j + ....2/^^+2/ ^ ^ ^ 

and so transforming it into an equation in a/, y, yf, . . . - yl in which j/ and all 
the differential coeflficients yi, yi) • • • • yi vanish with a/ : viz. the equation 

« = ^- (air/- + s^.^- + • • ■ • l^'+ 1).^ + (1).^ 

+ (al).*' + ■••• + (f.V" + « 

and then from this equation deriving a development of j/ in powers of a/ by the 
method given in my paper already referred to — "On Functions defined by 
Differential Equations, etc." and also presented briefly later on in the present 
paper. 

If, however, />, the coefficient of y^ in (1) vanishes, one or more of the 
values of yj^ are either infinite or cannot be determined by the method just 
used. 

In this case transform (1) by the substitutions : 

a; = a:o+ a/, 
into an equation 
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in which y, ^i, . • . . yi_i vanish with a/; and then, regarding '4^ = as an 

equation in a/, y', . • . . yi_i, yi, or in a/, y, . . . . yi-i, / according as /» also 

does or does not vanish for a; = ar^, y = yo» • • • • y^-i = yS-i» determine the 
degree of j/ in respect to a/ by the polygon construction given in the paper 
just mentioned.* 

Inasmuch as not only /^ but also other of the coeflScients of / may vanish 

for a; = aro, y = yo» • • • • Vn^i = yi-i» ^^^ degree of i/ in respect to x! — call it 
(I — ^may admit of a number of determinations ; that is to say, it may be possible 
in a number of ways to select groups of terms in '>i/ = which a certain value of 
(I will render of the same degree with each other, and at the same time of lower 
degree than the remaining terms in this equation. To each of these values of (i 
will correspond one or more of the ^//-curves for which y, . . . . yn-i vanish with xf. 
We consider the cases (i^n^ (i = ny (i<in, and in each case transform 
i// = into an equation in which, as in (3), the n*^ differential coeflBcient as well 
as those of lower orders vanishes with the independent variable. 

(a) If /t^]>n, yi vanishes with a/ and i^ =: already has the form F=:0. 
Indeed in this case since yj = 0, the substitution (4) is identical with the substi- 
tution (2). 

(b) If (i=:nj set y' = — p in the group of lowest terms in 4^ which corres- 

ponds to this value of fi, and after removing the common factor a/** let a/ = 0. 

Each root Vq of the resulting equation will be the y^ of one of the curves 
sought for, and for each i// = may be transformed into the form i^= by the 
substitution 

The substitutions (4) and (5) together constitute a substitution (2). 

(c) Finally if ^ < 71 , the substitution a/ = x"* — where m is the first integer 

n 
greater than will transform i// = into an equation in which all the differ- 

ential coeflScients to the n^^ inclusive vanish with a/'. 



* I have been at painB to restate the treatment of the oase/o = with some fulness, since the state- 
ment of it in mj former paper is careless and in one particular incorrect {vid. Am. Joum. XI, p. 821, 
line 18 from top). 

40 
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Particular mention may be made in passing of the case when for a: =: scq, 
y =: ^Q, . . . . , y^_^=z yn-ii the coefficient /o vanishes and that to the first degree 
in a: — Xq^ y — yo> > while fi takes a value different from zero. 

As the polygon construction readily shows, the one group of lowest terms 

in of/ = then consists of the — and y^^i terms, and for this group (i:=n x^. 

The theorem* immediately follows : 

The differential equation of tJie (n — 1 ) '* order ^ /^^ = , defines a system of 
curves each of which has at every point along it a contact of order n — 1 with a 
curve of the system f=: , which there has a singularity of the cusp class characterized 
hy the development : 

In like manner if /o and f both vanish to the first degree in x — Xqj 
y — yo> • • • • but/i does not vanish, one value of fi is w — -x- ; and generally, 

if/o, /i, . . . ./«-i all vanish, but/, does not, one value of f^ is w — . ^ . 

(It may happen that there are no cm'ves of the system /= with the initial 
elements aro, yo» • • • • ^n-i- Thus no curve of the system 

xy2 = 1 

passes through x = y = and there has yi = 0.) 

For the sake of definiteness and simplicity of statement, the discussion which 
follows will be confined to curves of the system for which /= can be trans- 
formed into the form ^= ; that is, to those for which (iy> or =n. Of course 
the curves for which (i<Cn admit of a precisely similar treatment ; but in con- 
sequence of the substitution a; = a/* the coefficients in their developments are 
differently related to the coefficients of/. 

The reduction to the form jP= having been accomplished, the develop- 
ment for the curve — of ^ in powers of a/ — may be obtained as follows. 



* This theorem is aleo given by Goursat, this Journ. XI, 4. 



Fine : Singular SoliUiom of Ordinary Differential Eqvatuma. 309 

Make in F the substitutions 

y = y'n^l^i ^n^"" J 

where v^ v^, . . . . Vf^ are functions of a/ which take finite values vj, vj, . . . . t?J 
diflferent from zero when a/ = . 

In the resulting equation, freed from any factor which may be common to all 
its terms, determine the various groups of terms of lowest order in yi, and a/. 
This is, of course, necessary only when certain of the coefficients in (3) vanish, in 
particular those of y^ and xf ; in which case more tlian one of the curves or curve- 
branches of the /-system may have the initial elements a^o, yo» • • • • yii a^d (3) 
must give rise to a development for each of them. 

Suppose that for any particular group of terms of lowest order the degree of 

T 

y^ in respect to a/ is — ; to obtain the corresponding developments make then 
the further substitutions 

a^ = a/'*, yi = TV^ v^ = vl + v^ (7) 

— where again T takes a finite value Vq different from zero when a/'= — and 
thus transform (3) into an equation in a", v{, v^, • . . . , v^, F; viz. 

^(a^', t^i, vi, t?;, F) = 0. (8) 

*» 

The initial value vj of v, may readily be shown to be -^ — . 

From the equation ^ = developments are to be obtained for Fin integral 
powers of a/' and vf, r,', . . . . vi^ — one for each of the curves the degree of whose 

r *• 

yi in respect to a/ is — . It is assumed that 4> (0, 0, . • . . F) = has simple roots 

only.* 

And finally, differential equations which define the set of values of vi , 



* The extension of the entire discussion which follows to the case of multiple roots is too obvious to 
require special treatment. VidL 21 » 8, at end. 
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v^, . . . . v'„ which corresponds to any one of these values of V may be gotten by 
aid of (6) and (7). They are : 



dV 

= — F»{ (r + «) — •»!«" g^, 



,.,dv'dV 



^ d^'~ 



»K-i — »« — »»-»»») 



»»-l 



(9) 



If in the first of these equations there be substituted for the products 

^'^" ^'/^" • * • • ^^^ functions of the v'iB to which the remaining equations 
make them equal, the set is reduced to a form from which the quantities 

C/fi^O' \7f3u » • • • • ™^y ^® reckoned out by differentiating, setting a/' = 0, and 

solving the resultant set of linear equations ; and from which the values of the 
higher differential coeflScients of the v'^b with respect to x" for a/' = may be 
reckoned out by successive repetitions of this process. 

It will be supposed that the determinant of the coefficients in each of these 
sets of linear equations is different from zero ; or {vid. this Journ. XI, 324) that 

y^ir + s + k) {r+2s-\-k) {r + ns^-h) 

O "XT 7 

+ (a^)o^ (r+2« + A.)....(r + n. + Ar) 



+ 



\3tJ,/o r + 2s 



dV\ 1is{r-\-8){r-\-2(>) (r+ (w — l)g) 

r -\- 718 



+Q 



vanishes for no positive integral value of k. The process then leads to deter- 
minate series with finite coefficients; viz: 

< = {w)r + h 0)r+ ?! &-y+ ■■■-(••='.« ») 
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which formally satisfy the equations (9) and converge for regions of finite 
extent. 

To obtain the development sought for — of j/ in powers of a/ — it then only 

i . . 

remains to substitute x" = a/' and the series thus obtained for the v'iQ in the 

equation 

%/ = VviV^ .... Wn^*** 

i 
It will be holom Orphic in a/' and have the form 

y' = -4ia/*+'5' + ^a"*+T + A^""^^ + 

The theory thus far developed leads directly to the following conclusions re- 
garding the curves of the /-system which have the initial elements a-Q , yo» yi» • • • Vn 
when for these elements /= can be transformed into F=> 0. 

1. If (3^^ J + 0, there is but one group of lowest terms in i^= 0, hence 

but one development for Vm powers of a/ and the variables v[^ and, therefore, 
speaking generally, but one development for y' in powers of a/ ; they will be 
integral powers, of course. In other words, there is but one curve of the system, 
defined by a dififerential equation /(a, y, yi, . . . . yn) = 0, for each set of initial 
values of the variables, unless besides the equation /= itself, these initial values 

satisfy the equation ^ =0. 

The group of lowest terms in jP= then consists of the a' term — of which 
A/o is the coefficient — and the y'\ term ; or if also 

(i).=(ix=-(ii^).=»'^"'(0><'. 

of the od term and the y'^ term. 

For this group of terms the degree ef yf^ in respect to a^ is — ; the corres* 

o 

ponding V equation ^ = 0(8) has s cyclicly connected roots each of which gives 
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rise finally to a development of the form 

y = ^ia/*+T+ ^a/'»+f+ -43a/» + 7+ ..... 

In other words, s of the m curves which belong to an ordinary set of 
initial elements Xq, yo* • • • • yS-i ^.nd there have distinct yj's are in the present 
case replaced by s branches of a single curve which are cyclicly connected and 
have the same ^ . At least two of the m curves will be replaced in this manner 
for every set of initial elements a^o, yo> • • • • ^n-i which satisfy the equation 

Discty^= , got by elimination of y,| from between /= and g^ = ; that is to 

say : 

The differential equation of the {n — 1)'* order, Discty^/^^ 0, defines a system 
of curves each of which has at. every one of its points a contact of order n — 1 vrith a 
curve of the system f^=' wivwh there has a singularity of the cusp class charaxsterized 
by the development : 

For an equation of the first order, as has already been noticed, this singu- 
larity is the ordinary cusp; for the equation of the second order, it is the cusp of 
the second species (Schnabelspitze), etc. 

It need hardly be said that Discty^/= will in general not satisfy the 
equation /= 0. 

The method of the preceding paragraphs ordinarily gives in this case two 
developments for j/ in integral powers of d both of the form 

y = Jix^'+^H- -ija/^+'H- -48^:"*'^'+ 

developments of two curves of the system which have contact of the n^ order 
with each other. 



* This theorem is also given by Goursat, this Journ. XI, 4. 
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A full discussion of all the particular cases which suggest themselves at this 
point, however, — when other of the coeflScients in jP= besides those of y'^ and 
a/ vanish — would mean the development of the entire theory of singular points 
(in the Poincar6 sense) of differential equations of higher orders — which is quite 
aside from the purpose of the present paper. 

We confine ourselves to the consideration of the hypothesis that A/ 

vanishes for all values of a:, y, . . . . y„ which satisfy both the equations /= 

df 
and ^ = 0, or — if Disct„ / be resolvable into factors — for all values of x, 
3yn ^ "" 

y* • • • • yn-i witli the corresponding y^ — which satisfy the equation got by 
setting one of these factors equal to zero. 

It is of course only in connection with special equations of the n^^ order that 

this hypothesis is realized. Ordinarily when/= , ^ = and A/*= together, 
the initial elements a, y, . . . . y»-.j satisfy an equation of the {n — 2)*^ order 

got by eliminating y„ and y^^i from between /= 0, g — = and A/=0; 

but when our hypothesis is realized this eliminant equation vanishes identically — 
which means, of course, that/ has a specialized form. 

In this case Discty,/= satisfies the equation /= 0, but in such manner 
that the curve system which it defines forms no part of the system defined by 
/ = . In other words, it is a singular solution. 

The first statement is capable of a simple geometric demonstration ; at least 
when additional coeflScients of F do not vanish, viz : 

Kegard x^ y, . . . .y^ as point coordinates in a fiat space of n dimen- 
sions, Sn . 

y^ = is then the equation of a flat space of n — 1 dimensions, S^^i, con- 
tained in Sn and in which x, y, . . . . y^^i are point coordinates. 

We thus gain two geometric pictures for the system of curves represented 
by the equation /= 0. 

1st. As a system of curves in the curved space /(x, y, . . . . yn) = 0, one of 
which passes through each point x, y, . . . . y^of this space. 

2d. As a system of curves which is the projection of this first system in 
S^^i, and of which m pass through each point a, y, . - . , y»-i of this space. 
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Now the equation of the flat space of n — 1 dimensions tangent to /= at 

pkf 

any point Xq, . . . . , yl where g— = is : 

which is also the equation of the 8^^% in which this tangent intersects S^^i. 

But as ajo, yo> • • • • yn are given all values which satisfy the two equations 

/ zz: , ^ = 0, this Sn^% envelopes the curved space of n — 2 dimensions which 

is the picture of Discty,/= in Sn^i- 

It follows immediately that the curves of the system Disct^,/ = satisfy 

the relation (^^^ ^'-^ 8^3 ^^-^'^ ' ' ' * 3^ ^^"^ a^)o= ^ * 

And since, by hypothesis, the curves of the system / = for whose initial 
elements Xq, yo» • • • • yi-i the equation Discty,/=0 holds good, satisfy this 
same relation ; it is clear that the yl of the curve of Discty^/=: with the 
initial elements Xq, yo, . ^ . . yS»i is the same as the y» of a curve of /= with 
the same initial elements; or in other words, that the curves of Discty,/= 
satisfy the equation /= 0. 

Therefore in the case now under consideration, 

JTie differential equation of the (n — 1)** order j Diacty^f^^O, represents a 
system of curves each of which has at every one of its points contact of the »** order 
with a curve of the system / = . 

But the thing most important to consider for its bearing on the theory of 
singular solutions is the degenerate form which the equations (9) take when Af 

vanishes wherever /and ^ — vanish together. The consideration of this question 

leads also to the general demonstration that Discty^= then satisfies the equa- 
tion /= 0. 

In effecting the transformation of/= into ^ = 0,/ was first transformed 
into i^ by means of the substitutions (2), or (4) and (6). It may readily be shown 

that the same substitutions transform ^^ into -^—r and A/* into AF. 
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Second, by means of the substitutions (6) and (7), jP= was transformed 

into ^ (a/', t?( , vi , . . . . t?^ , F) = . The corresponding transformations of ^ 

and AF are required. 

To obtain them set out with the identity 

where X is an irrelevant factor of the form ocf^^v^'^^* . . • . vj" F^ which may be 
common to all the terms of the complete expression in a/', t?i, . • . • V into which 
F is transformed by the foregoing substitutions. 

DiflFerentiating the two sides of this identity with respect to each of the 
quantities Vj, . . . . v^ we get the n identical equations : 

dF Vv,V2 t?^a/^" + '^ dF Vv^v^ t;,,ia/^"+(^-^>* 

dF Vvjc^ v^^^fr+jf^-p)' 



_ ^_a$_ ^ dx 



= ^3^ +3-—^; (jp = 0, 1, 2, ....n-1). 



And differentiating with respect to V and a/', the additional equations : 
IpCr + ««) Vv^v^ .... t;,x"'+—^ + If (»■ + (**" ^)*) ^^i*'» * ' ' •»*-i*""*" '•""'-' 

By solving these equations for g-j, 3-7, • . . -g"?"! ^» and by a series 

of reductions which though somewhat tedious present no difficulties, we obtain the 
expressions which we are seeking, viz: 

41 
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Yi and F, are linear functions of the irrelevant expressions g— , gy , g-^- 
It follows at once from (10) that when F, g-7 and A^ vanish together (for 
a/' ^ as well as for od^ = 0), the same is true of ^, ^ V — 5^ ^1 and 

d^ t7^_i — v^ — t;^-i^n 



+ ....+ 



9«?n ^fl-1 



In the light of these results consider the first of the equations of (9). 

Since 4) = 0, g^, ^^' + a| ^^1+ If, ^^2+ • • • • + a?/^«+ ^^^=0; 

whence 9$ 9^ 3^ 

, aF_ dv, dv_ dv, aF__ax" 

dv dv dv 

The use of these equations and the last (n — 1) equations of {%) gives the 
first equation of this set the form : 

or when svi( ^7 H — g^ F — 3(1 — »») ia added to the bracketed terms 

of its right number and at the same time subtracted from the terms without 
the brackets, the form : 

dv[ (dip 94> tA / , \/9<?> 3^) T,\ , /x" d^ r d^ „ 
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From equations (10) it follows therefore, that in the case before us, this 
equation regarded as a differential equation is illusory. Values can, it is true, 
be found for the vj's which in an algebraic sense satisfy this and the remaining 
equations. 

Prom either of the equations -i— v^ — ^^ F = , or 
s^ d^ r^ d^ d^ „ \ I ^ Pi — Pt — ^i**! 

a development may be had for v[ in powers of x" and wj, t)J v'^. 

Let this value of oj be substituted in the equation 

X j-ji — - — — — — 1 

dx' Vi 

when it with the equations still remaining, viz. 



■^ eU'- 


"1 


^,dv'. v._ 


1 ^n I'.-l*'. 


" dx" 


*".-! 



will form a system from which series may be obtained for v^, Vg, . . . . v1 in 
powers of a" by the method already described. 

The substitution of these values of wj, »j, . . . . wi in the development already 
obtained for rj will give a series for it also in powers of a/'. 

But while these series may in an algebraic sense be called the solution of 
the equations (9), they are by no means such in the differential equation sense ; 
no more indeed than the arbitrary function defined by the equation ;{ = is a 

solution of the differential equation -pj; = Tx- 

And in the same sense and that only is the series to be gotten for y by the 
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substitution of these values of i?i, Vj, . . . . v^ in the equation 

y = yo + ySa/ + 2^ 2l + + 2/»^ + ^^i^% VnO'^'^T, 

a solution of the given equation /= 0. 

We have thus arrived at a general criterion for singular solutions of the 
diflferential equation of any degree, which distinguishes them fully from ordinary 
or proper solutions and yet shows their place in the system of proper solutions ; 
a criterion not based on geometrical considerations or assumptions as to the 
character of the curves defined by a differential equation, but based solely and 
directly on the diflferential equation itself. 

A general equation /= will have no singular solution; for it is a 
necessary condition for the occurrence of such a solution that A/ vanish where- 

ever / and g-=^ vanish together, and this imposes limitations on the coeflScients 

of/. 

When a singular solution exists, however, it will be met in applying the 
general methods which yield the solutions of/=: — usually all proper solutions — 
which belong to a given set of initial elements Xq, i/oi • • • • 2^- But in its case 
the first of the set of canonical equations to which /= can be reduced for each 
of these solutions is satisfied not as a diflTerential equation but only through the 
vanishing of factors algebraic in x", Vi, . . . . t?» which appear in all its terms. 

§3. 

Let ^{x, y, Ci, c,, . . . . c,^) = 

be any irreducible function of x, y, q, C2, . . . . c^, one valued with respect to 
X, y for the region within which it is to be considered, and rational with 
respect to c^, c^, . . . . c,», whei-e c^, c,, . . . . c,» satisfy m — n algebraic equations 
^/j (ci , c^, . . . . c^) = , (t = 1 , . . . . 771 — n) , but are otherwise arbitrary. 

41 = defines an n-ply infinite system of curves which satisfy a diflferential 
equation of order «, /(y», yn-i» • • • • y » a:) =: 0, the eliminant with respect to Ci, 
Cj, . . . . c^ of the m + 1 equations 

^ — ^^ 3x~^' ^~^' 'S^~^' Vi = (»=1» m — n). 
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As/= depends solely on the manner in which Ci, c,, . . . . c^Q>re involved 
in 4) = and not at all on the character of these quantities, it is obvious that 
<^ = will continue to satisfy this equation when Ci, Cg, . . . . c^ are replaced by 
any set of functions of a; which satisfy the equations: 



m 



m 



or the single equation 



A= ^ 



1 


'•'Z^dcA 


El;wt'-» 


(* 


on 

dq> 3<^ 
3ci ' 3c, 




3 d^ 3 d^ 
3ci dx ' 3c2 dx 




3 cf— V 3 d'—V 
3ci rfx*-^' 3c, daf"-^' '" 




3^1 3^1 
3ci ' 3c, 




3ci ' ' 3c, 


3c« 



= 1 , . . . . 7n — 9i) 



= 0. 



The eliminant with respect to Ci, c,, • . . . c^ of the m + l equations : 



<?> 



d0 (?*"V 



a differential equation of order n — 1 , 

XiVn-'ii y«^2» y,x) = Q, 

will in general be a singular solution of the equation /{t/f^j .... y, a) = 0. Its 
solution will not be contained in the curve-system which /=0 defines, but it 
will satisfy this equation. 

This is readily proven, as follows. Of the curves 4) = there is an (?i — 1)- 
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ply infinite system passing through any point a*o, yo» the parameters of which 
satisfy the equations 

<?> {^01 l/oj Ci, . . . . cj = 0, 'J'i (ci, Cg , Cp») = , (i = 1 , . . . . m — w). 

Between the parameters Cj, C2, . . . . c^ of any curve of this system, and 
the parameters ci + dc^ . . . . c^ + dc^ of a second curve of the system con- 
secutive to it, there must hold the relation : 

^ 34>(xo,yo,^c„....c,) ^^^^_ (1) 

For the two curves to touch at cto, yoi it is further necessary that 

d fd^ { x, ?/, Ci , ^"^ ^dc — 



E;i(^^--lcf^^)fr»---- (^) 



And for their contact to be of the order n — 1 , still further that 



E^ / 3<?>(a, y, Ci, ^"^ Vc, = 



E g^ (^ '" " f - • °-' )etr " • • • ■ '^' «' 



1 

the common j/i, y%, . > - - j/n-i of the curves being given by the equations 



(^)x7v?""*"0^''-'X7v?' 



But the eliminant with respect to dci, dc^j . , . . dc^ of the equations 
(1) . . . . (n) and the m — n additional equations 



m 



Et*.=» 



is A = , it having been supposed in the construction of the dijflferential coeffi- 
cients which constitute the elements of A as in the construction of those involved 
in the present eliminant, that Cj, Cg, . . . . c„» are independent of a;. 

It follows immediately that ^ (y»-i» ^n -«»•••• y» ^) = 0» the eliminant 

.1 « 1 . dd) d^^^d) 

with respect to Cj, Cj, . . . . Cp» of the equations <^ = 0,-Tr = 0,.... j^Jt = 0, 



Fine: Singular Solutions of Ordinary Differential Equationa. 321 

'li'i^ 0, and A = 0, embodies the relation which must exist amoDg the coordi- 
nateB x, y of any point and the values at that point of the yi, y^, . . . . ^„_i of such 
consecutive curves of the system <f = as there have contact of the order n — 1 
with each other. 

A curve of the system ;i; = may therefore be described by moving a 
tracing point from x^g to Xj^j along an infinitesimal arc of <fo= 0. * curve of the 
system ^ = ; thence to x0i along an infinitesimal arc of the curve ^j = 
which has a contact of the order n — 1 with ^o = a* a^o^o } thence again to x^, 
along an infinitesimal arc of 4»j^ which has contact of the order n — 1 with 
<^i= at Xiyi, etc. This curve, since it has the same t/^, y^, . . . . y„_i with 
^1 = at Xo^o ^^^ also at the consecutive point Xij^i, has contact of the n"" order 
with ^1 = at Xoyo! in like manner contact of the ji*'' order with (^=0 at x,yi, 
etc. It therefore satisfies the equation f{jf„, y^-i ^i i") = 0. Therefore 

The equation ;|; = contaiiis the envelope system of^ = , a system of curves each 
of which has at each of its points contact of the n" order unth a cwve q/" ^ = ; and 
this system satisfies the egtuitionf=^ 0. 

It should be noticed, however, that 3; ^ may contain systems of curves 
besides this envelope system — which do not satisfy the equation /^O; may 
indeed contain such curves only. 

By the hypothesis made at the outset there is a 1 — 1 correspondence 
between the curves of <Ji = and the systems of values of the parameters 

Ci, Cj, . . . . e„. The equations ^ = 0, ^ = da^-i ~^' ^' — **' 6'^^ 

Ci, Cj, . . . . c„ in terms of x, y, yi yn-i and therefore determine the sets of 

values of these parameters which belong to that set of the curves ^ = which 
pass through any point x, y, and there have given yi, y», . . . -yn-i- In the general 
case these sets of values are distinct from one another, and so the curves of the 
set are distinct curves. But it may happen that two or more of the sets of values 
are the same. The corresponding curves then cannot be distinct, but must be 
but different branches of one and the same curve. 

For the occurrence of loci of such singular points more conditions must be 
satisfied than there are independent parameters ; ^ must have a special form. 
But when they do occur, they satisfy the equation j^^O. 

This may be readily seen by regarding Ci, c^ c_ as the coordinates of a 

point in a space of m dimensions Sm- 
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jjk. jjfi — 1 J. 

^ = 0, ^=:0, .... , n^Y = » '4'i = are then the equations of m forms 

in this space, each of dimensionality m — 1 , which have in common a finite 
number of points, generally distinct. If, however, two (or more) of these points 
coincide, the corresponding tangent S^^^s of the m forms have a line (/Si) in 
common, and the determinant A — whose elements are the coefficients of these 
tangent ASi»_i^s — vanishes ; that is, the condition ;^ = is satisfied. 

Besides the envelope system^ therefore, ;c = includes the loci of points at which 
curves of the system ^ = Jiave the singularity of tvx> curve branches having contact 
of the n — 1^* order with each other, when such loci exist. 

These loci, however, do not satisfy the equation /= 0, and hence constitute 
no part of its singular solution ; for while ;f = for the singular point itself on 
a curve ^q = 0, this equation will generally not be satisfied for consecutive points 
of the curve, these points not being singular ; or the values of y^^ for ;c = and 
^ =: at the singular point are different. 

Princeton Colleqb, July 26, 1889. 



On Confocal Bieircular Quartics. 

By F. Franklin, 



1. Coordinates. Throughout this paper the letters a, y will be understood 
to mean ** circular coordinates," viz. 

x = X+iY=re'\ y = X—iT=re'''', (1) 

Xj T being rectangular coordinates, and r, S polar coordinates. A third variable 
z will, wherever convenient, be introduced for homogeneity, and then the defini- 
tion of X and y will be understood to be modified so as to be given by 

x:y:z = X+iY:X—iT:l. (2) 

The points (x, z), {y, z) are the circular points /, J] the point (x, y) is the 
origin. It should be observed that a rotation of the axes X, T through an 
angle a is equivalent to changing 

Xj y into e**a:, e"**y. (3) 

2. The axes of four concyclic points. It will be desirable to obtain a formula 
relating to four concyclic points before taking up the consideration of bieircular 
quartics. If {xi, yi), (x^, y^), {x^, y^), (^4, y^) be four points on a circle, the 
equality of the anharmonic ratios of the pencils through them from / and J 
respectively may be expressed by the equations 

{Xi — X.){Xs — X4) _ (Xi — Xs){x2 — X^) _ {Xi — X^){X2 — X^) /^x 

(yi — ^2X^3 — 2^4) {vi — yi){y% — Vi) {yi — yi){y% — yz)' 

Now the value of the first fraction is the clinant* of the pair of lines 12, 34; 
and likewise for the other fractions. In other words, if we denote by ^^b the angle 
made with the axis of X by the line AB, the common value of the fractions is 
the value of ^H^^-h^u) — g»»(^i,+*«) --g»(*i4+^«)^ 

Se« this Journal, XII, 162. 
42 
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Or, what is the same thing, if a be the inclination (i, e. angle with axis of X) 
of an axis of the four points (i. e. of a line parallel to either bisector of any one 
of the pairs of lines (12, 34), (13, 24), (14, 23)), and if we denote e**» by A, the 
common value of the fractions is A*. 

Suppose, now, that the four points are given by the equations 

Ax^ + ^Bxh + 6(7xV + ^Dxz^ + j&z* = 0, (5) 

A 7/ + ^Bfz 4- 6 Oy";? + Wy^ + ^2* = ; (6) 

the value of A* may be obtained as follows. Let 

S =AE — 4BD +SC\ T = ACE + 2BGD — AD" — E& — C\ 
S' = A'E — ABD + 3 G'\ T = A! G^W + 25' G'D — AID' — E'B' — C7" ; 

« 

then, since Sj A^ is a homogeneous quadratic function and TjA^ a homogeneous 
cubic function of the numerators of the fractions in (4), and since S jA!^ and 
T/A'* are the like functions of the denominators, it follows that 

whence A^ is unambiguously determined. Since the pencils are homographic, 
we may suppose aS'=aS'', T=^ T'] then 

A' 



A» = 



A 



It follows that when the axis of X is taken parallel to an axis of the four points, 
we have, in addition to S=S' and T= T, A = A!. 

3. Gonfocal bicircular quartics. The general equation of a bicircular quartic 
may be written 

kx?y^ + 2x2^2 {Ix + my) + s? {aa? + 2hxy + hy^) + 22^ {gx +/y) + cz^ = 0. (7) 

The system of tangents to this curve from the node {x , z) is found, on writing 
the equation in the form 

(A%c* 4- 2mxz + h7?)y'+2{l7? + hxz+f7?)yz + {aoi? + 2gxz + C2>)2» = 0, 

to be 

(aAj— ?)»*+2(am + gfA; — A0ar^2+(a6 — A^-fcA;— 2//+4sf»w)a*z* 

+ 2{hg + cm—fh)x^-\-{hc—f)7^ = 0, (8) 
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and likewise the system of tangents from the node (?/, z) is 

{hh—m^)y^+ 2{bl+/k — hm) ifz + {ab — h^ + cJc— 2gm + 4/1) y^s? 

^2{af+cl—g7i)y7? + {ac-g')^=Q. (9) 

These two pencils are known to be homographic ; in point of fact, it is found on 
trial that the invariants of the quartics (8) and (9) are absolutely equal ; and 
hence the 16 ordinary foci of the curve lie by fours on four circles. 

To consider, now, a system of confocal bicircular quartics. The foci may 
be supposed to be given by the equations 

{A, B, (7, 2), Eix, zy=Q, {A!, B\ O, D, E'fy, z)^=0, (10) 

and these quartics will be supposed so written that S' = aS', jT' = T. Then the 
conditions to which the 9 coeflBcients of the curve are subjected are obtained by 
equating the 10 coeflBcients in (8) and (9) to the 10 coeflBcients in (10), each mul- 
tiplied by a common multiplier ^; this gives, on the face of it, 10 equations 
homogeneous in 10 quantities. But since the coeflBcients in (8) and (9) satisfy 
identically the relations aS' = aS, 7" = jT, the number of eflFective equations is 
reduced to 8 ; hence there remains an arbitrary parameter ; and therefore 
through any point in the plane there pass a finite number of curves belonging 
to the system. 

How many curves pass through a given point may be determined by con- 
sidering the curves through the origin, since no restriction has been made on the 
choice of origin. Putting, then, c= and comparing (8) and (9) with (10), we 

bave fl^=EIE. (11) 

But gx+fy^^ is the tangent at the origin, vrndf/g is its clinant; hence there 
are at mast two directions'*' in which the curve may pass through the origin ; and 
since the two values of f/g are negatives of each other, these two directions are 
mutually perpendicular. 

If we write equation (11) in the form 

A ' g" ~ E/A^ ' 

its full geometrical significance becomes evident. Viz. it is plain that 

E ^ E XiX^^^ 

*The above does not rigorously prove that there actually are two curves through every point, eiuc^ 
it has not been showu that both values oif/g are admissible ; it does prove that there are cA most two 
curves through every point. The equation of the confocal system, which is obtained in the next article, 
of course determines the matter completely. 
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is the clinant of the system of rays drawn from the origin to the four foci ; and 
it has been shown in art. 2 that A^/A is the square of the clinant of either axis 
of the four foci ; hence equation (11) signifies that the angle made with an axis of 
four concyclic foci of a bicircular quartic by the tangent to the quartic at any point 
is equal to half the sum of the angles made with the same ajcis by the four focal radii 
of the point* 

4. Equation of the Confocal System. The foci being given, as before, by 
equations (10), we may, without loss of geometrical generality, suppose A' = A 
as well B,Q S =^ S and T =^ T, viz. this is equivalent (art. 3, end) to taking the 
axes of coordinates parallel to the. axes of four concyclic foci. By a proper 
choice of origin we may effect a further simplification of the problem. Viz. the 
substitution of a: + az for x and y + (3z for y does not disturb the equalities 
already established ; and it enables us to make (7 =: C and E' = E. The five 
relations thus secured may be written as follows : 

A = A', G=G', E = E\ BD = BD, A{D' — D") + E{B' — B') = 0. 

The fourth of these equations will be satisfied if we put B' = pB and D = pU ; 
or, slightly altering the notation, if we write instead of -B, 2), 5', V respectively 
B, pZ>, pBy D] and then the last equation becomes (1 — p*)(J.i>* — EB^)=^0. 
Thus the equations determining the foci become 

Ax^ + 4Ba?z +6Ga^^ + 4pDxz^ + Ez^ = 0, (12) 

Ay^ + ApBfz + 6 Cyz» + ADyT? + ^z* = 0, (13) 

with the relation among the coefficients 

{\ — p%AL^ — EB')z=iO. (14) 

It will be supposed throughout that neither A nor E vanishes ; the vanishing of 
E would mean that the origin was a focus, the vanishing of A that one of the foci 
was at infinity. 

We next observe that if p = di 1 , or if 5 and D both vanish, four foci lie in 
a straight line, viz. it is obvious that four points satisfying equations (12) and 
(13) will in these cases lie either on x = y or on x = — y. This is a special case 
which we shall at first exclude. 

♦See '' Note on the Double Periodicity of the Elliptic Functions," this Journal, XI, 885. 



1(15) 
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To find the equation of the oonfocal system, then, we have to subject the 
general equation of a bicircular quartic 

&c*jf* + 2xi/z {Ix + my) + 2? {aa? + ihxy + hf) + 225^ {gx +/y) + cz* = 

to the conditions 

{A) (B) {G) 

aJc — P =AX, am + gh — hl =z2B% , ab — h^+ch — 2/1 +4gm=6GX, 
hk—m^ = A2., bl + /k — hm = 2pBX, ab — h^ + ck—2gm+4/l =6Cyl, 

{D) {E) 

bg+cm—/h=2pDX, bc—P = E7^, 
of-\- cl—gh =2DX , ac—g^ = E^, 

where it is to be remembered that either p* = 1 or AJD^ = EB^. 

5. The general case ; p* :#: 1 , B and D not both . Since AL^ = EB^^ and since 
A^O and E^O, neither of the quantities B, D can vanish without the other ; 
therefore neither of them vanishes. From equations {G) we get, by subtraction, 

fl:=gm] i 

then from equations {D) and {E) 

af - bg' = XE{b -a)= 2XZ)(/- pg) ; ii 

from equations {A) and {B) 

aw? — bP z=z^A{b — a)= 2XB {m — pi) ; iii 

from equations (A) P — m' = (a — 6) A; ; iv 

from equations {E) p — ^ z=L[a — 6) c; v 
and from equations {B) and (Z?) 

afm — bgl = 2%B (/— pg) = 2W {m — pi) . vi 

We note that a^b-, for if b — a were , equations iv and v would give 
P — m*= and/* — ^=. 0, while equations ii and iii would give / — pg= 
and m — p? = 0; whence, since p* :^ 1,/, gr, 7, m must all vanish; but this is 
impossible, since equations (B) and {D) would then give 5=0, Z) = 0. 
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Since 6 — d^O^ it follows from ii and iii that / — pg^ =#= and m — p? =#= ; 

but, from i, / _ 9 _/-.P9 _Abvvi- 

m — I — m — fV — B ^ '' 

so that J. D D J 

By iii, 2 J? , 

•^ b — a= -J- {m — pi) , viu 

• 2D 2D^ 

while ii would give b — a=^--^{/ — pgr), ^^^(m — pi) by vii; and this is 

consistent with viii because AL^ = E&. Equations iv and v (in combination 

with vii and viii) give 

_ji_ 7n^— Z^ _E^ m^ — P 
^— 2B 'm — pr ^~ 2B'm-^pr ^^ 



From equations {B) we get 



J,- ^ J, \ bl—pam 
^- B ^^ m — pl ' 



while equations D would give h = -jy c + ^ ^-^ , which is the same as the 

value in x because c = — r A; = ^^r '^ and -^ = — . 

A B^ f m 

Equations vii, viii, ix and x, together with the equation 

A {ab — h^ + ck +fl + gm) = ZG{ah — l? + bh — m^) , xi 

[obtained from (-4) and ((7)] represent all of the given equations, the determi- 
nation of Jl being left out of account. Equations vii and ix express/, gr, c, fc in 
terms of? and m; it only remains, therefore, to determine a, b and A so as to 
satisfy viii, x and xi. Since a — b^{l^ — m^)/k by iv, we may put 

a = -^ +t, b= -^ +ti 

(where it should be noticed that t^^^O, otherwise either of equations (A) would 
give A = 0) and then x gives 

D ^ , Im . . I — 0771 



B * k m — pi 
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m 

Hence 

Also 

A m^ P D^ D 

A;= -^ . — , , cA;= -^ i*, fl + gm = 2 -^Im, and aA; — l^=>hk — m^^ztlc. 

Making these substitutions, xi becomes 

Rejecting the factor t, this equation gives 

(7»-p?)» (SG n^-l AD {l-pm)im*-P) 2B, ,.) 



Also 



Hence 



?^_25 m — pl a _ (*" — PQ* 2B (1 — p») ;» 

A; - ^ •»»» — ?-^-(l — p»)(»n» — ?)• ^ • m — pZ * 



a, =-^+<, 

_ (m — pO» |3C7 m* — l* AD (l — pm)(m« — P) 2B_ m* — J *\ 
~(1— p»)(»»» — P)15 'm— pZ+ ^ * ' (m — pO* ~^'m — pZJ 

or ( 1 — p») AE^a = (3^5 C — 2E^){m — pi) — ^»2) (pm — Z) ; 

and likewise 

(1 — p») AB*b = (3 J15 G — 2p*B^){m — pi) — A*D (pm — I) . 

It conduces to simplicity to express everything in terms of the new parame- 
ters a and /d defined by 

m— p? = (l — p»)Ba, pm — l={l — p*)B^', 
whence l=:B(fa — /3), m = B{a — p/3). 

Then the above equations become 

ABa=i5ABG—2B»)a —A*D^, 
ABh = l^ABG— 2p*B')a — A'Dfi; 
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equations vii and ix become 

and equation x gives 

h = ^J'^ {A*D (a» + /?) — 6ABGa^ + 4p5V } . 

Hence, multiplying each of these values by 2ABa, and substituting in the equa- 
tion 

h>*y' + 2xyz{lx + my) + 7? {aa? ■\- ikxy + hf^) + 2B?{gx-{-fy) + C2* = 0, 

we find tlie equation of the required curves to be 

i^i/ { A^Ba* — A*B^ 

+ l3?yz \ 2p45»a» — 2AB'a^ 

+ 2a;/z { 2J15V — I^ABa.^ 

4- x*a»i(6^5C— 4£»)a»— 2^»i>a/3 
+ 2xyz»U^*^ + 4pfi')a''— 6^5(7aj3+^»2)/3»} (16) 

4- y*2»|(6JljBC7— 4p»5«)a»— lA^Ba^ 
+ 2xz»] 2fABDa*— 2ABDa^ 

+ 2yjr'{ 2ABDa? — 2^ABDa^ 

+ z*i ^5^a» — ^5^/?»} = 

Let us call this 

a'C— 2a/3F+/3»TF=0; (17) 

then Z7 and W are particular .curves of the system (being obtained by putting 
a or/3= 0), but F is not. The equation being quadratic in a:/3, there pass 
through every point in the plane two curves of the system. 

In virtue of the relation AE^ = EB^, TT is a perfect square ; viz. 

W=-A*B(xy-~^^, (18) 

and represents a circle with its centre at the origin, counted twice. And since 
it is obvious on inspection (bearing in mind that AL^ = £&) that the relation 

ay = -g-^ converts the y-equation for the foci into the x-equation (equation (12) 

into equation (13)), this circle is a circle through four foci. Hence each of the 
four focal circles , counted tioice, is a curve of the system. 

If we put a = di /? (and only so) the term in a?f^ disappears, and z becomes 
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a factor of the equation, so that we have as a limiting case of the quartics a cir- 
cular cubic together with the line at infinity. But at the same time the term in 
2* disappears ; hencQ the cubic passes through the origin, which has just been 
seen to be the centre of a focal circle. The terms of lowest degree in x and y 
are (dropping a constant factor) 

and the terms of highest degree are 

xy{x^y). 

Hence, there are two circular cubics confocal with the system of quartics ; these 
cut each other orthogonally at the centre of each of the four focal circles ; and 
the tangent to either cubic at each of these centres is parallel to the asymptote* 
of that cubic : the tangent and asymptote being in fact parallel to an axis of the 
foci. 

6. The case of four coUinear foci. If four foci are in a straight line, we may 
take this line as axis of X, and the centre of gravity of the four foci as origin ; 
then the equations of the /-tangents and the ./"-tangents are identical : so that in 
equations (15) [end of art. 4] p = 1 and 5 = 0. Supposing Z) :^ 0, and noting 
that in obtaining equations i-vi of art. 5 the relation AD* =:EB* (which does not 
hold in the case now under consideration) was not made use of, we see from iii 
that a = J; then from ii,/= gr; and then from i, l=m. Hence the equations 
(15) for determining the curve reduce to 

ak — P = A2., (a — A)Z + /A:=0, a* — h* + cJc+ 2fl= 6C7i, l,jgx 

{a — h)f+cl=2DX, ac—f* = E?..r ^ 

Eliminating h by means of the second of these equations, the other four become 

ak — P= AXy i 

ac—P^=' EXf ii 

— kf* + cP= 2D1^, iii 

— T^f— 2a fU + c^P + 2/P = 6 GPX . iv 

iii may be written k {ac — /*) — c {ak — P) = 2Z>7X, or 

Ac = Ek—2Dl] V 

iv may be written k{—kp + cP) — 2/7 {ak — P) = 6 (7P;i, or 

Af—Bk—ZCh, vi 

*I. e. the asymptote other than the tangenta at /and J\ the rtal asymptote if the carye is reaL 
43 



(20) 
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and i, ii, iii obviously give also 

Af—EP= — Wla. vii 

Equations v and vi give c and/ in terms of h and I; substituting for/, equation 

vii becomes 

2ADla = — m^ + 6 CDM + {AE —90*) I*; viii 

and finally the second of equations (19) gives for h 

2ADin = 2ADla + 2ADfk = Z>«P + {AE— 9 C*) P. ix 

Hence the equation of the required curves, which (since a = 6 , /= g, Z = m) was 
fcc»2/» + 2? (x + y) x^^z + [a (x* + y^) + 2Ax^/] z" + 2/(x + y) 2» + cz* = 

is found to be 

x»^] 2ADW } 

+ 2(x+3^)xyz{ 2^Z>?f 

+ {^-^if)/\ — IPT^-\-6CDU-it{AE—90^)V\ 

+ 2xyz»j I>»^•» +(4^— 9C»)?} 

+ 2(x + 2^)z'^ 2Z>»W — 6CZ>?} 

+ z*{ 2DEkl . — 4Z)»P}=0, 

or 

— J<?iy {x — yy ^ + 2klD{Ai^f + 3C(a^ + f)^-\- 2D{x + s^)z» + j^z*} 

+ ?{4^2)(x+2/)xyz+(4^— 9C»)(x+y)y— 12C7Z?(x+y)z»— 4Z>»z*}=0. (21) 

7. Solution of the differential equation dx/VAx* + 4JSx' + GCx* + 4J)x + E 
+ dy/>/Ay*+ 4.Bif+ eCy'+TDy -fW=: 0. In virtue of the property of the 
tangent to a bicircular quartic contained in the theorem at the end of art. 3, the 
equation of the system of confocal bicircular quartics whose foci are given by 

Ax* + 4i?x» + 6(7x« + 4Z?x + E=0, Ay* + 4By»-\-60f + 4Dy + E= 

is the solution of the differential equation 

dx/VAx*+4Bx'+6Ca^+4Dx+E-\-dylVAy*-\-4Bi/+6Cy*+4Dy+E=0. (22) 

In the foregoing article we have obtained the equation of the system when the 
origin is so chosen that 5=0; so that the equation 

da^/VA3i^'+ 607^'+ 4iTiJ+E + dy'/VAy^'+QO'y''+'4iyy'+ E = (23) 

has for its solution, by (21), 

— I^D* (x' — i/f + mU { ^a/y + 3 C (x" + y'"-) + 2/)' (x' + y) + 5^ f 

+ ?']4AD'(x'+y)x'y+ {AE—90'-){^+y'f—V2aD (x'+y)— 4i)''} = 0, (24) 
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or say —7i?iy'{a^ — j/y+2JcliyP + PQ=0. (25) 

To obtain the solution, then, of (22) we have to transform (25) [which is 
only an abbreviated expression of (24)] by the substitution 

a/ = x + 4, y = y + ^, (26) 

expressing the result throughout in terms of the coeflBcients A .... E. We shall 

v! = Aa^* + eCa/' + 4D'x' + £? = Ax* + 4Ba? + 6Cx» + 4Dx + E = u, 
i^ = Ay" + 6Cy" + 4D'y' + E = Ay* + 4By' + 6C7y» + 4l)y + E=zv. 

In the first place, then, x! — ^ = x — y. Secondly 

2P=u' + v' — A{str — y'y 

= ^^'■^v' — A{a^ — i/)\d + ^f 

— u+v—A{x — yy[x + y 4- 2 -j-\ 

= u +v — A{p? — ff — 4B {t? + f) -\- 4B {x + y)xy — 4 ^{x— yf 
SO that 
P=A7?^+2B{x+y)xy^'ZG{;x?+f)^'2D{x + y) + E-2^{x-y)\ (27) 

It will, then, obviously be advantageous to put TcD = a — 2 -j- Z, a being a new 
arbitrary constant; whereupon equation (24) becomes 

-aHx-y)'+2a?[P+2^(x-2,)»] + ?»[g-4^P-4^(x-2/)»]. (28) 

To transform Q it is convenient to observe that 

^, = 2 {A^D — ZABG + 2£») x* + {A^E + 2ABD — 9^C» + 65»(7) v? 

+ 2 {ABE —^AGD-\- 25»D) x + EB^ — ^Z)», 

is an x-covariant oi {A, B, G,D, E{x, 1)*, i. e. a function which remains imaltered 
by the transformation x=:x' + /u; and the like expression in y will be denoted 
by '^. For the quartic (^,0, O, D, E\d, 1)*, ^ becomes 

A \2ADvi* + {AE' — 9 G'*) x" — 6 G'Dvi — i?"] ; 
so that we have 

A*Q=2A{^ + ^)— A* {AE'—9 C"')(x'— 2/')»+ 4A'D' («/+ y) afy'—4A'D' (x''+ y*) 

= 2^(4) + ^^)— j1»(x' — y)' [4AD'(x' + y) + AE?'— 9C"*] 

= 2ii(4> + 4')— ^'(x — y)» l4Aiy{x + y) + ^^' — 9(7'* + S^Z/] 

=i2aIp + ^)—{x — y)* l4A {A*D — SAB G + 2£»)(x + y) 

+ A*{AE— 4BD+ 3 C*)— 12 {AG— B*y 

+ 85 {A*D — ZABG + 25*)] . (28) 
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Substituting for ^ and 4' their values, and for P the value found in equation 
(27), we have 

Q — 4:^P—i^{x — yf= — ^B'a^f + {4AD—12BC){x + y)xy 

+ {AE—^G^^x^-yf 4- 8BDxy+ {ABE— 12GD){x + y) — AD^, 

so that the solution of (25) is 

— a?{x — yY 

+ %il {A;x?if + 2B{x + y)xy + ^G {t? ^ y") + 2D{x + y) + E^ 

4- ? [— AB^^f + {A AD — 1 2BG){x + y)xy + (^AE — 9 G^){x + y)* 

+ iBDxy + {ABE— 12GD){x + y) — 42)*] = 0. (29) 
[Of. Cayley, Elliptic Functions, p. 339.] ** ^ 

8. Gdse of four collinear foci symmetrically situated in respect to their centre 
of gravity ; solution of the differential equation when B and D both vanish. In art. 6, 
where the origin was taken so that 5 = 0, it was expressly assumed that D was 
not. also 0; and the equation there found [eq. (21), end of art. 6] ceases to rep- 
resent a system of curves when in it we put D = 0. It is, however, easy to 
write (21) in such a form that it shall continue to involve an arbitrary constant 
when Z)=z 0; it is also easy to investigate this case independently ; but since we 
have just extended the solution in (21) so as to cover the general case (viz. that 
in which B is not supposed 0), it will be simplest to obtain the solution for the 
case 5 = 0, i>= 0, from the solution for the general case, which is given by 
equation (29). We thus obtain, for the system of bicircular quartics whose foci 
are given by 

Ax^+6Gx^ + E=0, Ay^+6Gy^ + E=0, (30) 

the equation 

— a'{x — yy+2al[Aa?y'+SG{a?+f) + E]+P{AE-9G'){x + yy=0. (31) 



Putting WAE—9G^ = r, a/VAE—9G^ = a^, this may be otherwise written 

— af'{AE—9G'){x — yy+2alf[A;x?y'+3G{a?+y') + E] + r{x + yy=0. (31') 
When AE — 9C* = 0, equation (31) may evidently be written 

lAxy + 3G + (i{x- y)'][Axy + 3G- (i{x-y)'] =0, (32) 

a pair of circles each passing through the two double foci given by a; = y, 
Axy + 3(7= 0; and equation (31') may be written 

lAxy- 3G + fi' {x + y)'][Axy- 3G- (i^{x + y)] = 0, (32^) 
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a pair of circles through the two double foci given by x = — y , Axy — 3C= 0, 
and orthogonal to the preceding pair. 

Equation (31) or (31') is the solution of the diflferential equation 



dx/VAx^ + QGt? + E+ dy/VAy' + qCi/ + E=0; 

and in the particular case when AE — 9^*= 0, the two differential equations 
arising from this, viz. 

dx/{A:x?+SG) — dy/{A7f+ 30) = 0, dx/{Ax? + SC) + dy/{Ai/^ + 3(7)= 0, 

have for their solution, by (32) and (32'), 

Axy + 3C = [i{x — y), Axy.— SG = (/{x + y), 
respectively. 



9. On the solution of the differential equation dxj^/ax^ + 4Ja:^+ 6cx^+ Adx + e 

= Mdyl^/ay^ + Ahy^ + 6cy* + Ady + e, the quartics being homographic, and M 
being a certain constant. Consider, first, the equation 



dxl^Ax^ + ^Bt? + QGqi? + 4pDx + E 
^'dyl^Ay' + 4p%» 4- 6(7^ + 4Dy + E. [^2?» = EB^'] (33) 

This defines a curve in which the inclination of the tangent is half the inclina- 
tion of the system of rays drawn from its point of contact to a system of four 
concyclic points determined by 

{A, B, (7, pZ), Eix, 1)^= 0, {A, pB, (7, 2), E^y, iy=0. (34) 

Hence the solution of (33) is the equation of the system of bicircular quartics 
whose foci are given by (34); so that this solution is furnished by equation (16), 
p. 330, z being therein replaced by 1. 

Next, consider the more general equation 



d>x/Vax^ + 4:ba? + Gcsi? + 4dx + e 



= dy/Va'y* + AVf + 6df + Ad^y + </. IS^ = S,T=T] (35) 

It defines a curve such that the square of the clinant of the tangent at any point 
is equal to the clinant of the system of rays drawn from the point to a system 
of four concyclic points determined by 

(a, J, c, d, elx, ly = 0, (a', V, d, d\ c'Jy, 1)* = 0, (36) 

multiplied by a' ja. But, by art. 2, d ja is the square of the clinant of an axis 
of these four points ; hence, wUh respect to an axis of the four points^ the inclina- 
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tion of the tangent is half the inclination of the system of rays drawn from its 
point of contact to the four points. The curve defined by (35) is therefore a 
bicircular quartic belonging to the confocal system whose foci are given by (36). 
By rotating the axes and moving the origin, i. e. by the transformation 

a5 = 6*-(xx + a), y = e"-(yi + /3), (37) 

equations (36) may be transformed (as shown at the beginning of art. 4) into 
equations (34); hence the equation of the confocal system just mentioned is 
given by (16), the x, y, z being replaced by Xi, yi, 1. This result, converted 
from an expression in J., . , . . , ^, p, Xi, y^, into an expression in 

would furnish the solution of (35). 
Finally, if, in the equation 

cbc/Vax^ + Ahx? + 6cx* + 4rfx + e = Mdyl^/dy^+ 46y + Qdf + 4d'y + e', 

the quartics are homographic, but it is not true that S' = aS^, T' = jT, we may 
multiply the second quartic by y, when its invariants will become S'''=^Si 
T' =: q^T] and we may choose q so that 

q^S'=S, q'r=T, 

whence q = -^m - The equation now becomes 

dx/Vax^ + Ah7? + Qct? + Adx + e 

- MfJ^dylsfaiy + 4JV+ S^V + 4rf"y + d', [aS" = S, T = T\ 

I'SW 

a", h", .... being written for qa\ qb\ .... Now, if if = y-or^i this equa- 
tion becomes 



dx/Vax^ + 4bx? -f 6cx* + 4dx + e 
= dy/Va"/ + 46V + ^c/y + 4d''y + c". [/S" = S, r = T] 

Thus the solution of the equation 



I ST 

dx/Vax*+ 4ba?+6ca^+ 4dx+€=\ ^dy/Vay+4by+6(/y^+4d'y+d, (38) 

the quartics being homographic, is at once reduced to that of equation (35). 



On the Theory of Matrices. 

By Henry Tabeb. 



I. — Elements of the Theory. 
Introductory. 

§1. Cayley, in his Memoir on the Theory of Matrices (Phil. Trans., 1858), 
defined a matrix as ** a set of quantities arranged in the form of a square, ''* this 
notion arising ** from an abbreviated notation for a set of linear equations." 
Accordingly, Cayley laid down the laws of combination of matrices upon the 
basis of the combined effect of the matrices as operators of linear transformation 
upon a set of scalar variables or carriers. The development of the theory, as 
contained in Cayley's memoir, was the development of the consequences of these 
primary laws of combination. Before Cayley's memoir appeared, Hamilton had 
investigated the theory of such a symbol of operation as would convert three 
vectors into three linear functions of those vectors, which he called a linear 
vector operator. Such an operator is essentially identical with a matrix as 
defined by Cayley ; and some of the chief points in the theory of matrices were 
made out by Hamilton and published in his Lectures on Qvatemions (1852). They 
were, however, made out as theorems concerning linear vector operators, and 
developed by quaternion methods, through the effect of these operators upon 
vectors, and not upon the basis of the primary laws of combination above 
referred to. Nevertheless, Hamilton must be regarded as the originator of the theory 
of matrices, as he was the first to show that the symbol of a linear transformation 
might be made the subject-matter of a calculus. Cayley makes no reference 

* Cajlej speaks also of rectangular matrices, and to some extent develops their theory ; he even 
alludes to the possibility of attaching a more general meaning to the word. His memoir deals, how- 
ever, almost exclusively with square matrices ; and as the present paper relates exclusively to such, we 
shall make no further reference to other than square matrices. 
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to Hamilton, and was of course unaware that results essentially identical with 
some of his had been obtained by Hamilton ; and, on the other hand, Hamilton's 
results related only to matrices of the third and fourth order, while Cayley's 
method was absolutely general. The identity of the two theories was explicitly 
mentioned by Clifford in a passage of his Dynamic, and was virtually recognized 
elsewhere by himself and by Tait. Sylvester carried the investigation much 
farther, developing the subject on the same basis as that which Cayley had 
adopted. Subsequent to Cayley, but previous to Sylvester, the Peirces, 
especially Charles Peirce, were led to the consideration of matrices from a dif- 
ferent point of view ; namely, from the investigation of linear associative algebras 
involving any number of linearly independent units. In this aspect, the quan- 
tities arranged in a square are looked upon as scalar coefficients of the several 
units or **vids" of an algebra belonging to a certain class. Finally, it must be 
mentioned that Hamilton and his successors made use of an interpretation of a 
linear vector operator which consists in regarding the operator or matrix as 
representing a homogeneous strain ; and in this light the axes of the strain play 
an important part in the theory. These axes may, however, be utilized without 
any reference to this interpretation, the analytical definition of the axes being 
obvious ; and I have made much use of them in the following investigation. 

This paper originated in an investigation upon the development of Cliflford's 
geometrical algebras ; the consideration of the linear vector functions of these 
algebras led me to think of investigating the theory of matrices viewed as linear 
vector operators. For matrices in general these algebras furnish an instrument 
analogous to that which quaternions afifords for the investigation of mat- 
rices of the third order. I shall, however, reserve to a subsequent paper the 
consideration of this particular system of algebras (of which I have obtained a 
tolerably complete development) and its utilization for the theory of matrices. 
In the present paper I regard a matrix as a linear unit operator, operating upon 
the linearly independent units of an algebra, without reference to any meaning 
of such units, or to any properties which these units may have in combination 
with each other ; and I have in this way endeavored to develop the theory of 
matrices. From this point of view I am able to give a very simple proof of 
Cayley's ** identical equation,'' and also of Sylvester's most important results, 
the law of latency, the law of nullity, and Sylvester's formula for any function of 
a single matrix. I have also completed the investigation of the nullity of the 
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factors of the identical equation (Sylvesterfs ** corollary of the law of nullity") 
which Sylvester had treated only in the special case when all the latent roots of 
the matrix were distinct ; and I have shown that in addition to nonions there are 
an infinity of algebras exactly analogous to quaternions. This analogy I have 
also extended, and it appears that every matrix is resolvable, precisely as a qua- 
ternion is, into the product of a tensor and a versor ; the latter gives rise in a 
matrix of any order to functions analogous to the sine and cosine to which 
these functions reduce when o = 2 ; and thus I find that there exists an infinity 
of formulae analogous to De Moivre's. Finally, I have shown that the whole 
theory of matrices may be regarded as contained in the theory of CliflTord's 
geometric algelDras, i. e. in the theory of sets of quaternion algebras which are 
such that the units of one set are commutative with those of any other. Other 
results I have obtained not immediately connected with the pure theory of 
matrices, but having reference to the matrix viewed as a linear unit operator. 

These results are contained in the second part of this paper ; the first part 
contains only the elementary notions and theorems developed from the point of 
view of the matrix as an operator, and is not necessary to the understanding of 
the second part, at all events by one acquainted with Cayley's memoir. To this 
must be excepted §9, which contains an account of Charles Peirce's system of 
quadrate algebras and their connection with tlie theory of matrices. 

I have in I §10 given a slight sketch of the history of the theory. 

Definition of a Linear Unit Operator. 

§2. The extension of any selection of o of the units of any algebra will be 
termed a ground of order o. A linear unit operator ^ of a ground of order o is 
an operator which converts each of o linearly independent quantities in the 
ground into a quantity in the same ground, and which is such that 

^ {ma + nn) = m (pa) + n (^) , 

where a and n are any two quantities in the ground, and m and n are scalars.* 
Thus, if tti, a,, . . . . a« are o linearly independent quantities of a ground of 
order o, and if 

p = X-fiLi + XjO, + ....+ xji^ , 

* Of course this requirement is equivalent to the requirement that ^ shaU be distributive over any 
sum of quantities in the ground ; the equation would then follow at once for m and n positive integers, 
and thence very simply for m and n any scalars. 

44 
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then ^p = Xi.^ii + Xg.^Kx, + .... + a^.^a^; 

where, since the ^o'b are in the same ground as the a's, and these are o in 
number and linearly independent, we may put 



whence the linear unit function ^p becomes equal to 

(«na^l + (^Vi^% + + «l«a:«) «!+ («81^1 + «a8a-2 + + Oj^X^) ttg + . . . . 

By choosing the a's as the units of the set (arj, 0:2, . . . . ««), it may be 
regarded as identical with p, when it is evident that ^ is the matrix 

( ^11 till ... . aj^ ) 
cfji Ojjg . . . . ao^ 



Thus, either the successive columns of the array constituting the matrix may be 
regarded as operating upon the successive quantities (ai, a,, . . . . a«) represent- 
ing the ground, or the successive rows may be regarded as operating upon the 
coefficients (a:i, a:,, . . . . xj of these quantities. 

Regarding ip as operating upon the set p = (a?i, ir2» • • • • ^«)> i- ^' upon the 
coefficients of the a's in the expression for p, the resulting set consisting of the 
coefficients in the expression for the linear unit function ^p may be denoted by 

((4>ki)» (^1^2)1 (4>l^«)); and so 

In virtue of the identification of a matrix and a linear unit operator, these terms 
will hereafter be used interchangeably. 

The coefficients of the a's in the expression for the ^a's which form the 
columns of the matrix, will be termed its constituents. 

The converse or transverse of ^ , denoted by $ , will be defined as the matrix 
formed from (p by interchanging the rows and columns of its constituents.* Whence 

*The term transverse was used by Cayley in bis memoir to denote this function of a matrix, and 
bas subsequently been used by Sylvester in the same sense ; the term converee was that employed by 
Charles Peirce for this purpose, and the symbol of conversion or transversion employed here is also his. 
Hamilton used the term conjugate of to denote the converse of ^ , and denoted it by ^. 
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etc. 









The relatioa " coaverae of" is evidently reciprocal, thus ^ = 4». 
Two matrices of the same ground are equal if thej have invariably the e 
effect upon the same quantity. Thus if '4' is the matrix 

hi &«.... bp. 



6.1 b^....b„ 
and the a a still represent the ground, so that 

ioi = bjiai + bsiOt + + 6.ia., 

■4«j = iisoti + ftjjO) + + ft^a., 

etc., 

and if ^ = 4f>, for any quantity in the ground, then ajj= b^, aig=:iij, etc. 
Consequently, if two matrices are equal, every constituent of the one is equal to 
the corresponding constituent of the other ; and so an equation between matrices 
gives rise to u^ scalar equations. 

In defining the linear unit operator ^ by its effect upon a linearly indepen- 
dent quantities in a certain ground of order u, the law of multiplication of the 
units of the ground is not in any way involved. Whence it follows that there is 
only an apparent loss of generality in taking the units of the ground from any 
particular algebra. If the elementary units of Clifford's o-way algebra* are 
chosen, any quantity in the ground is a vector in o-dimensional space ; ^ may 
then be termed a linear vector operator, and has a definite geometrical signification, 
namely, it represents a homogeneous strain. For if p and a are vectors to two 
parallel straight lines, then we may put p=a, + r/?, <r = a2 + y/3, and by 
definition ^p = ^ai + x^(3, ^a ^= ^i -\- y^^ , so the displacement of points iu 
space which ^ effects is such that parallel lines remain parallel ; whence, exten- 
sions of any order which are parallel remain parallel after the application of the 



'Clifford's u-way algebra is an algebra I ioea 
■ ■ . .im, suob that i4. ~ —iJr , and ii=. — \. 



in the product of even order of " "elepientorf anits," 
See Ibis Journal, Vol. I. 
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strain ^. Without, however, determining the nature of the units of the ground, 
i. e. the properties its units may have in combination, two extensions belonging 
to the ground of order m and n respectively, where 7w<[w, may be termed 
parallel if every quantity in the one may be represented, for some set of values 
of the x's, by 

and every quantity of the other, for some set of values of the y's, by 

^2 + y\^\ + ytP% + + yw^m + — + y„/?«, 

the a's and /3's being quantities of the ground. A homogeneous strain may then 
be defined as a displacement in a certain extension (namely, that of the ground) 
which leaves unaltered the parallelism of any two extensions of the ground. 
Obviously ^ eflfects such a displacement of quantities. 

A consequence of some interest follows from the identification of the theory 
of linear vector operators with the theory of matrices : as quaternions is identical 
with the theory of dual matrices, and thus with the theory of homogeneous 
strains in a plane, to every proposition concerning space of three dimensions (or 
of four dimensions) which can be proved by quaternions, corresponds a proposi- 
tion concerning the kinematics of a plane, such that when either is proved so also 
is the other. 

Hereafter it should be understood, that when quantities are spoken of as 
the operands of a matrix 4), they are to be regarded as in the ground pertaining 
to ^ even when this is not explicitly stated. 

Addition of Matrices, Multiplication by a Scalar, and Form of a Scalar. 

§3. Employing the notation of the last section for ^ and 1^, let ;^ denote 

the matrix 

( «ii + hi «i2 + 612 - - . . ai^ + Ji„ ) 

^21 I 621 ^28 + ^22 • • • • ^2» "I" ^3« 

etc., etc. ; 

It is obvious from the definition of a linear unit operator that for any quantity p, 

Whence this sum may be denoted by (^ + 4') Pi giving the equation in matrices, 
^ + 4. = ;|r,or 
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etc. 



^12 • • 

«23 



•«!«) + ( ^11 *12 6l« ) = 



• . . • 



«2. 



6^1 
etc. 



c^22 • • • • ^2« 



( «11 + ^11 


^12 + ^u . . 


••«!«+ 6i„ ) 


«21 + *81 


CTjg 1 ^22 • • 


• • a,« + 62^ 


etc. 







As a consequence of the nature of scalar addition, it follows that the addition of 
matrices is commutative and associative, and such that its inverse, subtraction, is 
determinative, or may be regarded as the direct operation performed with an 
inverse quantity, the negative. The negative of ^, which may be denoted by 
( — ^), is of course that matrix whose constituents are the negative of the 
corresponding constituents of ^; otherwise ^p+( — ^)p would not be zero for 
all values of p. 

Evidently the converse of the sum of two matrices is the sum of their con- 
verses. Thus : , --r^ , . ^ : ^ 

§4. From the last section it follows that if m is any positive integer, 



Ha„ a„.... «,.)=( 



Oji «22 

etc. 



• • • • 



«2« 



mail Tna^i .... mai^ ) 



fna^i fna2% 
etc. 



. 7wa2« 



Thence it may be shown very simply that the equation holds for any scalar 
m. And hence, obviously, for any scalar m, {m^) p = ^ {mp) = m (^p). If, then, 
n is any other scalar, for any quantity p in the ground we have (m./i^)p 
= m{n^,f>) = m{n.^p) = mn.^p = {mn,^)p; also {m + n)^.p = (m + n).^p 
= m .^p + w . 4)p = m^ . p + w^) . p = {rrnp + n^) p ; consequently, m .n^ = mn.^ 
and (w + w) 4> = w?^ + w^), and therefore scalars as multipliers of matrices have 
all the properties they possess in combination with monomial or scalar quanti- 
ties. Hence in future the combination 7w.^p = m^.p may be denoted by wi^p, 
etc. 

A scalar is itself obviously a linear unit operator or matrix ; but the only 
matrix which merely multiplies a set or quantity by a scalar m is 



( m 


etc. ) 


m 


etc. 





m etc. 


etc. 





where all the constituents are zero except those in the principal diagonal, and 
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they are all equal to m. If tw = 1, this array gives the matrix form of unity; 
if m = 0, it gives the matrix form of zero. It will presently be shown that the 
product of two matrices is also a matrix, and that the product is distributive 
over the operand. In conjunction with the matrix form of a scalar, this makes 
significant the compound ipmj m being a scalar. For since for any quantity p, 
{<pm) p = ^ (iwp) = fn (^) ; hence ^m = m^ . 



Multiplication of Matrices and its Inverse. 

§5. The combination ^p must be defined as the result of operating by the 
linear unit operator ^ upon the linear vector function or quantity 4>py i. e. ^x//.p 
= ^ ('^^p) . With the same notation as before for ^ and i^ f l^t 



SrO^Ai 2ra^6r« • • • • 2ra^6 



r« 



Then for any quantity p, 

+ (Ojji . 2,61^, + a%2 . ZifbifpCg 

= {Xrairhri . Xi + ^/l^rbri ^ + 

+ {Xra2fhri . Xi + ^r(^2rbri • ^i + 

= XP' 

Whence we may put ^ = ;^ , or 

( «ii c^is . . . . «!« I hii Ji2 . . , . 6i„ ) 



+ ....+ 2,6.^,. a J 

+ .... + «s«.2,6^a:,) a, + etc. 

. . . + ^r^irbrta ' xj) ttj 

. . . + ^r^hrK^ . X^) ttj + etc. 



«a«28 



• • • • 



(hi 



a^-^ a^^ • . • . a^^ 



^21 ^23 • • • . t>2i 



6«l6»2 . . • • 6a»« 



= ( «11 &11 + «12 621 + . . • • + ^1« 6«1» «U *12 + «12 *22 + • • • • + «1« ^«2> ®tC. ) 
^21 ^11 + ^2 ^21 + • • • • + ^2« ^«1 > ^21 ^12 + ^22 ^22 + • • . . + ^2- ^«2i ®tC. 

«-l^U + a«2^21 + . . . - + «<-« J«l, a«lij2 + ««2^22 +...- + €tmJ>^9 ^tC. 



i. e. the product of the two matrices ^ and i^ ii^ the order named is formed as 
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follows : The constituent of the r^^ row and s^^ column of ^-^ is the sum of the 
products obtained by multiplying each constituent of the r^ row of ^ into the 
corresponding constituent of the s^^ column of i//. 

Since by definition the product of two matrices is associative with their 
operand, it follows that the multiplication of matrices is also associative. For 
by definition 

and likewise, 

As this is true for any quantity in the ground, hence 

The multiplication of matrices is also distributive over addition. For if the 
quantities p' and p'' denote severally the linear unit functions ^p and 4'P of any 
quantity p in the ground, by §2 and §3, 

?> (^ + a:) P = ^ (^P + Zp) = 4> (p' + p") 

= (<J4 + <?>;c)p- 

The commutative principle does not in general hold in the calculus of matrices. 

The converse of the product of two matrices is the product of their con- 
verses in the reverse order, as may readily be proved. This gives the formula 

§6. Division is the operation inverse to multiplication. Since multiplication 
is not in general commutative, two signs are required for division. In the last 
section, two matrices being given, it was required to find their product in either 
order ; the problem inverse to this is to find a matrix which when multiplied 
into or by a given matrix ^ shall have as product a given matrix \//. In general, 
this problem is susceptible of one or more solutions : the matrix or matrices 
which when multiplied into ^ give i^ as product may be denoted by (4'^^); and 

those which when multiplied bv ^ give '4' as product may be denoted by — or J— . 
Division is therefore defined by the equations 
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InvertibJe multipKcation is multiplication whose inverse is determinative. 
If the multiplication of matrices is invertible, it would follow that if ;^^='4/, 
and ;f'^ = '\//, then ;jr=:^'; likewise, if ^;f = '\// and ^;^=:4', then ;^ = ;^. 
Hence division would be subject further to the conditions 

by means of which the above results may be obtained immediately. To assume 
that multiplication is invertible is equivalent to regarding the inverse operation 
as the direct operation performed with an inverse quantity or matrix, which 
shares the associative and other properties of matrices in general. This inverse 
matrix is termed the reciprocal.* 

It may now be shown that in general there exists a reciprocal, and hence 
that, in general, multiplication is invertible. From the rule for the formation 
of the product of two matrices, it follows that, if from the array of constituents 
representing a matrix ^ another matrix O be formed, in which each constituent 
of the first array is replaced by the logarithmic differential derivative with 
respect to that constituent of the determinant of the array (provided this deter- 
minant is not null), the product of ^ and the converse of O in either order is 
equal to unity.f Hence O may be denoted by ^""^ and is termed the reciprocal 
of 4). In other words, if j^l denote the determinant of the array representing 
the matrix (which will in future be termed the content of the matrix), and if 
A^ represent the differential operator 



( 9 



a ) 



9a,i 
d 



dan 
d 



doji da 



it 



doi, 

d 

oa^t 



3a„i 3a^g * 



• • 



da 



*The term invertible multipUcation was employed by Mr. C. S. Peirce in his Logic of BelativeMn 
Memoirs Am. Acad., Vol. IX, in which, and in Mr. Peirce 's other writings, wiU be found the substance 
of this account of division. Mr. Peirce has shown that the only algebras in which division is always 
determinative are ordinary algebra, with and without the imaginary, and real (semi) quaternions, this 
Journal, Vol. IV. 

t In the wording of this statement of the relation between ^ and 4» I have followed Prof. Sylvester, 
this Journal, Vol. VI. 
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then ^_i _ A^\^ 



A matrix whose content is zero is termed vacuous. The inverse processes 
are sometimes possible with such a matrix ; but since a vacuous matrix has no 
reciprocal, the results are indeterminate. Thus if 

xa = { a ) 

I ma I 

\mh Op 
the matrix T— J which when multiplied by m gives ;g as product, is 

(A o) 

a 

c d 

where c and d are any two scalars. 

If^;^ = 0, it is evident that either both ^ and '\// are vacuous, or one or 
both are zero. 

From the definition of the reciprocal it follows that (^)'~ ^ = (^- 1) . For 

taking the converse of both sides of the equation ^"^ := l , we get (^~^)^ = 1; 
hence (^-^) = (^)"^ 

§7. Regarding a matrix as an operator, the problem inverse to that of 
finding the effect of a matrix ^ upon any quantity p in the ground (i. e. of find- 
ing the product of ^ into p) is, given a quantity a in the ground, to find another 
quantity which ^ will transform into a. Only one sign is needed for the inverse 
of functional multiplication, which is defined by the equation 



*(ir)=- 



The quotient — is always determinate if ^ is non-vacuous. If the matrix 

^ transforms any extension (ai , a, , . . . a„) into one of lower order (/?i , ^j , . . . ^n) i 
and if a = yi(3i + y^^ +.... + y^^^i the problem to find a quantity which ^ 

transforms into a is in each case possible, but the quotient — is not in each case 
45 
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determinate. If p = Xiai + x^a^ +••••+ ^m^Lmi there does not exist in every 
case a quotient -l. , 

Powers and Roots of a Matrix. 
§8. If m is an integer, 4)** is of course that matrix which results from mul- 

m 

tiplying ^ m times by itself. If n is also an integer, ^'^ must be defined as that 
matrix whose n*^ power is the m*^ power of ^. The irrational scalar power ^ 
of 4) must be regarded, as in common algebra, as the limit of the series ^^\ ^^'\ 
etc., where jp',y, etc., are successive approximations to jp, i. e. if 

^p' = ( all «ia etc. ) 

^81 ^^i etc. 
etc. 

and if the limits of the a'^s as p^ approaches the limit p are respectively the simi- 
larly situated constituents of the matrix 

1// = ( ail «i8 etc. ) 
^21 cigj etc. 
etc. 

then ^p=z'^. Whence ^^ — 4)^' may be made as nearly equal to zero as we 
please by taking p' sufficiently near to p ; and consequently, if ^^' is susceptible 
of having a reciprocal, ^^:^^ may be made as near unity as we please by 
taking p^ sufficiently near to ^. It is obvious that if a is the limit for any 
quantity p of (^'^p, as^' approaches the limit jp, then ^^p = o. 

In general, the matrix ^'^ where m is an integer has a reciprocal which 
may be denoted by (4>"*)~^ Prof. Sylvester shows, virtually as follows, that 
(<^'*)-^ = (^~^)'*. Since ^x^"^ = 4>"^^ = 1 , hence ^ and ^~^ are commutative ; con- 
sequently 1 = (4)~^4))" = (<?>"^r4>", or (4)'*)-^= i^^T^"" (<?)"*)"^ = {^"Y- Frac- 
tional and irrational powers of a matrix also have in general a reciprocal ; and 
in this case also it may be shown that (c^"*)" ^ = ^" **. Whence it follows that 
for any two scalars {^"^y = ^^"^""K 

It is obvious that <^'"<^'* = <^**+'* for any two integers m and n, being merely 
an expression of the associative principle ; and it is sufficiently plain that with 
a proper understanding the equation holds for any two scalars. 
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Linear-form Representation of a Matrix. 
§9. Let the set of forms or vids* 

(ajrai) (aiio,) (aitas) etc., 
(a,:ai) (a,:aj) (agras) etc., 
(agiai) (agtoa) (03 rag) etc., 

as operators upon the quantities ai , o^ , etc., be defined by the equations 

(a,.:a,)a, = a,., 
(ar:a,)a^ = 0; 

and, when members of the set are operands, by 

(a,. : a,) (a, : a„) = (a,. : a„) , 
(a,.:a,) (a<:a„) = 0. 

Then the expression 

<!> = an (cxiiai) + ai^ {oLiiOi) + a^j {aiia^) + etc. 

+ <hi (02 -tti) + «2a (oj ^Og) + «23 (02 '-as) + ^tc. 

+ agi (ttg :ai) + ^32 (ag -.Oj) + 0^3 (as rag) + etc. + etc., 

linear in these vids, considered as an operator upon any quantity 

p =1 aj^ai + x^a^ + x^a^ + etc., 
is identical with the matrix 



4> = 



(«n 


«12 


«18 


etc. ) 


<hi 


Oa 


««3 


etc. 


^81 


«32 


««8 


etc. 


etc. 









Moreover, if ^ is a similar expression in the vids (a,.: a,) in which their coeffi- 
cients the a's have been replaced by V& with corresponding subscripts, then 
mO + ^i^ 1 where m and n are scalars, regarded as an operator upon p , is clearly 
identical with the matrix m^ + n'^^. Likewise ^^f has the same eflfect upon 
any operand p as the matrix ^ ; for 

* The term vid was introduced by Mr. C. S. Peirce to denote the units or letters of an algebra. It 
wUl be employed in what follows to denote the forms (a, :a.) , which will also be termed the elementary 
units of a matrix. 
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*»? = 2^^,. (o,:a,) .2^.6„ (o,:a.) 

which correspoode to the matrix 

{ S/ii.6rt ^ArJrt S^i^rs etc. ) 
I Z/hr^n XrOifiri 2,0^6^ etc. I . 
I etc. j 

Any complete system of o* of these vids forms a pure algebra of a certain 
class termed by CHfEbrd quadrates; and expressed in terms of these units is in 
what may be termed its canonical form.* I shall therefore call an algebra linear 
in o* of these vida a quadrate algebra of order w ; and any expression linear in 
the vids, a quadrats form. The multiplication tables to which these algebras 
give rise are similar, and are immediately obtained from the laws to which the 
vids are subject. Thus if o= 2, let 

» s 

h I 

denote a complete set of four of these vids. These letters or units give an 
algebra whose multiplication table is 

i S b I 



i j 

< j 

k I a 

fc I 



This is the algebra {g^) of Prof. Peirce's linear associative algebras, and is a form 
of quaternions. If u = 3 , let 

i j h 

I m n 

p q r 

denote the complete set of vids of the quadrate algebra of order three; these 

'Iteeems appropriate to have a term to ezpresa that form of an algebra in which its unite are 
capable of a claaHification, according to the requiremeats of the analjsfs of Peirce's Linear AMtoekUive 
Algebra. For this purpose I employ the t«rm aanonical form. Thus the form of quaternions given 
below is its caDoaical form ; HamUton's units are expressions linear in those given below. 
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letters give the algebra which was termed nonions by Clifford ; its multiplication 
table is 

ijklmnpqr 



i j fcOjO 4 4 
OOOtijJsOOO 
OOOOOOiji; 
ImnOOOOOO 
OOO/mnODO 
000000/ mn 
pgrOOOOOO 
OOOjgrOOO 
OOOOOOpgr 



In virtue of the correspondence that has been shown in the first part of this 
section to exist between quadrate forms and matrices, it follows that to any 
function of one or more matrices corresponds a quadrate form which is the same 
function of one or more quadrate forms corresponding to the several matrices, 
and which has upon any operand p the same effect as the resulting matrix. Hence 
whatever equality subsists between combinations of matrices, if it can receive 
interpretation as like operations upon the ground, also subsists between the 
same combinations of corresponding quadrate forms. Thus it appears that there 
is no essential difference between the theory of matrices and the theory of quad- 
rate forms. Viewed in this aspect, the scalar quantities arranged in a square 
and forming a matrix may be regarded as the scalar coefficients of the several 
vids. Or the substantial identity between the theory of matrices and of quad- 
rate algebras may be brought out by considering all the possible o* matrices of 
order it which can be formed with one constituent unity and the remainder zero ; 
when it is very readily seen that these matrices have the same multiplication 
table, and the same effect upon the ground as the q* vids of the quadrate algebra 
of order o ; and since any matrix of order u may be regarded as an expression 
in an algebra whose units are these u* matrices, we thus have two algebras whose 
multiplication table is the same, and which, consequently, are identical. Hence 
a matrix is a quadrate form, and conversely. It is easily shown that the matrix 
of order o whose non-zero constituent is in the r*'' row and «*" column is identical 
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with the vid occupying the same place in the quadrate system of order o. Thus 
if o = 2 , the four matrices 

(1 0), (0 1), (0 0), (0 0), 







10 1 



in terms of which any dual matrix may be expressed, are respectively identical 
with the units i,y, k, I of the quadrate algebra of order four, or their equals the 
vids (ttirai), (ai:a2), (ocjrai), (02:02); the matrices have, moreover, the same eflfect 
upon the ground (ai , Oj) as these vids, etc. 

The discovery of these systems of vids or of quadrate algebras is due to Mr. 
C. S. Peirce, by whom, through this discovery, the relation of the theory of 
quadrate forms (or the theory of matrices) to the general theory of multiple 
algebra was first made clear. 

By § 3, • ^ = Oil (oi : oi) + ai2 (oj : 02) + etc. 

+ aji (02 : Oi) + a22 {cl% : 02) + etc. + etc. 

But by definition $ is obtained from <^ by interchanging its row and columns. 
Hence 

(o,. : o,) = (o,. : o,.) , (o^ : 0,) = (o, : o,.) . 

The vids of the type (0^:0^) I shall term self- transverse or self-converse vids ; 
they may also be termed symmetric vids. Those of the type (0^:0,) I shall 
term non-symmetric vids. Mr. Peirce terms the vids of the first type self-vids ; 
the vids of the second type he terms alio-vids. 

Sketch of the History of the DeveJopmeiit of the Theory of Matrices. 

§10. An outline of the origin of the theory of matrices was given in §1. 
Subsequent to Cayley's memoir, the next advance was made in 1870 by Charles S. 
Peirce, who, in his investigations upon the extension of the Boolian calculus to 
the logic of relatives,* came upon a set of forms (considered in §9) constituting a 
system virtually identical with the calculus of matrices. Peirce showed that any 
relative term involving not more than one correlate (dual relative)t could be 
represented as an expression linear in the units of a linear transformation. 



* Description of a Notation for the Logic of Relatives, Memoirs Am. Acad. Sciences, Vol. IX (1870). 
t Such as '' lover of,*' '^ loved by," " mother of," etc. ; but not *' buyer of —from — ," etc. 
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Whence follows the remarkable theorem that every such relation between any 
group of objects can be represented by a matrix. As has been stated, the relation 
of the theory of matrices, as algebras of a certain Class (see §9), to linear associ- 
ative algebra in general, was first made clear through the light thrown on the 
subject by Peirce's systems of vids. 

Charles Peirce has made the great discovery that the whple theory of linear 
associative algebra is included in the theory of matrices. He has shown that 
every linear associative algebra has a relative form, i. e. its units may be 
expressed linearly in terms of the vids (denoted in his notation by {A: A), [A-.B), 
etc.) of a linear transformation ; and consequently, that any expression in the 
algebra can be represented by a matrix.* Whence the theory of all possible 
linear associative algebras is only the theory of all possible sets of matrices con- 
stituting a group in Benjamin Peirce's sense, i.e. which are such that the product 
of any two members of the set can be expressed linearly in terms of itself and the 
other members of the set alone. Charles Peirce has, moreover, given the relative 
or matrix form of all the algebras considered by his father in his Linear Associ- 
ative Algebra. . 

To Charles Peirce, in conjunction with his father, the identification of 
quaternions with the quadrate algebra of order two (i. e. the algebra of dual 
matrices) is also due. Cay ley, in his memoir, had remarked upon the simi- 
larity a certain system of three dual matrices had to the i,j\ k of quaternion ; 
but the identification was not completed until the remarkable discovery by Ben- 
jamin Peirce of a form of quaternions, which, in §9, I have termed the canonical 
form, and which results from choosing the linear functions 



1 +tV — 1 j + W — 1 — y+^V— 1 1 — tV — 1 
2 ' 2 ' 2 ' 2 ' 

of unity and any three mutually normal unit vectors i,j\ k, as units of the 
algebra. These units obviously have the same multiplication table as the vids 
of a dual matrix. In his memoir of 1870 Charles Peirce had given, as an example 
of the infinite system of quadrate algebras, the multiplication table of the 
quadrate algebra next in order after quaternions, afterwards named noniofis 
by Clifford; and he states in the Johns Hopkins Univ. Circs. No. 22 (April, 



* See Mr. Peirce 's Logic of Relatives, above referred to ; also this Journal, Vol. IV, p. 221, and the 
Proc. Am. Acad, of Arts and Sciences for 1875. 
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1882), that the identification of quaternions with the quadrate algebra of order 
two suggested to his father and himself that, as nonions was thus shown to be 
the exact analogue of quaternions, there ought to be a form of nonions analo- 
gous to Hamilton's tetranomial form of quaternions, which form of nonions, Mr. 
Peirce states, either his father or himself found.* By means of this form any 
expression in the algebra is susceptible of representation linearly in terms of 
unity and eight non-scalar cube roots of unity, just as any expression in quater- 
nions is susceptible of representation in terms of unity and three square roots of 
unity (or of — 1) . This form of nonions I shall term the octanomial form. 
The Peirces' discovery of the octanomial form of nonions was not published. 
The priority of publication of this form belongs to Sylvester, who discovered 
it subsequently to the Peirces without any knowledge of their investigations 
upon nonions. t 

To Sylvester we owe most of the development of the theory of matrices. 
In his unfinished memoir in this Journal, J Sylvester distinguished between the 
different degree of vacuity and nullity of a matrix, replacing by these terms the 
term indeterminate used rather vaguely by Cayley to denote a null or vacuous 
matrix. It should be stated that Clifford had previously distinguished between 
the different degrees of nullity, employing the term indeterminate, with the prefix 
singly, doubly, etc. In this memoir Sylvester showed also how to derive the chain 
of equations from the identical equation, and the relation of these to the latent 
function of two or more matrices taken in a certain order. In a series of papers 
in the Johns Hopkins Univ. Circulars and in the Phil. Mag., Sylvester added 
largely to the theory of matrices.]] He demonstrated the extension of Hamilton's 
theorem concerning the cubic equation to which every matrix of the third order 
is subject, which was enunciated without proof by Cayley in 1858 ; among the 
other important results are what I term the second branch of the law of nullity, 
the corollary of the law of nullity, the law of latency, and the expression for 
any function of a single matrix. Sylvester has also extended the solution of 

*'^ So much was published by me in 1870 [the multiplication table of the canonical form of nonions, 
etc.], and it then occurred to my father or to me (probably in conversing together) that since this 
algebra was thus shown (through his form of quaternions) to be the strict analogue of quaternions, 
there ought to exist a form of it analogous to Hamilton's standard tetranomial form. That form either 
he or I certainly found. I cannot remember which after so many years ; whichever did must have 
found it at once."— «/o/in« Hopkins Univ. Circs, No. 22 (April, 1882). 

t Johns Hopkins Univ. Circs. Nos. 15 and 17 (1882). 

X ^^ Lectures on Universal Multiple Algebra," this Journal, Vol. VI (1888). 

II Nos. 15, 17, 27, 28, 32. 
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equations in quaternions or dual matrices beyond the point where Hamilton left 
the subject. 

Clifford's contributions to the theory of matrices have been left to the 
last, though in point of time they preceded Sylvester's researches. They are 
contained in his *' Fragment on Matrices," published in the posthumous edition 
of his works. I shall show subsequently that the main proposition of which he 
gives a proof is false. But the basis of his treatment of the subject is an important 
contribution to the theory of matrices. It is the method which is adopted in 
this paper ; and the demonstration which I have given in the second part of this 
paper of the law of nullity is based on a result contained in Clifford's ** Frag- 
ment.'' 

II. — Development of the Theory by Means of the Axes of a Matrix. 

Axes of a Matrix^ or Quantities for which {^ — (jr) p = , tcJiere g is a Scalar. 
§ 1. If p = Saritti and {p — (7) p = , then 

(«n — 9)^1 + (^n^i + + «i«a^« =0, 

etc., etc. 

The resultant of this system is called the latent function of ^ ^ and will be denoted 
by |<^ — g\^ as it is the determinant of the matrix ^ — g. From its vanishing 
results an equation of order ca in (7, 

ST — m„_^g"'^ + m^^^ST-* — . . . . :=pm^±: m = 0. 

The constant term m is evidently the determinant of the array of constituents 
forming the matrix, and has been denoted by |<^|; mi is the sum of all the prin- 
cipal first minors of \^\] and, generally, m^^^ is the sum of all the principal x^^ 
minors of \^\. The term latent function is due to Prof. Sylvester, and the 
roots gii g^i ' ' ' ' g^ of the o*^ he terms the latent roots of <^. If |<^|=:0, it has 
already been stated that <^ is then termed vacuous, and evidently has one latent 
root zero. If, in addition, 7^1 =#= , <^ has only one latent root zero, and is then 
said to have the vacuity one, or is simply vacuous. More generally, if all the 
wi's from m to m^-i are zero, and wi^ =#= 0, the matrix <^ has just x latent roots 
zero, and is said to have the vacuity x. If |<^| =#= 0, 4) is non-vacuous, or its 
vacuity is zero. 
46 
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Corresponding respectively to each latent root of <^ are the o quantities 
Pii p«i • • • • p»» such that 

= (4> — fl'i)Pi=(4> — 5^2)^2= = (4> — fl'Jp-- 

These quantitities will be termed the axes 0/^. 

§2. There is no linear relation between any set of the axes of <^ correspond- 
ing to distinct latent roots. For suppose any set of n axes are linearly related 
which correspond to the distinct latent roots g'l, <72, . . . . g'n. Let x be the 
number of these axes which are linearly independent, and suppose they corre- 
spond to the first x latent roots. Then any axis corresponding to any of the 
remaining n — x latent roots can be expressed linearly in terms of these. Thus 

Pic + i = hpi + ^P8 + . . . . + <«p«, 
••• S'^ + ipc+i = <?>p-c+i = ^9ipi + ^8p2 +....+ <«J7kPo 

but, since the ^'s are not all zero, this is impossible. 

Whence, if all the latent roots are distinctj the axes of ^ are all linearly 
independent. If a set of latent roots become equal, linear relations may arise 
between the set of axes corresponding to them, i. e. certain of these axes may be 
projected into the extension of the remaining axes corresponding to that set of 
latent roots, or all the axes of the set may become coincident. 

If two or more axes of the set remain linearly independent when the set of 
latent roots become equal, these axes and also the remaining axes become inde- 
terminate. Thus if the n latent roots g^i, <72, . . • . g'n ultimately become equal, 
of the axes corresponding to them only the first x may remain linearly inde- 
pendent, and the remaining n — x will then be expressible linearly in terms of 
them. These x axes pi, p2i . . . • p« will all satisfy the equation {^ — grj)p = o, 
and consequently any expression Xjpi + x^p^ + ....+ ^^k linear in them will also 
satisfy this equation, and hence will be an axis of 4> . In this case any x quantities 
giving the extension of pi, pj, • • • . p«, together with any n — x other quantities in 
their extension, may be regarded as the axes of <^ corresponding to the n-fold 
latent root gi. No quantity in the extension of pi, p^, . . . . p^ can be in any 
linear relation with axes corresponding to latent roots other than g^ by what has 
just been proved, as such quantities are axes of 4) corresponding to gi. 

The matrix '4' = <^ — f/i evidently has as latent roots gi — gi, g^ — g\, g^ — 5^1, 
etc.; for if g is any latent root of ^ , then \'^ — {g — g^\ = | (<^ — g^ — {g-^ g^ \ 
= |4> — g\ =0; and hence g — g^ is a latent root of i^, since it is a root of the 
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latent function of 4- Conversely, if gr — g'l is a latent root of 4> fl^ is a latent root 
of <^ . Now if the axis of <^ corresponding to g^ (i. e. the axes of 4 corresponding 
to zero) is indeterminate, then every first minor of |<^ — grj = |a^| is zero; 
consequently every principal first minor of \'^\ is zero ; but then 4 has two 
latent roots zero, and consequently ^ has two latent roots equal to gi . Hence 
the axes corresponding to latent roots occurring only once among the latent 
roots of <^ are never indeterminate. 

Identical Equation. 

§3. If 4) is a matrix all of whose latent roots are distinct, any quantity p 
in the extension of the ground may be represented linearly in terms of its axes. 
Thus for any quantity p we may put 

Operating upon p by <^ — S^« we get 

{l> — 9u)p = zi{gi — g^)pi + z2{gi — gj)fi+ + »« (fl^« — fl^J p« • 

By this operation the last component of p , that along p^ , is annulled. Operating 
on (4) — g^) p by <^ — g^-u another component of p is annulled. Finally 

{^ — 9i){^ — 9i) (<?> — fl'«-i)(4> — fl^-)p=0* 

This being true for any quantity p in the ground, may be written 

{l>—9i){^—9t) (<?>— fl^«-i)(<r> — S^«)=4>"— ^— i^^""^ + T' mi<^ibm= 0. 

This is Cayley's " identical equation." 

The proof of the identical equation may be extended to any case as follows : 
The latent roots being supposed to be all distinct, let h^^=9% — gi, 7*3 = g^s — gi, 
etc., h^'=^gn — 9\i and let <^ — g^ be denoted byi//; finally, let ^ denote the 
product (<^ — fl'n+i)(<?> — fl^n +«)•••• (^ — 9^} — the identical equation then be- 
comes 

[4'' — 2Ai>^"-' + etc.] x^'^^'x — ^h^^'^^X + etc. = 0. 

This equation is true however small the A's may be, provided the latent roots 
remain distinct. Consequently, as the A's diminish without limit, the first term 
of the second member '^'^x ^^i^t ultimately diminish without limit, and in the 
limit the identical equation becomes 

'^''X = {^ — 9iT{^-9n + i) .... (<?>-fl'J = 0. 
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Thus it is proved that the identical equation still subsists when any group of n 

latent roots becomes equal, the other latent roots being distinct. In the same 

way it may be shown that if any other set of the latent roots become equal, and 

finally whatever the relation between the latent roots, the identical equation 

subsists. 

Cay ley has remarked that the identical equation may be represented as 

follows : 

= 0. 



«u — <^ 


0^12 .... dj^ 




^22 ^ . . . . Gf2» 



Or, as stated by Cayley, the determinant of the matrix less the matrix itself 
considered as involving the matrix unity is zero. This relation Cayley denotes 
symbolically by Det (1<^ — 4)i) = 0, where ^l signifies that <^ is to be treated 
as a scalar. I propose to denote ^ considered as involving the matrix unity 
hy ^, when, with the notation previously employed for the determinant of a 
matrix, the identical equation may be represented by \^ — ^| = 0. 

Corresponding to any latent root gi of 4) can, by §1, always be found an axis 
of <^; and upon this the effect of any operator <^ — g^ for a latent root g^ distinct 
from <7i is by §2 only to multiply it by a scalar constant. Consequently no 
product of factors <^ — g, not containing ^ — gr^, can annul the axis pi, and hence 
no such product can vanish. Similarly for every other latent root. Whence the 
identical equation must contain a factor <^ — g for each distinct latent root. On 
the other hand, it was shown in §2 that when the latent roots are not all distinct, 
there may be more than one axis corresponding to a latent root gi which 
occurs more than once. In this case ^ — gi will annul an extension of order 
greater than unity, and the order of the identical equation will be lowered. 

It is obvious that there can be but one identical equation, and that if <^ is 
subject to any other equation involving only the matrix 4), this must contain the 
equation | <^ — <^ | = as a factor. 

Converse of <^. 

§4. The latent function | ^ — g\ of ^ is obviously identical with the latent 
function of <^. Consequently the latent roots of ^ and ^ are identical, and the 
identical equation in ^ is 

(^ — 9\)^ — 9^) (^ — fl'J = . 
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The axes of <^ will be denoted by pi, p^* • • • • p«- They do not necessarily 
coincide with those of <^. Indeed, I will show later that the axis pi of ^ corre- 
sponding respectively to the latent root gi is normal to all the axes of <^, 
p8> Psj • • • P« corresponding to the remaining latent roots. 

On the Form Representing a Matrix. 

§5. If the latent roots of ^ are assigned, 4) is subject to o conditions. If in 
addition o linearly independent axes are assigned to which the assigned latent 
roots are to correspond, <^ is by definition completely determined. When the 
latent roots are given as not all distinct, and corresponding to them o axes, of 
which those corresponding to a set of equal latent roots are not in every case 
linearly independent, ^ is not completely determined ; an infinity of matrices 
can be found which will have these latent root and corresponding axes, and the 
same identical equation. 

To find the form or array representing the matrix <^ whose latent roots 

!7ii 9%^ ^tc, and corresponding axes pj, p^, etc., are assigned, we may proceed as 

follows. Let 

pi = a?nai + cc^a, + .... + Xi«a«, 

p8 = a-jiai + ^%%^ +....+ a:2«a«. 

p« = sc-itti + ^-aOCg +.... + x^ji^ . 
Denoting by X the matrix formed from the array of the x's, evidently 

pi = Z'ai, pg = Zix2i p3 = Zas, etc., 
and by definition 

<?> (^oti) = g\Xai , <^ ( JTag) = g^Xa^ , 4) {Xa^ = g^Xa^ , etc. , 
i. e. {^^\X\ai^ ag, . . . . a„) = {X\ gi .... Jaj, a^, . . . . a«) 

g^ . . . . 



. . . . gr. 



As this equation is true for each of the a's, it is true for any expression linear in 
them, and so for any quantity in the ground. Hence 

^=^{Xlg^ ....0 IX--") 
(72 .... 

. . . . gr. 
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This method is substantially identical with that given in Clifford's *VFragment 
on Matrices" by Cayley as a correction of Clifford's result. 

If a set of G) linearly independent quantities other than the a's are chosen 
to represent the ground, the linear unit operator or matrix <^ will, in general, be 
represented by another form or array. Two exceptions are, however, to be 
noted, the matrix unity and the matrix zero always have the same representa- 
tion. By §2, if the latent roots of <^ are all distinct, the axes of <^ are capable 
of representing the ground. If they are chosen for this purpose, the form 

representing <^ becomes 

{9i ) 

(72 .... 



g. 



Evidently this form of a matrix gives an immediate proof of the identical equa- 
tion. It has just been shown how from this form to pass to that form of <^ when 
the a's are chosen to represent the ground, the axes being given in terms of the 

a's. If the a's are given in terms of the axes, and ai = JTpi, oL^^^Xp^, etc., the 

only change in the formula for ^ is that Xis to be replaced by X^^. 

The more general problem, given the form representing a matrix ^ in terms 
of certain o linearly independent quantities (i. e. the form of 4), when these 
quantities are chosen to represent the ground), to find the form of ^ in terms of 
another set of o linearly independent quantities is solved in a similar way. 
Denote by 4). the form of <^ in terms of the set (ai, Oj, . . . . aj, and by ^^ the 
form of <^ in terms of the set (^1, /32, . . . . /?«), and let 



If 



«?».=( 


ail ^18 ®tc. 
021 022 etc. 
etc. 


) ^, = i 


[ *ii iis etc. ) 

621 ^82 etc. 

etc. 




^1 = ^lOti + ^liOift + . . . . 

P2 = ^lO^i "1" ^iOii + . . . . 





and X represents the matrix formed from the array of a's ; then 



/3i=-Zai, ^i= XoL^j ^s^^^XoL^j etc. 
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Operating by the matrix ^ tipon the ^'s and their equivalents gives 

<^.Xai = 4)^/3i , ^a^oi^ = ^p^ii ^a^0L3=^fi^si etc. 

For, by definition, the efiFect of 4)^ upon any expression in the a's is identical with 
the effect of ^^ upon the equivalent expression in the ^'s, since ^^ and ^^ both 
represent the same matrix. It is not proper yet to replace the (i^& by their 
expressions in terms of the a's, for ^^ as an operator upon the a's is not equiva- 
lent to the effect of the matrix ^. As the result of operating upon the /^'s by 
^p we have 

^a^(h = *ia/^i + hi^2 + .... + Kt(3^, 



<^.Xa« = bi^(3i + 62-/3* + ....+ 6««/3« . 
Replacing now the /3's by their equivalents, 

^aXa^ = hy^Xax + h^Xa^ +.... + h^Xa^ = X^^y 
etc. etc. 

i- «• ^„Z(ai, a,, . . . . a„) = X<^^ (tti , o^, . . . . aj, 

where ^^ is now regarded as an operator upon the a's, 

§6. From the definition of a matrix as an operator upon a certain ground it 
follows that the identical equation does not vary with the form. It may, how- 
ever, formally be proved as follows : Since <^.= X^pX''\ evidently <^J = X^lX''\ 
etc., let the identical equation in 4). be 

^: — rw«_i<^:-^ + =F wii4). ±m =0, 

.-. X(4); — m«_i<^?"^ + =F m^^p ± m) X"^ = 0. 

But since the ^'s constitute a set of o linearly independent quantities, \X\ =#= 0. 

Consequently, 

4>Jf — ^«-i<?>J~^ + . . . . q= mi^p lii m = . 

Whence the vacuity of a matrix does not vary with its form. This proof of the 
in variance of the vacuity does not, however, take into consideration the fact that 
the identical equation may degrade. The invariance may, however, be shown as 

follows : If gr is a scalar XgX'^ = g ; hence 

^a-g = Xq^.X'^ - XgX'' = X{q>, - g) X^K 



362 Tabeb : On the Theory of Matrices. 

From the definition of the product of two matrices it follows that the determi- 
nant of their product is equal to the product of their determinants. 

.-. |^.-sr| = \X\ \q>,-g\ \X-'\ = \^,-g\', 

for I X"^ I = I X\^^. Hence not only are the distinct latent roots of <^ unchanged 
with its form, but the number of times each latent root is repeated is also 
unchanged. 

Definition of Nullity and the Law of Nullity. 

§7. A null matrix is one whose determinant vanishes, or of which all the 
minors of a certain order vanish. A non-null matrix is said to have a nullity 
zero, and one, every constituent of which is zero, is said to be absolutely null, or 
to have (he nullity o. It has been shown that the absolutely null matrix is the 
scalar quantity zero. Between these limits the number expressing the measure 
of nullity may have any integer value. If all the {x — 1)*^ minors of the deter- 
minant of a matrix vanish, but not all the x^^ minors, the matrix has a nullity x. 
Nullity of order one or simple nullity is evidently the same as simple vacuity. 
The vacuity of a matrix obviously cannot exceed its nullity, but it may have 
simple nullity and vacuity of any order from unity to o. 

The nullity of ^ is not aflfected by multiplying it by a non-null matrix. 
Thus if the nullity of ^ is tti, the nullity of ^ zero, the nullity o{ ^w = '^ is m. 
For the {m — 1)*** minors of t// consist of all possible products of a rectangular deter- 
minant formed from o — m -f 1 rows of <^ into the rectangular determinant 
formed from the corresponding o — m + 1 columns of w, and each of these 
products is resolvable into the sum of o — m + 1 products of an (m — l^^* minor 
of 4) into an {m — 1)*^ minor of w. But the (m — 1)*** minors of <^ are all zero. 
Whence the nullity of ij/ is not less than m . 

Since, however, |nx| i^O, ^ =4'°^'"^, and in the same way it may be shown 
that the nullity of 4) is not less than the nullity of 4') hence the nullity of '4^ ism. 
By the same method it may be shown that if w^) = 4', the nullity of t// is still 
equal to that of <^.* It follows immediately from this that the nullity of a 
matrix is unchanged when the form representing it is changed. 



♦ This proof follows the method employed by Sylvester to prove the theorem regarding the lower 
limit of the nullity of the product of two matrices. To Sylvester, as has been stated (I, §10), the term 
nullity and the discrimination between degrees of nullity are due. 
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§8. If the greatest extension annulled by any matrix is m, its nullity is m , and 
conversely. This I call i\iQ first branch of the la%o of nullity. Let ai, cxg, . . . . a,» be 
any m linearly independent quantities in the greatest extension A annulled by ^ ; 
and let (3ij (32, . - . . (3n be any n = o — m quantities in the extension B comple- 
mentary to A with respect to the ground ; the a's and ^'s may then be chosen to 
represent the ground, and any quantity p in the ground may be expressed by 



If 






• + amlttm + bii(3i + Jgi^g +....+ Ki^nf 



^(3n = ^mtti + «2na2 + . • 

then ^ is represented by the form 



. + amnCLn, + iln/^lH" K^i + + Knl^ni 





«11 

Ogi 


ai3 . . . . Oi^ 
agg . . . . Ogjj 


««1 


• 

^m2 • • • • Cf,nn 




hi 

6gi 


Olg .... Oin 
Ogj . • . • Ogjj 


::::::: :::::i 


Ki 


6„2 . • . • 6„n 



where the blank square and rectangle consist of m columns of zeros. Hence ^ 
has a nullity at least m . If the nullity exceeds m , the determinant A formed 
by the n columns of the 6's must vanish, and likewise every determinant which 
can be formed from n = o — m rows of the last n columns of <^. Denoting the 
first minors of A, corresponding respectively to fen, Jig, etc., by B^, 5|g, etc., we 
shall then have 

^{Bn^i + B,2(3,+ . . . .+B,,^,) = B,,^^, + B^q>^,+ . . . . + B,,^I3,= 0. 



But by supposition the extension A contains all the axes of ^ corresponding to 
47 
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the latent root zero.* Hence the nullity of ^ cannot exceed m. The converse 
is immediately evident. 

§9. 7)^ the matrix ^ transforms every quantity in the ground into one in an 
extension of order o) — m, the nuUity of ^ is m, and conversely. For if 

is any quantity in the ground, and 

<^p = {(^ii^i + <^i%^ + + «i«a:«) tti + {a^iXi + a^x^ + + a^x^) a^ 

4- .... 4- (a-iiCi + a^gx, + + a^x^) a^ 

is contained in an extension of order o — m, then there are m linear relations 
between the coefficients of the a's in the last equation true for all values of the 
x^8. These give m sets of « equations between the constituents of the matrix ; 

^^^^^3^' ?i«n + ha,, + ....+ l^a^i = 0, 

?!«« + 4««« + — + La^ = 0, 

and m — 1 other sets of « equations, in which the Vs are replaced in each set by 
other constants. From the m equations obtained by taking the first equation in 
each set, m — 1 of the a's may be eliminated, leaving one equation between any 
o — wi + 1 of the constituents of the first column ; and, similarly, an equation 
linear in the corresponding constituents of the second column may be obtained 
from the second equations of the m sets, etc. Thus result o equations linear in 
Ihe constituents of each column taken from any u — m + 1 rows of | <^ | , the 
coeflficients of the a's being the same for all constituents in the same row. The 
resultants of all sets of o — m + 1 of these equations, together with the like 
resultants formed from all such groups of ca equations, constitute the {m — 1)^^ 
minors of \^\; and these resultants must be zero. Whence the proposition. 
The converse is evident. 

If, as in the preceding section, A denote the total extension annulled by ^, 
and B the complementary extension, it will not in general happen that B is the 

*If not ODly A but also all the B^s yanish, the analysis needs correction. But, since the constituents 
in the last n columns of ^ do not all vanish, the minors of order p (for some value p fromp = l to 
p = n — 1) do not all vanish ; and then in a similar way, if the minors of order greater thanp all vanish, 
it may be shown that there would result a linear relation between 0/?i , ^/S, i etc., i. e. <p would annul a 
certain expression linear in the P^a, 
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extension into which ^ transforms any quantity of the ground. As will appear 
later, this is only true when the vacuity of 4) does not exceed its nullity. Let B^ 
denote that part of B transformed by ^ into A. There must exist such an 
extension unless no extension but A is annulled by any power of <^. For if <jf)*+^ 
(where x =#= 0) is the lowest power of <^ that annuls an extension G other than A^ 
then ^"G is included in Jl, since by supposition A is the total extension annulled 
by <^ ; moreover, ^"^^G is not included in A, since it is not annulled by ^\ hence 
^""^G is a part of the ground complementary to A that is transformed by <^ into 
A . Let B^ denote that part of the extension B — Bi which is transformed by ^ 
into Bi. By an argument similar to that above, it may be shown that if the 
order of B^ is zero, then no power of ^ annuls an extension other than the 
aggregate of A and B^ i. e. A + Bi] etc. Finally, let B^ denote that part of the 
extension B — {B^ + B^+ . . . . + B^^i) which is transformed by <^ into B^^i] 
and suppose no portion of the remaining extension 

^1,4. 1 = B — {Bi + jBa + . . . . -f- Bj,_i + Bj,) 

is transformed by ^ into Bp. Then all the extensions A, Bi, B^, . . . . B^^i, Bj, 
are annulled by some power of 4), but no part of the extension B^^^ comple- 
mentary to their aggregate is annulled by any power of ^. The following mul- 
tiplication table shows the effect of ^ upon these mutually exclusive extensions : 



A 



Bi B^ 



etc. 



V-i 



B. 



^p+i 



1> 



^' 



^ 



3 



etc. 



r 



-1 



^ 






A' 


Bi 


. . • • 


^;-« 


B',-, 


BUi 








A" 


* . • . 


^;-s 


B'J-, 


BUi 











• • • • 






^P+i 


etc. 


• • • • 


. • • • 


. • • • 


• • • • 


• • • • 


• • • • 













j[(p-i) 


^jp-i) 


5^+1" 











• 





A^P) 


B'H'U 
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In this table the accented letters denote extensions included each in the exten- 
sions denoted by the same letter with fewer accents or unaccented. 

The total extension A of order m annulled by <^ I shall term the null exten- 
sion or null region of the matrix, and the aggregate of the extensions exclusive 
of A annulled by some power of ^ the vacuous extension or vacuous region of the 
matrix. The extension or region into which ^ project any quantity of the 
ground is 

^{A + B, + B^+.... + 5^_i + B^ + B^^,) 

= 4' + 5{ + ^i + ...• + 5;^i + ^;+i; 

and this I shall term the residual region of <^ . If { -4' } denote the order of the 
extension j1', etc., evidently 

\^\<\BA, \B[\<\B,\ etc. \B;_,\<\B^\, \B',^,\<\B^^,\* 

1 1 

But by the proposition just proved the order of the residual extension is o — m, 

.-. ]J['} = {At, \Bi\ = \B,l etc. {5;_,} = j5,}, {5; + a = {^p+i}, 

and so B^^i = Bp^^. 

Hence if G is any extension which has no part in common with the null region 
of ^ J it is transformed by <^ into an extension of tJie same order. 

§10. The second branch of the law of nullity is easily derived from the two 
preceding sections. Denoting as before by A the null region of <^ of nullity m, 
and by B the extension complementary to A with respect to the ground, let G 
denote the null-region of t// of nullity n, and let ^ denote that part of B which 
^ transforms into G. Obviously, the null-region of 4^ is the aggregate of A, 
the region which ^ annuls, and of g, that part of the ground complementary to A 
which ^ transforms into G. By what was proved in §9 it follows that the order 
of 4>^ is the same as that of ^. Whence to determine the order of g it suflfices 
to determine the order of ^^ , the extension common to G and the residual 
region of <^. The order of the residual region of <^ is o — m and the order 
of (7 is n; hence the extension ^^ common to G and the residual region of <^ 

* It is obvious from the definition of a linear unit operator that it cannot increase the order of an 
extension; soif 0^=:B, hence |jB|£|^|. 
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is at most of order n. If (q — tw) + n ]> w, i. e. 7n<C w, the extension G and the 
residual region of ^ have common an extension of order at least ((g) — w) + n) 
— 0) = n — m, but if (q — w) + w < w, i. e. m> n, these two extensions do 
not necessarily have any part common. Hence the order of 4>^, and conse- 
quently of ^, is at most n; and if m<n, the order of |p is not less than 
n — w, but if 7n>n, the order of ^ may be zero. The extension A is of 
order m and has no part in common with ^. Hence the null-region of 4^^ 
cannot be of order greater than m + n; and if ?n<Cn, it cannot be less than 
{n — m) + m = n, but if m > w , it cannot be less than m ; and, consequently, 
the nullity of tJie product of two matrices is not greater than the sum of their 
nullities nor less than tJie greater nullity of the two matrices* This theorem is 
due to Prof. Sylvester, who terms it the law of nullity. Owing to the impor- 
tance of the relation of the null-extension to the nullity of a matrix, I term the 
whole relation of the null-extension and nullity of one or more matrices the law of 
nullity, and this theorem the second branch of the law. 

Suppose that (7, the null-region of '4^, has no part in common with the 
vacuous region of 4>; let E denote the extension common to (7 and j4, the null 
region of 4); then the residue of (7, namely C — E, is wholly contained in that 
part of the ground which is complementary to the aggregate of the null-region 
of ^ and the vacuous region of 4), and which was denoted in §9 by 5p + i. Let 
IPi denote that part of the ground complementary to A which is transformed by 
4) into E (^1 is evidently contained in Bi)] let the order of ^ be 2> and the order 
of ^1 be 5. Since ^Bp^i = B^.^^^ (§9), the null-region of ^^cp is obviously the 
aggregate J., of §1, and of G — E, which are all mutually exclusive ; and, con- 
sequently the order of the null-region of 4^ is m +q + {n — p). But p<m, 
p<n; moreover, the order of the extension 4>^i is equal to that of gi, but 4)^1 
is included in E, hence q <p. Itp = 0, the order of null-region of^^ism + n. 
In this case the null-region of 'J/ is included wholly in that part of the ground 
complementary to the aggregate of the null-region of 4) and the vacuous region 
of '4/. The aggregate of these two extensions I shall term, for reasons which 

* The outline of this proof was communicated by me to the Johns Hopkins University Mathematical 
Society in a paper read before the Society, Nov. 1888, when I was informed by Dr. Franklin that this method 
of proving Sylvester ^s law had been employed by Mr. Bucheim in a notd in the Phil. Mag. (XVIII, 459). I 
had previously had no knowledge of any anticipation of this method of dealing with the theory of matrices 
except what is contained in Clifford's *^ Fragment on Matrices. " Subsequently I examined Mr. Bucheim 's 
proof, and I find that though it is sufficient to give the limits between which the nullity of the product of 
Ijwo matrices lies, nevertheless it is defective in assuming what is not always true, viz. that the resultant 
region of a matrix is coincident with the extension which in 20 I have denoted by i^,^ 1 . Mr. Bucheim 
also omits to prove that the order of IB is the same as that of 0! 
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will appear presently, the latent region of ^ corresponding to its latent root zero. 
Hence if the ntUl-region of 'J/ has no part in common with the latent region of ^ cor- 
responding to the latent root zero, the nullity of 4^ is the sum of the nullities of 
4) and if/. A fortiori, if the latent regions of and i^ corresponding to the latent 
root zero are mutually exclusive, the nullity of 4^ (and also of <^) is the sum of 
the nullities of 4> and 4 • 

If the order of the vacuous region of ^ is zero, so that the null-region of ^ 
is coextensive with the latent region of ^ corresponding to the latent root zero, 
the null-region of 4^ is the aggregate of A and (7; hence if these extensions do 
not intersect, the nullity of 4^ is m + n. Conversely, if the order of the 
vacuous region of ^ is zero, and the nullity of 4^ is w + w , then the null-regions of 
^ and 4 have no part in common. 

Nullity of the Factors of the Identical Equaiian. 

§11. If the latent roots of ^ are all distinct, the nullity of the product 
<I)i = (<^ — fl^i)(4> — fl^s) • • • • (4^ — 9fn) of m factors of the identical equation is m.* 
This theorem is Prof. Sylvester's, and is termed by him the corollary of the law 
of nullity. His demonstration is as follows : Since each factor, being simply 
vacuous, has a nullity of order unity, the nullity of the product Oj cannot exceed 
m. Similarly the nullity of the product ^^ of the remaining factors of the iden- 
tical equation cannot exceed q — m. But the nullity of the product of Oj and 4), 
is G), and consequently the sum of their nullities must be as great as q. Hence 
the nullity of Oj cannot fall short of m , and the nullity of <|), cannot fall short of 
0) — m. 

When the latent roots of ^ are not all distinct, the law is not so simple. 
Suppose the distinct latent roots of ^ be i ip number, namely, gi, g^i ' • • • 9if 
occurring severally Wi, Wj, . . . . m< times, and that the identical equation is 

For the investigation of this case the following lemma is required, namely, that 
the vacuity of any positive integer power of 4) — g, for any latent root gr, is equal 
to the vacuity of ^ — g, and hence to the number of times the latent root g 
occurs. This lemma is an immediate consequence of the theorem that the 
determinant of the product of two matrices is the product of their determinants; 

* From the law of latency, 215, it follows that the yacuity of 4>i is also m. 
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for then, if tw is a positive integer, if /t^ is a primitive w^^ root of unity, and if 

But if gr*" is the lowest power of g that appears in the latent function 1 1^ — g\ of 
'4/, then {^gY is the lowest power of ^ig that appears in \'^ — ^gr|, etc.; whence 
the lowest power of gr* that appears in | 'J/"* — gr" | is the r^^ power of gr**. Conse- 
quently '4''* = (4> — giT has the same vacuity as '4' = 4> — g\* Resuming the 
investigation of the nullity of any product of matrices ^ — g for different latent 
root gr, as a consequence of this lemma, the several factors (^ — S^i)***"'S 
(4> — fl^2)"^""'> ^tc., of the identical equation have the vacuities mj, rw^, etc.; and 
hence their several nullities cannot exceed rwi, w,, etc., respectively. But the 
nullity of their product, which cannot exceed the sum of their nullities, is w. 
Hence the nullities of the several factors are twi, t?^^, etc., respectively; and 
hence corresponding to each latent root gr of 4) is an extension of order equal to 
the number of times that latent root is repeated which is annulled by that power 
of ^ — g appearing in the identical equation.f These extensions I term the 
latent extensions or latent regions of the latent roots. In a similar way it may 
be shown that the nullity of the product of any two factors of the identical 
equation (4) — gri)**""'* and {^ — 3^2)"**"'* is ^1+^2; ^^t since the vacuity of 
either matrix is equal to its nullity, the order of the vacuous region of either 
matrix is zero; and hence by §10 their null-regions have no part in common. 
Similarly with respect to the null-regions of any two other factors of the 
identical equation. Hence the latent regions are mutually exclusive.J Since 
each positive integer power of ^ — g^ is vacuous, there is, evidently, an exten- 
sion of order at least unity annulled by ^ — gi] an extension annulled by 
(4> — dif} etc. ; and each of these extensions is included in the one corresponding 
to the next higher power of 4) — gi in the series, since if an extension is annulled 
by any power of 4) — g^ it is annulled by the next higher power. But as the 
nullity of no power of 4) — gi is greater than wij, which is the order of the latent 
region corresponding to g^ all these extensions are included in this latent 
region. Similarly with respect to the other latent roots. The latent region of 

* It should be remembered that the latent roots of a matrix are the roots of its latent function. 

t In this method of finding the nullity of the several factors (^ — ^i)"**"'^* of the identical equation, 
I have followed another one of Sylvester^s methods of demonstrating the corollary of the law of nuUity 
when the latent roots are all distinct, the only case Sylvester considers. 

X That the latent extensions are mutually exclusive may be proved very simply by the method 
employed in the first part of 213. 
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^ corresponding to the latent roots gi^g^, etc., are, however, obviously the respective 
latent regions corresponding to the latent root zero of the matrices ^ — gu ^ — g^, 
etc. ; and consequently these extensions are also respectively the latent regions 
corresponding to the latent root zero of any positive integer powers of ^ — gi, 
^ — fl^2i ^tc. Whence the nullity of the product whose factors are powers of 
^ — 9iy ^ — fl^2» ®tc., is by §10 the sum of the nullities of the several factors, as 
the latent regions of these factors corresponding to the latent root zero are 
mutually exclusive. 

The next problem is to find the nullity of successive powers of ^ less than 
any of its latent roots ; and I shall show that the nullity of the {^ — g^^ is greater 
than the nullity of ^ — gi by an amount at least unity (unless the nullity of 
^ — giis mi) J and that the nullity of successive powers of 4) — gi goes on increas- 
ing by an amount not greater than the increment of nullity in the preceding power, 
until some power of 4) — gi is reached whose nullity is equal to its vacuity ; that 
power of 4) — gi whose vacuity is equal to its nullity is evidently the factor in 
the identical equation corresponding to the latent root grj. This theorem has 
already been proved in §9, where it was shown that the region annulled by 
(4> — gif consisted of -4 the null region of 4> — gi, and of B^ the extension trans- 
formed by 4) — gi into A, of order equal to or less than that of A, etc. The 
theorem may also be proved as follows : Denote 4) — g^i by 'J/, let the null region 
of 'J/ of order a be denoted by A ; and, of the complementary extension, let B^ 
of order b be that part transformed by '4/ into A. Such an extension must 
exist, otherwise '4^^ would annul only the extension A ; hence A would also be 
the null region of 4'^, since 'J/^ can annul only the null region of 4^ together with 
that extension projected into it by o^, etc. Finally, no power of •J' would annul 
an extension other than A; but then the factor 'J/ would occur in the identical 
equation only to the first power; consequently the nullity of 'J/ would be, as great 
as its vacuity. The order of Bi cannot be greater than the order of -4, for then 
the 'J/ of any b linearly independent quantities /?i, /?27 • • • • /^ft> ^^ the region Bi 
would be expressible linearly in terms of a <C 6 linearly independent quantities 
in the region A ; hence for some value of the ^'s other than all zero, the expres- 

«^^^ ti^^i + t,^^3,+ . . . .+t,^(i, = ^{t,^, + t,^,+ . . . .+t,(3,) 

would vanish, which is contrary to supposition, since no part of B^ is in the null 
region of i^. In the same way it may be shown that if the nullity of 'J/*'*'^ is not 
greater than the nullity of 'J/"*, no higher power of ^4^ has a nullity greater than 
the nullity of 'J/*, which must therefore be equal to its vacuity ; and also that the 
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extension annulled by 4''*'*'* additional to that annulled by 1^"+^ cannot be of 
order greater than the order of the extension annulled by '4/'*+^ additional to the 
null region of 'J/'*. 

§12. No rational integral function of ^ operating upon any quantity in the 
latent region corresponding to one latent root can transform it wholly or in 
part into the latent region of any other latent root. By Sylvester's formula, §16, 
it may be shown that any function of ^ may be reduced to a rational integral 
function ; whence the above proposition may be stated for any function of 4). It 
is obviously only necessary to prove that no function of ^ can transform any 
quantity in one latent region wholly into the latent region of another latent root. 
Suppose F^ is a rational integral function of ^ of order n ; let ^1 be a quantity 
in the region of g^. If i^<^.^i = ^2, where ^2 is ^ quantity in the latent region 
oi g%y then for some integer m>m^ — x^, 

({i>-9ir + {9i-9,){l>-9ir-'+ .... +{9i-9^r'''{^-9i) + {9i-9^r)mi 

= {^—92^^2=0. 

Suppose F^ contains ^ — gi as a factor to the p^^ power, then unless 
F^^i = , a case which need not be considered since ^a is to be regarded as non- 
evanescent, there exists a linear relation 

(4> - fl'ir+'^^i + -4 {i>-9ir^'''% +....+ Z {^-g,)P'^% + M{^-g,Y^, = 0, 

where M^O, between (^ — fl^i)''^i and other quantities that are annulled by 
successive powers of 4> — g^^ which is impossible. 

Since the latent regions are mutually exclusive and together make up the 
extension of the groimd, a number of linearly independent quantities may be 
taken from each latent region and together may be employed to represent the 
ground. 

By what has just been proved, each latent region in respect to ^ constitutes 
a subordinate ground ; for the effect of the matrix ^ upon any one of these 
extensions is to convert a set of linearly independent quantities, equal in number 
to its order, into other quantities in the same extension. It would thus seem 
that 4) might be regarded as an aggregate of subordinate matrices corresponding 
to and equal in number to the distinct latent roots, each of which would have 
upon the latent region corresponding to it the effect of 4>, and would have a null 
effect upon any other extension. This suggestion may be verified as follows : Let 
the latent roots of 4> be t in number, namely, g^ g%* - • > gi, occurring severally 
wi , n , . . . ^ times ; let the latent regions corresponding to the gf's be J., 5, . . . Z 
48 
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respectively ; and, finally, let any m linearly independent quantities ai, a,, . . . a« 

be selected from A, any n linearly independent quantities ^i, ^g, . . . . ^„ be 

selected from B, etc., and let any jp linearly independent quantities X^ X^, . . .kp 

be selected from Z; these quantities together embrace the extension of the 

ground. If 

^tti = ajitti + ajitt, + . 

^8 = ai^ai + ajatt, + . 

"1)0., "lC«, 

4*'n --- ni'^ H" 'a'^j "I" • 

^^2 = /i2>^i + ijt'^S + • 

then the form of becomes 



• . * 



+ amlOtm^ 
I ^mjO^mt etc., 

+ 6n2/?n, etc., 

I «p2^/? > etc., 



^11 ^1« • • • • ^Iw 
Ojjx 022 ... . ^2ii» 






• 


^ml ^mZ .... ^mm 




Oil 6i2 . . . . bi^ 
bi\ 6j2 • • • • ^2n 






6»1 ^n2 • • • • ^nn 






• 
• 
• 
• 

• 
• 

* 










*11 ni • • • • ^Ip 

4i 4» • • • • 4p 


^pl ^p2 • • • • ^pp 
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In this form all the constituents except those in the squares along the diagonal 
are zero. It is obvious from this form that the array of the a's forms a matrix 
by itself, and that its effect upon any region other than that of the latent root 
gi is to annul it, etc. Whence if ^i denote the matrix formed from the a's, and 
4>2 that formed from the 6^s, etc., then 4)1, 4>2» ^tc., are nil-factorial together, and 



and, in general, 






4>i + 4>» +••••+ 4^0 
<?>i + <?>!+ — +0!; 



The matrices 4>i, 4),, etc., regarded as pertaining to the ground of 4>, are, of 
course, vacuous ; thus, trom this point of view, ^^ has the representation 

V ^11 ^18 • • • . CL\m . . • . U ^ 
0^21 ^22 • • • • ^^tjJin U . . . . U 



. • • • 


• . • . 


• • • ^wm 


. • • . 

0. . 


• • . . 

. . . 




... 




.... 


. . . . 


. . 

• . • 


. . 

• . . . 



. . . . 







and has a nullity at least o — m; if 4> is non-vacuous, the nullity of ^i is just 
G) — m, etc. But regarded as subordinate matrices of different systems, per- 
taining to the subordinate grounds A, B, . . . . L, then, imless ^ is vacuous, 
4>i, 4>2» • • • • 4^i niust be considered as non-vacuous matrices; and ^i will have 
the representation 

( ^11 ^ .... ai,n ) , 

1 

Ojl ^22 . . . • (l%vi 



^ml Om2 . • . . Gf 



mm 



this matrix being supposed to operate only upon that part of the ground com- 
prised in the subordinate ground A , namely, the extension of the set (ai , o^ , . . . a^^) , 
and must be regarded as not susceptible of operating upon any other ground. 
The subscript A is employed to denote that the ultimate operands of this matrix 
are only expressions linear in the a's, etc. From this point of view it is proper 
to consider 4>i, ^, etc., as having reciprocals, providing ^ is not vacuous; and 



then 



.— 1 — -».— 1 



<?>"' = <?>r H-4>r' + — +^ 



<—l 
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If ^ is vacuous it must have zero as a latent root ; but only one of the 
subordinate matrices corresponds to this root ; consequently one and only one of 
the subordinate matrices will be vacuous, and evidently the vacuous subordinate 
matrix will have exactly the same vacuity and nullity as ^ . The vacuous subor- 
dinate matrix is evidently a nilpotent quantity, since if ^ is raised to a suflS- 
ciently higher power it annuls the region corresponding to the latent root zero. 
Thus if gri= 0, then A is annulled by 4)"'»""'» ; hence 



mj — K, 



The conception of a matrix as a sum of a set of subordinate matrices is more 
readily grasped by the consideration of Peirce's linear-form representation 
of a matrix. Thus 

But evidently the set of vids (a^:a,) form a quadrate system by themselves, simi- 
larly with respect to the set of vids (/?,.:/?,), etc., and any linear expressions in 
the vids (a^:a,) will hp.ve as ultimate operands only expressions linear in the 
a's ; while any expression linear in two different sets of vids, if they are to be 
regarded as susceptible of operating upon each other, are mutually nil-facient and 
nil-faciend. 

Considering the vids (a^:a,) as a quadrate system by themselves, scalar unity 
will be expressed by XiT (a^ia^) , and may be denoted by li . The quadrate system 
formed from the vids (/?r-/?*) will have as its scalar unity 2rr(^^:/?^), which may 
be denoted by I2, etc. We evidently have 

111, = Ijli = Ijlg = Igli = etc. = 0; 
and, denoting by 1 the unity of the complete system, 

l = ll+l3+ +1|. 

Thus 4) — gr = (<^i — gl,) + {^^ — gh) + + (<?>i - 9h)' 

Since any matrix can thus be resolved into an aggregate of as many other 
matrices (mutual nil-factorial), as it has latent roots, each subordinate matrix 
corresponding to a latent root and being of order equal to the number of 
times that latent root occurs, hence in general it suffices to prove a theorem 
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relating to a single matrix for one all of whose latent roots are equal, when, if 
true, it may by means of this proposition be inferred for any case.* 

§13. Having obtained the law governing the nullity of the factors of the 
identical equation, it is now powssible to solve the problem touched upon in §3 
with regard to a matrix subject to a condition involving only itself As was 
stated above, it follows from Sylvester's formula that any condition equation to 
which a matrix is subject may be reduced to a rational integral equation. Let 

be the rational integral equation expressing the condition to which ^ is subject ; 
then 4) will satisfy this condition if any in < o of the g^s are selected as its latent 
roots, Bs gij g^, . . . . gmy each occurring a', (3', .... a' times respectively; and if 
i^ — giY'"' has the nullity a', {^ — gtY""^ the nullity /?', etc., and (<^_gr^)<^'-«- 
has the nullity a', provided the sum of the accented Greek letters is o , and 
a' — xi<a, j8' — X2</?, etc. For then 

••. {i>—9iY{^—92y — {i>—9fny — {i>—9ny=o. 

Conversely, if ^ satisfies the last equation it must have a certain number of 
the gr's as latent roots, each occurring a suflScient number of times to make the 
total number of latent roots equal to q; and if gr is any one of these latent roots, 
some power of 4) — g equal to or lower than that which appears in the above 
equation must have a nullity equal to the number of times g occurs. 

Law of Gongruity and Law of Latency. 

§14. If pi is an axis of 4>, it is an axis of any integer power ^^^ of 4>; for if 
4>pj = grjpj, hence ^^"'pi = s^fpi • Similarly with respect to the other axes of 4>. 
Hence the axes of ^ are all axes of 4)"* ; but since the axes of ^ may be linearly 
related, they do not necessarily constitute all the axes of 4>"' . In like manner 

the axes of any root 4>'» (where n is an integer) are comprised among the axes 
of 4). We have for each latent root gr^ of 4>, t? being a primitive n*^ root of unity, 
the equation 

* Thus if the identical equation has been proved for a matrix of any order whose latent roots are all 
equal, it may be shown by the principle of this section to hold in any case. For if 

and = (^i-flrili)"»> = (^2-flr,lar« = etc., 
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Evidently one at least of the matrices which in the first member operate upon 
pr must be vacuous, and hence one of the n^^ roots of each distinct latent roots 

of 4> is a latent root of f^**. If then the latent roots gi, gr,, etc., of 4> are all dis- 

tinct, so also are the latent roots of ^'^ ; and then, by §2, the axes of 4», pi, p2> 

etc., are cj linearly independent and determinate quantities, as are also the axes 

1 
of 4>^; and since the latter are comprised among the axes of 4), it is evident 

that every axis of ^ is an axis of 4>'*- Hence every axis of ^ is an axis 



m m 



of 4>^; and for the o axes we have the equations ^^p^:=zgYpi, ^^pi=^ gfp^^ 
etc. It may now be established by the method of limits, in conformity with 
the definition of I, §8, that for any scalar m we have for the cj axes the 
equations ^^pi = grfpi, 4)~p2 = grj^pg, etc. Consequently SA?^"*. pi = S^f-Pi* 
2A5^"*p2 = 2%?. p2 , etc., provided the coeflBcients and exponents are scalars; 
and so if F^ is any function of fp formed by the addition of scalar multiples 
of scalar powers of 4>, then for the q axes -^^pi = ^fl^i . pi , J^4>pi= ^S^2'P2> ^tc. 
Thus what has been proved is, when the latent roots of ^ are all distincty every 
axis of ^ is an axis of F^ ; and since the above equations, or their equivalent, 
{F^ — Fg^ pi = , {F^ — Fg^ pg = , etc., hold only for the latent roots of Fq^ , 
hence when the latent roots of 4> o,Te all distinct^ the latent roots of F^ are the same 
function of the latent roots of ^ . 

The first of these theorems I term the law of congruity of the axes. The 
second is very important ; it is due to Prof. Sylvester, who terms it the law of 
latency. In the next section I shall extend the proof of the law of latency to the 
general case. The term law of congruity was employed by Prof. Sylvester 
interchangeably with the term law of latency. 

The converse of the law of congruity is also true, subject to a slight modifi- 
cation when two or more of the latent roots of F^ become equal. In this case, 
if the axes of F^ are first selected, they may not all prove to be axes of ^ ; but 
when this occurs, other quantities may be chosen which, together with the axes 
common to both ^ and F^, shall constitute the q axes of F^ and also be axes 
of 4>. Thus, to take an example, let p^, pj, ps be the three axes of the ternary 
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matrix ^ whose corresponding latent roots are 1 , — 1,2 respectively ; then the 
axis of 4)^ corresponding to the latent root unity is indefinite ; for 

^^ (a^Pi + ypi) = arpi + yp2 . 

In general, this quantity will not be an axis of ^. However, pi, p, and p, are 
axes of both ^ and ^^. 

If the latent roots of ^ are all distinct, the ground may be represented in 
terms of the axes of 4) ; in which case, if F^ is any function of ^ involving only 

the matrix ^ and unity, we have obviously 

F^ = (Fgj ) 

Fgz .... 



Fg^ 



From this form of F^ immediate proofs for the general case of the law of latency 
and of the law of congruity may be derived. 

§15. If the latent roots of ^ are all distinct, it is not necessarily true that 
the latent roots of F^ are all distinct. When this is not the case, the order of 
the identical equation in Fp is lowered by unity for each latent root of F^ which 
becomes equal to another. Thus suppose Fgi = Fg2 = .... = Fg^ , then 
Pi» P2» • • • • Pn are all annulled by Fp — Fgi] consequently the application of 
this operator to the most general expression p in the ground (which can now, by 
§2, be expressed in terms of the q axes of ^) annuls n components and leaves 
ti) — n components which will be annulled by the remaining factors of the iden- 
tical equation in F^. I. e. the degree of the identical equation is lowered by 
n — 1. 

The law of latency may be proved in the general case as follows : Let the 
latent roots of ^ be all distinct, and let g^ — g^^zh^j etc.; as h diminishes, 
Fgz=^ Fgi + h^Fgi + etc. approaches Fgi. In the limit ^ has two equal roots 
gi, and Fp has two latent roots equal to Fg^. Obviously, when ^ has two or 
more equal latent roots, the latent roots of F^ corresponding to these are not 
necessarily equal, since F^ may be a many-valued function. Thus, if 
((p — fl^i)*= 0, the latent roots of 4)* are dzVgfi, and the identical equation in 

4^* is {l>'-V9iW+^/gi) = 0. 
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Sylvester^ 8 Formula. 

§16. Sylvester has given without demonstration the following theorem in 
the Johns Hopkins Univ. Circ. (No. 28, 1884) : 

Fd> = XFq (^~9 i) {^ — 9s) (» — ^J 

{9i—9^){9i — 9z) {9\ — 9^) ' 

It may be proved as follows : Suppose the latent roots of ^ are all distinct, and 

denote for convenience the left-hand member of the above equation by (2); then 

for the G) axes of 4) we have (2) pi = jP^i . pi , (2)p2= -^j.ps, etc. But by the 

law of congruity and the law of latency, F{ip) pi = -F|7i.pi, F{(^) pg = Fg^.^^^ etc., 

for the o axes; consequently (2)pi = i^(4>)pi, (2) p^ = F{(^) pg, etc. ; and hence 

for any quantity linear in the axes p = aj^pi -f- ^^i + etc., F((p) p = (2) p. Since 

the latent roots of ^ are all supposed distinct, p may be any quantity whatever 

in the ground of which 4) is a linear unit function. Hence 

As this mode of proof is a verification, if F^ is a many-valued function, 
it is necessary to show that Sylvester's formula gives all possible solutions of 
a|/ = F{(p). Let the latent roots of be all distinct ; take as latent roots of a 
matrix 'J/ any set of the values of Fgi^ Fg^, etc., and as axes corresponding respec- 
tively to them the q linearly independent axes of 4), pi, p^, etc. ; then 'J/ satisfies the 
equation 'vj^.p = F^.^ for each of these axes, and consequently for Any quantity 
in the ground. Evidently m" matrices '^ may thus be formed if m is the number 
of values of the function Fg^ and only the matrices so formed satisfy for all 
values of p the condition -vj^p = F^.^^ and thus are solutions of ^^ = ^4>' These 
m" matrices are, however, all contained in Sylvester's formula. 

By the theory of limits the theorem may be extended to the case where 
the latent roots of ^ are not all distinct. 

In the general case in which the latent roots of ^ are all distinct, a simple 
proof of Sylvester's formula may also be derived from the form of F^ when the 
axes of 4) represent the ground. In §5 it was shown that when the axes of 4> 
are linearly independent, whatever the set of quantities chosen to represent the 
ground, there is always a definite matrix w such that 

gfg . . . . 
g^ 
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whence the form of ^ being given in terms of any set of quantities, we can very 
simply find the form of F^ in terms of the same set of quantities, for 

F^ = {w\Fg^ .... IwY^ 
Fg^ .... 



Fg, 



If 4> is a scalar, any quantity in the ground is an axis, hence the above con- 
siderations showing that Sylvester's formula gives all the solution of 'J/ = F^ do 
not apply. And on inspection it is evident that the formula does not give the 
non-scalar roots of a scalar. These must therefore be formed by an independent 
investigation. There are evidently two cases to be considered, the roots of the 
matrix zero and the roots of the matrix unity ; from the latter the roots of any 
non-zero matrix may be found. 

Roots of the Matrix Zero. 

§17. It is very evident by §13 that the latent roots of a nilpotent quantity 
are all zero, and, conversely, that a matrix all of whose latent roots are zero is 
nilpotent. Whence it follows that the number of roots of zero with any index 
is infinite, meaning by index of a root of a matrix the least power of the root 
which will reproduce the matrix. Of the square roots of zero in a matrix of 
order o there are g? — 1 linearly independent. Thus, if o = 2, the four vids of 
a dual matrix may be expressed linearly in terms of 

{A:A) + {B:B), {A:A) — {B:B) ^^ {A:B) — {B:A), {A:B) and {B:A), 

of which the first is unity and the other three square roots of zero. The propo- 
sition may be shown similarly for any value of o. 

No root of zero can have an index greater than o. For, as Benjamin Peirce 
has shown, there is no linear relation possible between the powers of a nilpotent 
quantity that does not vanish ; but if ^ is a root of zero, unless its o^^ or some 
lower power vanishes, by means of the identical equation, the o*^ power of ^ 
can be expressed linearly in terms of the lower powers, the coeflScients not all 
being zero. 

If ^ is an m*^ root of zero, then by §11 the nullity of successive powers of ^ 
increases until the m^ power is reached ; and the nullity of ^* is at njost twice 
49 
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the nullity of 4>i the nullity of ^^ exceeds the nullity of 4>* by an amount not 
greater than the increment of the nullity of 4)* over the nullity of 4> , etc.* Follow- 
ing the reasoning of §9, let the extension of the p linearly independent quantities 
tti , oj , • • • • otp be the null region of ^ ; let the extension of the q linearly inde- 
pendent quantities iSi , /?2 »••••/?« be that transformed by ^ into the null region 
of ^ ; let the extension of the r linearly independent quantities yi , y^ , , . . . /r 
be that transformed by 4) into the extension of the ^'s, etc.; finally let the s 
linearly independent quantities ;«i, x,, . . . . x^ be that transformed by ^ into the 
extension annulled by qi^-^ additional to that annulled by lower powers of ^ ; 
and let the extension of the t linearly independent quantities Jli, Jig, .... X^ con- 
stitute the remaining extension of the ground. Then these sets of quantities, 
the a's, ^'s, etc., together embrace the extension of the ground, and 

^KLi = 4KX2 =....= 4>ar -— > 

^^q = aijoLi + af^a^ +.... + ap^a^, 

4>yi = h\P\ + 6«l/?» + + hg^Pq , 

^% = *12^1 + \^% +....+ \%^q , 

^Yr = hr^l + hr^r + + K^Q^ 

4*^2 -— AJi2^i I "^2^ "r • • . • I f^§iXg , 



* Hence certain roots of nilpotent quantities have no representation. Thus let ^ be a matrix of order 
six whose nuUity is two, and whose fourth power and no lower power vanishes ; then ^ has no square 
root. For if V' = ^ , then, since V has at least simple nuUity, the nullity of V^ = ^' is at least six : hence 



etc. ; finally, 
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Whence the form now representing ^ is 





«11 


djg .... Ct\q 












«pi 


dp2 • . • • dpq 










18 .... 0\f 
U22 • . . . O^r 


• 


*,i 


Oq2 ' . ^ ' bgr 








• 

• 

» 

• 

• 






• 


kii 


• 
A/|2 ... H/^^ 

A^2 .... •Mg^ 


kgi 


KmO • * • • '■/•^ 

















In this form all the constituents except those in the rectangles bordered on 
the left and below by heavy lines are zero. The successive heavy lines at 
every other alternate corner intersect with the diagonal, and no one of them 
is longer than the next preceding one. The square at the left-hand upper corner 
and the square at the lower right-hand corner consist respectively of p* and ^ 
zeros. 

If ^ is a root of zero, so also is its converse. 
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Roots of the Matrix Unity. 
§18. If 4) is an m*^ root of unity it is subject to the condition 

4)~ — 1 = (4) — ;ii)(4) — Xa) (4) — X^) = 0, 

the X^B being the scalar m*** roots of unity. By §13, if any n < o of the m X's, as 
Jli, ^2» • • • • ^» repeated respectively k^ kzt > - - -K times (the sum of the k^B 
being co), are chosen as the latent roots of ^; and if^ — ^i ^ — ^, . . . .^ — 7i^ 
have the respective nullities ki^ k^, . . . . k^^ then ^ satisfies the condition; and 
conversely. It is obvious that the number of the non-scalar roots of unity with any 
index is infinite.* If no lower power of ^ than the m^^ is a scalar, then ^ will be 
termed a primitive m^^ root of unity. The condition necessary and suflScient 
that ^ , in addition to being an m^^ root of unity, shall be a primitive m^^ root, 
is that one at least of its latent roots shall be primitive. 

When the index m<c}^ and the entire set of the scalar m^^ roots of unity 
are latent roots of <^, then any m successive powers of <^ are linearly inde- 
pendent. For then the identical equation is ^"^ — 1 = 0; but if there were 
any linear relation between m successive powers of 4), the identical equation 
would be of order m — 1, which, by §2, is impossible if ^ has m distinct latent 
roots. 

In the calculus of matrices, as in ordinary algebra, the m}^ roots of any 
matrix may in general be obtained by taking any one of its m^^ roots and mul- 
tiplying it successively by all the m" m^^ roots of unity of a certain set, namely, 
those that have as axes the axes of the matrix. 

It is obvious that if ^ is an m^^ root of unity, so also is its converse, and if ^ 
is primitive, so also is ^. 

§19. Every matrix whose order is a prime number has o^ linearly independent^ 
primitive^ co'* roots of unity. For, co being prime, let <^ denote the matrix 

* If is not a scalar and has all its latent roots distinct, as was stated in 216, ^"* (where m is an 

integer) has in general m** values, obtained by combining each axis of with one of the rr}^ roots of the 
latent root of corresponding to that axis. The non-scalar roots of a scalar may similarly be obtained, 
but since any quantity is the axis of a scalar, these roots are infinite in number. 
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(1) (2) (o— z)(o— x4-l)(o— x4-2)(o— x+3)(o— 1) (o) 



(1 
(2 



(x+1 



(o 



(c 



ai 0...aO 

Oa-'-.O 


a ... a^_, 

...aO Oa...O tt^_l 

a« 0....0 0....0 
a^+i ....0 0....0 


.... a„.i 

Oa.a.O a« 



in which all the constituents are zero except one in each column, and the non- 
zero constituents, forming a broken diagonal, are denoted each by a with sub- 
script indicating the row in which it appears ; the constituent in the x*^ row 
appears in the first column, that in the {x + 1)*** row in the second column, and, 
in general, if [a] denotes the smallest positive residue (modulus w) of a, then the 
constituent in the [x -f- r — l]*^ rows appears in the r^^ column. The constituent 
in the first column I shall term the leading constituent. It is evident, then, if 
(tti, oc2f • • • • a«) are the elements of the set upon which ^ operates, 

<^i = a^a^, pi^ = a^+itt^ + i, etc., 
and that the general expression for the ^ of any one a^ of the a's is 

I. e. ^ applied to the a's advances each by x — 1 places and multiplies it by a 
certain one of the a'Sa The application of ^^ to each of the a^s advances it by 
2{x — 1) places, and multiplies it by the product of two of the a's, etCa; finally, 
4)'* advances each a by a multiple of o) places, ia e., transforms each a into itself 
and multiplies it by the product of all the a's. If, now, X be an imaginary (J-^ 
root of unity, and the successive a^s, ai, ag, . . . . a« are severally put equal to 
1, X, ^^ a . . . X"~\ denoting by ^i what ^ then becomes, we have 

4>r (ai, 0C2» .... a„) ^ Jl * (ai, otjj, .... a„). 

Whence unless w = 2, ^^ is an q^^ root of unity ; and since cj is prime, it is readily 
seen that no lower power of ^i is a scalar. Similarly, denoting by ^2 what ^ becomes 
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when the a's in the same order are put equal to 1 , ^*, ^*, . . . . ^'^"-^^ then ^ is 
also a primitive cj"* root of unity; finally, denoting by <^^_i what ^ becomes 
when for the a's in the same order are substituted the (o — 1)*^ powers of 
1, ^, X^ . . . . ^•'"\ then 4);;_i = 1 and also no lower power of 4)^_i is a scalar. 
In this way cj — 1 matrices are obtained which are primitive co*^ roots of unity ; 
besides these, another primitive o*^ root may be obtained by putting the a's all 
equal to unity, and this matrix may be denoted by ^. These cj matrices are 
linearly independent, for otherwise, for some set of values of the a's, other than 
all equal to zero, we should have 

/. XoH- aa + a^2 + + »—i = 0» 

•Tq ~p ACCj "j^ At iTg "n • • • • "^ At QO^ \ — U , 

SCq ~f" A fliri ~p A fllTg ~p • • • • "^ At 00^ 1 — — U , 



which is impossible. Thus any position of the leading constituent other than in 
the first row (i. e. for any value of x other than x = 1), a proper choice of the a's 
gives cj linearly independent i^^ roots of unity ; and thus in this way co (o — 1) 
linearly independent i^^ roots of unity may be obtained ; for it is evident that 
the matrices obtained for dififerent values of x are linearly independent, being 
expressions in dififerent vids. In addition to these, let w — 1 matrices be formed 
by taking as constituents of the principal diagonal in the first matrix the set of 
scalar 1, X, X*, . . . . X**"^; in the second, the squares of this set, etc, and finally, 
the (g) — 1)*^ powers of this set for the (g) — 1)*^ matrix, all the other constituents in 
each matrix being zero. These cj — 1 matrices are primitive cj*^ roots of unity, as 
may easily be seen by considering their eflFect upon the set (ai, o^, . . . . a^). 
That they are linearly independent of each other and unity may be shown by 
the above reasoning ; and since they are formed from the vids along the diago- 
nal, which do not occur in the other set of o (o — 1) roots of unity, they can 
have no linear relation with these. Thus, in addition to unity (or rather to a 
primitive scalar o*^ root of unity), (^ — 1 other primitive i^^ root of unity may 
be formed, all of which are linearly independent. 

If G) = 2, the four matrices formed in this way are 

(1 0) (1 0) (0 1) (0 -1) 



1 0—1 



1 



1 
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Of these the first is unity, the second and third are square roots of unity, and 
the fourth is a square root of — 1 . By multiplying the fourth root by V — 1 , 
it is of course converted into a square root of unity. Thus a dual matrix may 
also be expressed linearly in terms of four square roots of unity. 

Algebras Anahgovs to Quaternions. 

§20. It was stated in I, §10, that if i,y, k are any three mutually normal 
unit vectors, any quaternion may be expressed linearly in terms of the four new 

units 1 4, i^^r^i J + fcV^T 1 — J + JcV^:^! 1— ^V— T 

2 ' 2 ' 2 ' ~ 2 ' 

which, having the same multiplication table as the four vids of a dual matrix, 

{A:A), {A:B), {B:A), {B:B), 

may, consequently, be regarded as respectively identical with them. This iden- 
tification gives the following values for the ordinary quaternion units, 



1 = (1 0) f = r-V— 1 0) y=( 1) k={ 0— V— 1) 

lo 1,' ' V^TT —1 ' \—^'ZIi ol 



The discovery of this form of quaternions, which I have termed the canonical 
form of quaternions (I, §8), as has been stated, is due to Benjamin Peirce ; 
it received its full significance only after the discovery by his son, Charles 
Peirce, of the unlimited system of quadrates formed from the system of vids 
(A: A) J {A:B)j etc., when it appeared that quaternions was only the first of this 
system of quadrate algebras, and the identification of quaternions with the 
theory of dual matrices was virtually accomplished. Evidently of all linear 
associative algebras the quadrate algebras form a class which are closely related, 
and consequently ara closely analogous to quaternions. In the preceding section 
it was shown that all matrices or quadrates whose order is a prime number may 
be regarded as linear in unity and o^ — 1 linearly independent, primitive uf'^ 
roots of unity, just as quaternions is an algebra linear in unity and three square 
roots of — 1 , or of unity ; whence the analogy between quaternions and these other 
quadrates extends beyond the quadrate form possessed by each. Moreover, 
these G)* — 1 roots of unity are formed from the cj* vids of the quadrate of order 
cj, except for a scalar factor, precisely as the i,y, k of quaternions are formed 
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from the vids of the dual matrix. Thus the quadrate algebra of prime order 
next in order to quaternions (nonions) is that formed from the vids of a triple 
matrix: comparing its eight cube roots of unity with the i,j, h of quaternions, 
we have 



i=[(^:^) — (5:£)]V — 1, y=(^:5) — (5:^), *= [(^:5) + (£:^)]V-1, 

while the nine nonion cube roots are 

i^A^A)^^%(B^B) ^7}{G\G), {A^A)^-7}{B^B) ^X{GxG) , 

(^:£) + (5:C) ^^{G^A) , {A-.B) +;i(5:C) ^-X^G-.A), 

(^:5)4-X2(£:(7) + X(a:^) , {A',G)^(B\A) +(a:5) , 

{A',G)^'k{B\A) 4-;i«(C:5) , (il: C) + ;i*(5:^) + X(C:5) ;* 

and the representation of unity in the first system is (J.: J.) + (5:5), and in the 
second (u4: J.) -f- (5:5) -f- {G\ G). It thus appears that there are an infinity of 
algebras exactly analogous to quaternions, namely, those formed from the vids 
of the matrices whose order is prime. I shall now proceed to show that this 
analogy may be still farther extended, and that all the algebras analogous to 
quaternions, and indeed matrices of any order, admit of selective symbols like 
the S and V of quaternions, are resolvable into the product of a versor and a 
tensor, and that there are functions similar to the conjugate of a quaternion, 
equal in number to o — 1 , if o is the order of the algebra. I shall show this in 
the case of nonions, but the proof will be applicable to any case. 
§21. A quaternion q may, in general, be represented by 

qzzz Sq + Vq^=a + bij 
where t is a unit vector. In matrix form this is 



q = a{l 0) + b{V—l 0) = (a + &V— 1 0) 

|o l| I — V^^ I I a — b^^^^ll' 

Hence a + b\/^^l = Sq+ TVqW^^^, and a — b\/^^^l = Sq— TVqW^^ 
are the latent roots ofq. 



Kq=Sq— Vq={a — b\/—l ) 

I a + bs/'^^lY 



^ These units are the converse of those given by the method of the preceding section. The first of 
the series of quadrate algebras analogous to quaternions, nonions, was discovered independently by the 
Peirces and Sylvester. I have in I, {10, given a short accoimt of this discovery. 
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i. e. the conjugate oi q is obtained from q by interchanging its latent roots but 
leaving its axes unchanged. 

Now a nonion, or matrix of the third order, provided its axes are taken to 
represent the ground, may in general be put in the form 



(^1 




a( 1 





0)=(a+6+c 



g% 

93 

0) + &( 1 





i. 



0) 



a + Jl6 + ^'c 











1 
1 













) + c(l 





7? 














a + X*6 + ;Uj 

0), 




where ^ is an imaginary cube root of unity. The first of the matrices in the 
third member is unity, the second is a non-scalar cube root of unity, the third, 
being the square of the second, is also a non-scalar cube root of unity. 
Denoting the second matrix by t, n becomes a-\-hi-\-c?. To select the scalar 
and non-scalar parts of n, the selective symbols S and V may be employed ; 
and to discriminate between the first and second parts of the non-scalar portion 
of n the V may be written with subscripts 1 and 2. Employing this notation, 
we have 

n^=. Sn-\- Vjp. + y%n = a -|- it + ci*. 

And since Vin and Y^n are scalar multiples of non-scalar cube roots of unity, we 
have F(Fin)'= F(T^n)'= 0, just as in quatei'nions 'V^Vqf:^ 0; and as in qua- 
ternions the last formula gives the important result F(Fg.F^'-H Fj'.Fj) = 0, 
so letting F^n =: aj, V^n' = /?i, Vj^n" = yi, and T^n = aj, F,?j' ^ ^i, V^n" =■ yj, 
from the two nonion formulae we may obtain in a similar way the two follow- 
ing results : 

and a similar formula in which the aj, ^i, yi are replaced by a^, /?,, y2. 

As in quaternions V^q^ — T^Yiji so in the algebra of nonions we may 

write js _ ^„ _ ys jr „ ^.s _ ;^„ _ ys y^n . 

Since the conjugate of q is obtained by interchanging its latent roots, this 
suggests that a cyclic interchange of the latent roots of n, leaving its axes 
50 
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unchanged, should produce a function of n similar to the conjugate of j; and the 
conjugate of n may be defined by the equation 

9s 
9i 

The conjugate of ^n is KKn, which may be written -ff'n; and evidently 

K^n={gs )= Sn + 2?Vyn + XV^n. 

9i 
9t 

These formulae resemble that for the conjugate of g'. In quaternions -ff* = 1, 
but in nonions we may write K^ = K^\ and jK'* = 1 . 

The tensor of a quaternion may be defined as the square root of the product 
of the quaternion and its conjugate. Following the analogy thus suggested, the 
tensor of a nonion n may be defined by the equation 

T^n = n.Kn.K^n = a^ + b^ + c^— Sabc, 
.'. T^n= S^n + T^Vin+ T^V^n — SSn. TV^n. TV^n, 

which is the analogue of T^q = S^q+ T^Vq. It is readily seen that the square 
of the tensor of a quaternion is equal to the product of its latent roots, and thus 
to its content ; and similarly, that the cube of the tensor of a nonion is equal to 
the product of its latent roots, and hence to its content. Whence, since the 
determinant or content of the product of two matrices is equal to the product of 
their contents, the tensor of the product of two nonions is equal to the product 
of their tensors. When a nonion is expressed in terms of unity and eight non- 
scalar cube roots of unity, this proposition gives a theorem analogous to Buler's 
theorem when that is regarded as a theorem relating to the product of two qua- 
ternions ; but the tensch: of a nonion is then too complicated an expression to 
give the theorem any interest. 

§22. If i is a nonion cube root of unity whose latent roots are 1, Jl, X* 
{k being an imaginary cube root of unity), and if e denotes the base of the Nape- 
rian logarithms, by Sylvester's formula, 

€•<= J y(? + i+i) + Xfi^'(i» + ;ii + ;i»)+;iV''(i* + x«i + x)]. 
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The coeflScients of unity, t, and i*, in this expression I shall denote by ^q (^)> /i (^) 
and /g (6) ; they are obviously analogous to sin 6 and cos Q which appear in the 
corresponding expression for e** in quaternions (where a is a unit vector). This 

^'» = /, {$) + A,y, (0) . i + v« («) • t*. 

The second and third expressions are, severally, the first and second conjugates 
of e". Since T»6« = s^e^**^'** = 1 , hence 



/oW+/iW'+/«(0)»-3/o(0)./i(0)./,(O) = l. 

This suggests the corresponding formula cos* 6 + sin* 6=1. The properties of 
the sine and cosine, that cos( — 0)=:cos6, sin ( — 0) = — sin 6, have their 
analogues in these functions ; for from the values for e^^ and e^'**, it follows that 

These functions also give rise to a formula in nonions analogous to De 
Moivre's theorem: thus, since €*'y* = a^*+^^', hence 

lyo(a) +/i(a).* +/2(«).t"*]C/o(/S) +/i(/3).i +/»(/?) i*] 

= /o(a + /?) +/i(a H- /?).» +/«(a + /8).tr 

Whence arise formulae for the functions of the sum of two arguments analogous 
to the formulae for the cosine and sine of the sum of two angles, namely, 

/o(a + /?) =/.(a)./o(/?) +/i («)/«(/?) +/.(a)/i(/S), 
/i(a + /?) =/.(a)./i(/3) +/,(a)./o(/?) +/«(«)/,(/?), 
A (« + /?)= /o (a) ./, (13) + A (a) ./o W) + /i (a) ./x (/?) . 

It is now easy to perceive that, — ^just as for any quaternion q, for a proper 
value of 6, 

q = 6'o« iv+ton-' ^. or, — fq (cos + sin fl. UVq) ; 

so for any nonion n for proper values of and j?, 

^ = g.og J^+« + ^. ^ ^ (y-0 +/,0.t +/,0.*')(/o»7 +/i'7.t' +/,'?.») 

We have therefore 

n = TVi. CTn, 

n.n'= Tn.TW. UnMn^. 
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§23. Another analogy exists between quaternions and the quadrates of 

prime order, namely, that just as quaternions is linear in unity and two square 

roots of unity and their product, so the matrices of order cj constitute an algebra 

linear in unity and two cj^^ roots of unity, their powers and products. Thus in 

the case of nonions, as Sylvester has shown,* if Jl is an imaginary cube root 

of unity, and 

i = ( 1 ) y = ( 1 ) 



A, 








> 


7? 











a» 










% 






then *y = T^ji Qjidji=^Xij\ while the products formed from the two sets (1, f, i^) 
and (l,y,y*) give all the nine units of the octanomial form of nonions. More- 
over, I find that just as there are an infinite number of systems of three mutually 
normal unit vectors,, so there is an infinite number of systems of eight cube roots 
of imity similar to the system formed from i and j and their products. The 
general expressions for these two new cube roots ii and jT^, from which the new 
system is to be formed, are 

i\ = (4o iK^)y, = (4o iK^) 





























where |m| = 0. If the axes of i are (pi, p^, pg) and the axes of y are ((Tj, (Tj, a^), 
then the axes of ii and ji are respectively (mpi, mpg, mpg) and (mo'i, mtTg, wo^). 
The condition that from ii and j\ an octanomial system shall be formed similar 
to that formed from i andy, is that i^ and j\ shall have as latent roots the three 
cube roots of unity, and that the axes of ii and j\ shall be related in the same 
way as those of i andy. If (ai, otj, a^) represent the ground 



pi =^ «! + ^% + OL3 J 
pa = Cti + a2 +^as, 

Ps = ^} + CXj + ttg , 



Oi = ai + ;i*a2 + Og , 

(Tg = tti + OC2 + ^l^ttg . 



With respect to the general case, let i be a primitive cj*^ root of unity 
formed according to the method of §19, whose leading constituent is in the k^^ 
place, and the coefficients of whose successive vids (beginning with that in the 
first row) are 1, X, X*, . . . . Jl**""^ (X being an imaginary o^^ root of unity); and 
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lety be formed from the same vids with the coeflBcients of i replaced respectively 
by their squares ; then ij = X*'"*+yi and ji = X*"^!}'. If /^ = 2, ij = X^'^^ji and 
ji = %ij. 

Quadrate Algebras whose Order is not a Prime Number. 

§24. With regard to the quadrates whose order is not a prime number, it 
may be shown also by a method similar to the method of §19, that they possess 
cj* — 1 linearly independent non-scalar o)*^ roots of unity, formed from their vids 
in the same manner in which the i,J, k of quaternions are formed from the vids 
of a matrix of order two. However, of these o* — 1 o)*** roots, only (o -f 1).t (w) 
(where r (co) denotes the totient of cj) are primitive, namely, r (co) o^^ roots formed 
from the vids along the diagonal, and a).T(a)) others formed from the non-sym- 
metric vids. The latter consist of those roots in which the leading constituent 
is in a row whose order less one is prime to o. The roots in which the leading 
constituent is in a row whose order less one has with co the greatest common 
divisor 9, other than unity, are either {o : 9)*** roots of unity, or such to a factor 
jyrhs. Of the cJ^ roots of unity formed from the vids along the diagonal by taking 
as their coeflBcients powers of the scalar w*^ roots of unity, 1, X, >l^ .... Jl*'"'^ 
only those are primitive o*^ roots of which the power taken of the set of Xb is 
an integer prime to o. 

However, all these quadrates are analogous to quaternions in admitting of 
selective symbols, in having functions analogous to the conjugate in quaternions, 
and in that any expression in them is resolvable into the product of a tensor 
and a versor. This may be proved in precisely the same way in which in §21 
and §22 it is shown to be true for the quadrate algebra of order three. 

The quadrate algebras whose order is not a prime number are compounds 
of other algebras, by which I mean that they are linear in the products of the 
units of these algebras: if g) = g)'.(i)", then the quadrate algebra of order cj is 
linear in the products of the units of the quadrate algebras of order o' and cj", 
the units of each of these systems being regarded as commutative with those of 
the other. Thus, the algebra formed from the vids of a matrix of order four is 
linear in the products of two quaternion sets, the i,j\ k of the one set being 
commutative with the i,y, k of the other set; the algebra formed from the vids 
of a matrix of order six is a compound of a quaternion set and a nonion set, 
the units of the quaternion set being commutative with those of the nonion 
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set. It is obviously suflBcient to prove this for any form, of the several algebras, 
and for this purpose I choose the canonical form, and I shall show that the vids of 
any matrix of order cj' combined with those of any matrix of order o)" (the vids 
of the first set being regarded as commutative with those of the second set), give 
an algebra whose multiplication table is the same as that formed from the vids 
of a matrix of order co = o'.o)". I shall, however, first illustrate this theorem by 
the case of the matrix of order four. Considering the two quadrate systems 



iA,:Ai) {A,: A,) 



{B,:B,) XB,:B,), 
(B,:B,) (5,:5,), 



which will be regarded as commutative, evidently the complete system formed 
by their products will consist of sixteen linearly independent units which may 
be arranged as follows : 



{A,:A,){B,:B,) {A,:A,){B,:B,) 
{A,: A,){B,: B,) (A,: A,){B,: B,) 



iA,:A,){B,:B,) {A,: A,){B,: B,) 
{A,:A,){B,:B,) {A,: A,){B,: B,) 



{A,:A,){B,:B,) iA,:A,){B,:B,) 
iA,:A,){B,:B,) (^:^)(B,:5,) 



{A,:A,){B,:B,) (A,: A,){B,: B,) 
{A^:A,){B,:B,) (^:^)(£,:£,) 



Those compound vids in the upper left-hand group consist of the first set, each 
multiplied by {Bi-.B^)] those in the other groups also of the first set multiplied 
respectively by {B^-.B^, {B^iB^) and (B^iB^). According to this scheme the 
product of the vid (A^iA^) from the first system and the vid (B^iB^) in the 
second system occupies in the resulting system a position which may be denoted 
by {x + u'r — 1 , y + aJt — 1) , where, as before, the first number denotes ihe 
row and the second the column; and in this case w' = cj" = 2. On trial it will 
be found that this compound system has the same multiplication table as that of 
the system of vids of a matrix of order four, the vids in the compound system 
corresponding to those of the quadrate system of order four which occupy the 
same place. It should be observed that if /and /' are vids of the first quadrate 
system and J and J' vids of the second, that the product of the compound vids 
I.J and r.J' is zero, unless I.F ^ and J.J^ ^ 0; since the /'s and J'a are 
commutative. The proof in the general case may be accomplished as follows : 
Following the same scheme of arrangement of the compound vids formed from 
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the product of the vids of two quadrate systems of order J and q" respectively, 
we have 



//= {A,:A^){B/.B,) = (a + Q'r — 1, y + o'8—l) = K, 
rj' = (Ay.: A,){B^ : B,) = (2/ + u'T^^ , z + o'l^^) = K^. 

The product of IJ and FJ' is zero, unless ^ = y and s' = s, when we have 



which in the compound system will occupy the (a; -f- co'r — 1)*^ row and 

{z -{- (d't — 1)*** column, and thus is represented hy {x + Jr — 1 , Z'\- Jt — 1) . 
The necessary and suflBcient condition, however, that the compound system shall 
have the same law of multiplication as that of the algebra formed from the vids 
of a matrix of order cj = J.d' is that KK^ shall be zero unless 



2/ + C0V— l=y + Q'5-l, 



in which case we must have 



KK' = (a: + cj'r — 1 , z + q'< — l) 



But since y < o', y< w', if y + wV — 1 = ?/ + cj'5 — 1 , then y^ ^ y and ^^ = «. 
Hence the condition is fulfilled. 

§25. From the last section it follows that the matrix of order cj = 2"* is a 
compound of m quaternion algebras which do not interfere, i. e. the units of each 
set are commutative with those of the other sets. I shall term such an algebra 
the m-way quaternion algebra. The system of ?/2-way quaternion algebras has 
already been considered by Clifford (this Journal, Vol. I). Clifford, however, 
approached the subject from an entirely diflferent point of view. He starts with 
n '* elementary units" i^i^ - • -in whose multiplication with each other is polar, and 
which are such that the square of each is — 1 . The 2^* products, of order to n , of 
these elementary units, are linearly independent; and Clifford shows that the 
products of even order, 2'*"'^ in number (which may be obtained from all combi- 
nations of the binary products iii^, iiis, etc ), form an algebra or system by them- 
selves, which he terms the n-ivay algebra. If n = 2m -|- 1 , Clifford further 
proves that ** the n-way algebra is a compound of m sets of quaternions which do 
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not interfere ; " and if n = 27n , he shows that the ri-way algebra is a compound 
of m quaternion sets which do not interfere, and the algebra (1 , a) , where a* = 1 
and B is commutative with each of the quaternion sets. At present we are only 
concerned with the n-way algebra when n is odd ; it consists, we have seen, of 
2*"^ = 2*** linearly independent units, and is a compound of m quaternion sets 
which do not interfere. Hence Clifford's n(=2m4- l)-way algebra is that 
formed from the vids of a matrix of order 2"*, or is the m-way quaternion algebra. 
Commenting on the surprising fact that sets of quaternions should appear as 
the simplest form of an algebra which at first sight is so far from suggesting 
Hamilton's system, Clifford says that "thus it appears that quaternions is the 
last word of algebra to geometry." It is still more surprising that quaternions 
should be so prominent in the theory of matrices, and in a sense embrace the 
whole subject ; for since the theory of matrices of any order is included in the 
theory of matrices of higher order, and since however great a number may be, a 
power of two may be obtained which is still greater, it follows that the theory 
of matrices of any order is included in the theory of the combination of a certain 
finite number of quaternion sets which do not interfere. 

With regard to Clifford's geometrical algebras I am able to show that the 
entire system formed from the combinations of all orders of the n elementary 
units, which I term the w-fold algebra, is identical with the (n — l)-way algebra; 
and when n= 27n, by an argument similar to that employed in the case of 
bi- quaternions by Benjamin Peirce, that the n-way algebra is a compound of two 
groups of m sets of quaternions which do not interfere, such that every set of 
either group is nil-facient and nil-faciend with any set of the second group. 

It is clear that any quantity in Clifford's n-fold algebra may be expressed as 
a sum of products of expressions a = Saiii, ^ = 26iti, etc., linear in the elemen- 
tary units; the a,/?, etc., are of course such that a*= — 2af, /?^ = — SftJ; 
whence, on account of the obvious analogy, they may be termed vectors. In 
virtue of the relation stated above which a matrix of any order holds to those 
of higher order, and the consequent inclusion of the theory of matrices of any 
order in that of sets of commutative quaternions, the theorem follows that the 
theory of matrices is the theory of expressions which are sums of products of 
quantities a, /?, etc., whose squares are negative scalars. 
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The Identical Eqiuition. 

§26. The representation of any matrix as linear in unity and the co — 1 
power of a non-scalar a^^ root of unity gives a very simple demonstration of the 
identical equation in the case of quaternions and of nonions. Thus, 

{q-Sqy= V^q = — T^Vq, 
.-. (f — 2Sq.q+ T^q = 0, 

{n — Sny = ( Viu + V.nf ={bi + ci^Y 
= b' + c^+ Sbc {bi + c?) 
= T^Vin + T^V^7i + STVin TV^n{n — Sn), 

.-. n»— 3Sn.n^+ S{S^n+ TV^n.TV^n.Sq)7i — T^n=0. 

By the following method the identical equation is proved immediately for 
any case. It, however, depends upon the lemma that any symmetric function of 
0) conjugate matrices is a scalar, and is the same symmetric function of their latent 
roots. The lemma is very readily proved by considering the matrix in the form 

when the conjugates appear as 

gr,(ai:ai) + g^ia^'^a^) + . . . . -f- gi{a^:a^), 

etc. Returning to the identical equation, we have for w = 3, 

= (w — n){n — Kn){n — E?n) 
= n^ — {n^-Kn+ IPn)n^ + {Kn.K^n + K^n.n + n.Kn)n — n.Kn.IPn 

= n^— {gi + g% + gz) n^ + (M^ + Mi + Ms) ^ — fl^iMs . 
The same proof applies in any case. 
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POSTSCRIPT. 

When the above paper was written I did not know of Mr. Bucheim's 
paper on the Theory of Matrices in the Proc. London Math. Soc (Vol. 16). Mr. 
Bucheim 8 proofs of Sylvester s law of nullity, of the identical equation, and ("by 
implication) of the law of latency and what I have termed the law of congruity 
of the axes, are substantially the same as mine. I have further completed the 
investigation of the corollary of the law of nullity, have thoroughly treated the 
roots of unity and of zero, and have shown that there is an infinity of linear 
algebras, constituting a sequel to quaternions and nonions, whose laws of combi- 
nation are equivalent to those of matrices of prime order. I have also shown 
that the laws of combination of matrices of composite order are identical with 
those of algebras whose units are the products of the units of linear algebras 
analogous to quaternions and nonions. I have treated the whole subject more 
in detail and more systematically than Mr. Bucheim. 
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